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PREFACE 


Automatic control system theory cuts across all fields of engineering 
and in so doing creates a new field of its own. Because of the broad nature 
of the control problem and the diversified character of what is to be con¬ 
trolled, the theory is an assemblage of many branches of science and 
technology, with such diverse applications as positioning of mechanical 
objects, controlling fluid flow, viscosity, temperature, humidity, pressure, 
and chemical reactions, handling of parts, assembly of parts, and data 
processing. 

The curricula of almost all engineering colleges include courses in 
control system theory taught in the Departments of Chemical Engineering, 
Electrical Engineering, Industrial Engineering, and Mechanical Engineer¬ 
ing, among others. Therefore, this book is written from as general a point 
of view as possible. Although it is directed specifically to the needs of 
electrical engineering students, it also features chapters on mechanical 
and electromechanical systems, hydraulic systems, and pneumatic systems. 
It is assumed that the student has been introduced to transient analysis at 
a level comparable to that represented by Lago and Waidelich’s Transients 
in Electrical Circuits. 

This book is the outgrowth of two upper-level courses taught at the 
University of Missouri. The first is a required course taught in the first 
semester of the senior year; the second is an elective for seniors and 
graduate students. These courses give the student a broad perspective 
of the analysis and design of control systems, from which he may, if he 
chooses, proceed to more advanced study. Experience at the University 
of Missouri has clearly demonstrated the value of using the pole-zero 
approach consistently, of stressing the root-locus and the inverse root- 
locus methods as equally important counterparts, and of including some 
aspects of network synthesis to introduce the direct synthesis of control 
systems. 

The first two chapters introduce the basic concepts and nomenclature 
of closed-loop systems, and the Laplace transformation and several special 
techniques for solving integrodilferential equations. There follow three 
parallel discussions of systems: electric circuits (including the concepts 
of transfer functions and block diagrams), mechanical and electromechan¬ 
ical systems, and hydraulic and pneumatic systems. 
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Transient response and steady-state sinusoidal response are treated 
with equal importance in control system analysis, and their relationship 
is studied in detail. Block-diagram transformations are developed as the 
basis for the analysis, and the pole-zero approach unifies it. Three 
chapters are devoted to the use of Nyquist diagrams and Bode plots in 
studying analysis and design by the steady-state sinusoidal response. The 
root-locus method is developed as a means of studying the movement of 
the poles of the closed-loop system as the gain of the open-loop system is 
varied. The inverse root-locus method also is developed. 

The final portion of the book treats network synthesis and the direct 
method of synthesis of control systems, and analog computer theory with 
emphasis on the application to control. 

The authors acknowledge with sincere thanks the helpful suggestions 
and encouragement received from many students and colleagues at the 
University of Missouri and elsewhere. The authors are indebted to Mr. 
Bert Gastineau and Dr. John N. Warfield, who prepared the table of 
Laplace transforms. Gratitude is due also to Messrs. O. Bodenstab, Luc 
Baerman, R. M. Scott, John Scobee, Terry Stair, and Charles Couranz 
for their help in preparing classroom notes and original drawings for the 
illustrations, and to Mrs. Sheila Lipsey, Miss Linda Hayward, and Mrs. 
Laverne Wiggs, who so painstakingly did the typing. 

Gladwyn Lago 
Lloyd M. Benningfield 

Columbia, Missouri 
March, 1962 
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CONTROL SYSTEM CONCEPTS 

1—1. Introduction. Since the beginning of recorded time, man has 
sought to make his life easier by producing devices that would relieve him 
of his daily drudgery. The industrial revolution in the nineteenth century 
relieved man’s muscles of the burdens of many tasks by using energy 
obtained from coal, oil, and the flow of water. 

The development of automatic control systems during the past few 
years has been referred to by some as the second industrial revolution. The 
first industrial revolution relieved man’s muscles whereas the second 
industrial revolution relieves man’s brain as well as his muscles. 

Automatic control cuts across all fields and in the process creates a new 
field of its own. Automatic control encompasses such things as positioning 
of mechanical objects; controlling fluid flow, viscosity, temperature, 
humidity, pressure, and chemical reactions; handling parts; assembly of 
parts; data processing; and inventory control. 

Because of the broad nature of the control problem and the diversified 
character of the things that are to be controlled, the theory of control 
systems is a bringing together of many branches of science and technology. 

1-2. Open-Loop and Closed-Loop Control Systems. Control sys¬ 
tems are generally divided into two categories; open-loop (open-cycle) 
and closed-loop (closed-cycle). The distinction between the two terms 
can best be made by the use of several examples. 

Traffic lights that are controlled by a timing device are an example of 
an open-loop system. The light sequence of green-amber-red continues 
on a timing basis without any regard to the nature of the thing that is being 
controlled, namely, the flow of traffic. Everyone can recall instances in 
which a traffic light turned red and halted a flow of traffic when there 
were no cars on the side street. In contrast to this, a policeman in control 
of traffic is a part of a closed-loop system. That is, the policeman adjusts 
his timing of traffic flow as dictated by the nature of the traffic flow itself. 
For example, the policeman will not stop the flow of traffic on one street 
unless there are cars waiting on the side street. 

Another example of an open-loop system is that of the automatic 
washing machine. The machine goes through its sequence of operations 
of soak, wash, rinse, and dry based on its timing device. The machine 
will wash each load in exactly the same way regardless of how dirty any 
particular load may be. As a matter of fact, the machine, once started. 
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goes through the same set of operations even if no clothes are in the 
machine. The desired result of the washing process is a certain degree 
of cleanliness of the clothes. The automatic washing machine is an open- 
loop system because the cleanliness of the clothes being washed in no way 
changes the washing cycle of the machine. In contrast to this, a laundress 
will scrub more vigorously on a dirty garment than she will on one that 
is almost clean. Therefore, she is a part of a closed-loop system. 

With these two examples to clarify the concepts, certain of the meanings 
of the terms open-loop and closed-loop are evident. In an open-loop 
system the input is applied directly to the system and the output behaves 
in accordance with the characteristics of the system. In a closed-loop 
system the output is compared with the input and the difference between 
the two quantities is used to control the system. 

A third example is that of a house heated by a gas furnace. This can 
be either an open-loop or a closed-loop system, depending upon how the 
furnace is controlled. In an open-loop system, the input valve controlling 
the flow of gas to the furnace is given a certain setting. The output of the 
system is the temperature of the house and this output reaches a certain 
value that is determined by the outside temperature, the outside wind 
velocity, the prevalence of sunshine, the pressure in the gas mains, and 
thermal characteristics of the house along with many other factors. 

In a closed-loop system, the temperature of the house itself determines 
the amount of gas supplied to the furnace by means of some type of 
thermostat with a desired setting. If the temperature of the house falls 
below this setting, the furnace operates until the temperature reaches the 
desired value. The loop is closed in the sense that the temperature of the 
house controls the thermostat, which in turn operates the furnace, thus 
controlling the temperature. 

Some of the advantages of a closed-loop system as compared with an 
open-loop system can be deduced from this example. A person controlling 
the temperature of a house by an open-loop system can consult the weather 
forecast each morning and set the valve controlling the flow of gas to the 
furnace at some appropriate value. If the weather deviates suddenly from 
the prediction by becoming much colder, the temperature of the house 
will fall far below the desired value. In contrast to this, the thermostat in 
a closed-loop system is set at a certain value. If the weather is mild, the 
furnace runs seldom. If the outside temperature falls, the thermostat 
simply turns the furnace on for longer periods of time, thus maintaining 
the desired house temperature. 

1-3. Block Diagram. The basic operation of an open-loop and a 
closed-loop system can be shown by the respective block diagrams of Fig. 
1—3—1. In Fig. 1—3—la, the input of the open-loop system feeds into a 
power-amplifier stage, which in turn drives the controlled quantity. A 
disturbance is an undesired signal which can also affect the controlled 
quantity. An example of such a disturbance was given in the above open- 
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(b) Closed-Loop System 


Fig. 1-3-1. 

loop example, in which the outside temperature fell by an unexpected 
amount, causing the house temperature to fall below the desired value. 

The input of the closed-loop system feeds into a mixing point along 
with a signal coming back from the output, which is the controlled quanti¬ 
ty. The signal out of this mixing point is the difference between the input 
and output signals. It is called the actuating signal because it is this signal 
that actuates the power-amplifier stage. The power amplifier in turn 
drives the controlled quantity. A disturbance also can affect the controlled 
quantity. However, because of the nature of the closed loop, where the 
controlled quantity is affected by the disturbance, the output signal 
changes the actuating signal, which makes a correction (or at least a partial 
correction) in the controlled quantity. 

In the simple system of Fig. 1—3—lb, the actuating signal can also be 
called the error signal. This term implies that ideally it is desired to have 
the controlled quantity exactly follow the commands of the reference input. 
If the output does not take on this desired value, it is in error by an amount 
equal to the difference between its desired value and its actual value. In 
this system the error is equal to the actuating signal. In a more general 
system there may be elements in the feedback path, that is the i^ath from 
the controlled quantity back to the mixing point. If there are elements 
in the feedback path, the error and the actuating signal are not identical. 

At first glance it may seem that the designer of a control system is in 
an impossible situation: he wishes the error to be zero, but at the same 
time the closed-loop system does not function unless there is an error. 
The answer to this enigma is that nothing in the world is exact and things 
can be done only within certain tolerances. If the error of operation of a 
closed-loop system can be kept within specified limits, the operation of the 
system is satisfactory. 
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The concept of comparing the output of a system with the input and 
letting the difference be the quantity that actuates the system may at first 
thought seem novel. However, a little reflection reveals that much of 
nature and human behavior follows such a pattern. For example, a person 
goes to the faucet to fill a glass with water. He does not make mental 
calculations as to water pressure and the volume of water flow for a given 
position of the handle, then turn it for a precalculated amount of time. 
Instead, he watches the level of water in the glass, comparing it with the 
desired level and controlling the rate of water flow to bring this error to 
zero. 

As a second example, the housewife threading a needle does not look 
at the thread and the eye of the needle, then gaze out of the window while 
her hands follow a predetermined path. Instead, she compares the posi¬ 
tion of the thread and the position of the needle’s eye, and moves her hand 
in such a way as to reduce the distance between these positions to zero. 

Another favorite example is the driving of a car. The driver does not 
look far ahead and precalculate his every turn. Instead he actually com- 
pareis the location of the car on the road with the desired location and 
turns the steering wheel to reduce the error to zero. 

As a last example, a situation in human relations is given. A man 
tells his wife he will be home for dinner at 6:00. If there is an error in his 
timing and he arrives home much later than he promised, the wife applies 
a corrective force to the husband’s actions. The later the hour of his 
arrival, the greater the corrective force. 

It can be seen that the concepts coming from control system theory 
apply to human relations as well as to things. The term ‘‘cybernetics” 
has been used by Wiener^ to convey the general meaning, as in the title 
of his book. Cybernetics—Control and Communication in the Animal and 
the Machine. Although the theories discussed here are applicable to the 
animal, this book is mostly concerned with the machine. 

1~4. Illustrations of Control Systems. Examples of several types 
of control systems follow. 



N. W. Wiener, Cybernetics—Control and Communication in the Animal and the Machine^ 
John Wiley & Sons, Inc., New York, 1948. 
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Temperature Control. Fig. 1~A—1 is a schematic diagram of an 
electric iron. The dial on the iron is set for the proper temperature for 
ironing cotton, silk, rayon, etc., and the iron is then plugged into the power 
source. The thermostat is closed and the heating element is connected 
to the power source. The temperature of the sole plate increases until 
it reaches the temperature demanded by the dial setting. After this, the 
thermostat opens and the heating element is disconnected from the power 
source. 

When this system is compared with the block diagram of Fig. 1—3—lb, 
the following functional relationship can be deduced. The reference input 
is the desired temperature of the sole plate as represented by the dial 
setting. The mixing point (error detector) is the thermostat which com¬ 
pares the temperature of the sole plate with that demanded by the dial 
setting. The input to the power amplifier might be thought of as the 
power required to operate the thermostat, and the output of the power 
amplifier as the power delivered to the heating element. The controlled 
quantity is the temperature of the sole plate. The disturbance is any 
influence that comes from outside the system and changes the temperature 
of the sole plate, such as ironing a damp garment. 



Fig. 1-4-2 is a schematic diagram of one type of circuit that can be used 
for an electric blanket. The portion of the circuit shown inside the dotted 
box is the control unit. The method of operation of the control unit alone 
is essentially that of the electric iron just discussed. This portion of the 
system is closed-loop in that the heating element keeps the temperature 
inside the control unit at a desired temperature as set on the dial. This 
closed-loop system in turn operates the blanket heating element as an open- 
loop device. If the blanket and control unit are in the same room (as 
they should be) and the temperature falls, the heating element inside the 
control unit operates for longer periods of time to maintain the temperature 
inside the control unit. The blanket heating element in turn operates 
for longer periods of time. 

The problem in this type of system is to design the open-loop system 
so that the blanket is heated properly. A more desirable (and also more 
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costly) system would be to close the loop so that the temperature of the 
blanket itself is controlled instead of that of the control unit. This can be 
done by incorporating a control element in the blanket along with the 
heating element. The resistance of the control element varies with 
temperature. If the resistance is below a desired value, the heating element 
operates to increase the resistance. In this way the temperature of the 
blanket is maintained. 
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Fig. 1-^3. 


Voltage Regulation. Fig. 3a is a schematic diagram of a 
voltage regulator. It is of interest first to investigate the system when it 
is operated as an open-loop device. The open-loop system is shown 
schematically in Fig. l-4-3b. 

The generator is designed to deliver an output voltage Va at a load 
current /^. In the open-loop system this means that the proper voltage 
must be applied to the input of the power amplifier so that these conditions 
are met. With this voltage applied to the input, the load current is varied 
and, in accordance with the regulation of the system, a curve such as that 
shown in Fig. l-^3c is obtained. 

In contrast to this, the action of the closed-loop system is examined- 
In this case, the actuating voltage e is the difference between the reference 
voltage r and voltage 6, as shown by the equation 

e=.r-b (1-4-1) 

The system is adjusted to deliver volts at I a load current to coincide 
with the open-loop system. However, when the load current increases in 
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the closed-loop system, the output voltage becomes smaller, voltages c 
and h become smaller, and e becomes larger as can be seen from Eq. \-A—\. 
The larger the actuating voltage e the larger the output of the generator, 
to the end that much of the loss of the output voltage is recovered. There¬ 
fore, the closed-loop system has a much smaller voltage regulation than 
the open-loop system, as is shown in Fig. 1-4—3c, 

It can be seen that the higher the gain of the power-amplifier portion of 
the system, the better the regulation of the closed-loop system. In most 
systems, however, this gain cannot be increased indefinitely because of the 
problem of stability. This is discussed at several points in the book. 

Curve Follower. The curve follower is an example typical of many 
control systems. The system is shown in Fig. 1-4—4, The carriage is 



Fig. I^M. 


driven from left to right at a constant velocity. The curve to be followed 
is drawn on a piece of paper and is placed on the table top of the device. 
The head moves up or down on the carriage in such a way as to follow the 
curve drawn on the paper in the following manner. The paper is white 
and the curve on the paper is black. The photoelectric cell is designed so 
that a certain amount of white should appear below it. If more than this 
amount of white appears, the system responds by driving the head down¬ 
ward. Conversely, if less than the desired amount of white appears below 
it, the system responds by driving the head upward. 

In the following discussion, it is assumed that the system is at rest with 
the carriage at the left side of the table and the head is in the desired posi¬ 
tion at the top edge of the curve. The carriage is driven at a constant 
velocity across the table from left to right. The head moves up or down 
on the carriage so that the proper amount of white appears below it. In 
this way the head follows the curve. If it is desired to follow a different 
curve, the piece of paper can be replaced with another on which the new 
curve is drawn. 
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The curve follower is ordinarily used to drive some other system. For 
example, the curve drawn on the paper can represent the contour (or the 
contour multiplied by a scale factor) to which a piece of metal is to be 
shaped. The output to be driven by the system may be a torch or a milling 
machine. In this way, the metal can be shaped to an intricate pattern by 
simply drawing the pattern on paper. Not only can one milling machine 
be driven by such a device but an entire group of machines can be made to 
follow the pattern. 

Another modification of this system is exemplified in the ship-propeller 
milling machine. Instead of following a curve drawn on paper, one of the 
blades of the propeller is sculptured in model form. The model turns and 
the head mechanism moves up or down and follows the contour of the 
model. At the same time the propeller also turns, and its surface is milled 
to duplicate that of the model. After one sweep, the head and the milling 
machine are moved out along the radius and a second contour is milled, 
so that eventually the entire surface of one ship propeller blade is finished. 
Then the second and third blades of the propeller are milled in turn by 
following the same procedure, so that each blade is milled to match the 
surface of the same model. 



Exciter Generator 


Fig. 1^4-5. 

Rotational System. The system of Fig. 1-4-5 is a more elaborate 
system that can be used to locate the angular position of a moment of 
inertia J. It is desired to have the output shaft c follow the input shaft r 
within a certain tolerance. The mechanical differential has three shafts. 
These shafts are referred to as the input shaft r, output shaft c and error 
shaft e. The differential is a device whereby the error shaft takes an angular 
position which is the difference between the position of the input and 
output shafts and can be described by the equation 


e 


r — c 


( 1 - 4 ^ 2 ) 
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The error shaft actuates a transducer which produces a voltage propor¬ 
tional to the angular displacement of the error shaft. The voltage from 
the transducer is applied to the field of an exciter. The output of the 
exciter is applied to the field of the generator. The output of the generator 
is applied to the motor which in turns drives the output shaft and the load. 

If the system is at rest, the input and output shafts are stationary and 
are in alignment. From this rest position the input shaft is turned through 
an angle ai in the clockwise direction. The error shaft also turns through 
an angle Ui and a voltage is produced at the output of the transducer which 
is applied to the field of the exiter. The exciter in turn applies a voltage 
to the motor, which will cause the load to turn until the output shaft is 
again in alignment with the input shaft. 

The energy necessary to drive the load is supplied by the power devices 
and the energy supplied to the input is only the amount of energy necessary 
to turn the input shaft. 



u=output head 
to another tank 
or system 
component 


Fig. 1-4-6. 


Maintaining Liquid Level. Fig. 1-4-6 illustrates a possible closed- 
loop process control system. This system is used to maintain a preset 
liquid level or head in a tank. The fluid level in the tank is measured by 
the float which is connected to the valve controlling the input flow. A 
drop in the head in the tank causes the linkage to open the input valve 
further, thereby increasing the input flow rate. This action tends to 
restore the original head in the tank. Therefore a closed loop exists in 
this system. Any disturbance that tends to cause the head in the tank to 
depart from a preset level initiates the closed-loop action described above. 
Such a disturbance might be a change from normal steady values of the 
output flow rate or of the input flow rate. 

1-5. Linear Differential Equations. The material presented in 
this chapter discusses in general terms the basic concepts of control system 
theory. As soon as quantitative analysis is attempted, the physical laws 
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governing system behavior must be expressed in mathematical form. The 
physical laws considered in this book take the mathematical form of an 
ordinary differential equation of order n, where n is the order of the highest 
derivative that appears in the equation. 

For the physical systems being considered, the desired response is 
usually a function of time, which is the independent variable. The 
dependent variable can be any physical quantity, such as voltage, current, 
displacement, pressure, or temperature. 

An ordinary linear differential equation of order n has the form 

+■ ■ ■ + ft + 

The equation is said to be linear because the ai{t) coefficients do not 
depend on e but are functions of t and the equation contains e and its 
derivatives as linear terms, i. e., terms of the first degree. 

If f{t) in Eq. 1—5—1 is set equal to zero, the resulting equation is said 
to be homogeneous. If/(t) does not equal zero, the equation is said to be 
nonhomogeneous. 

A solution of a differential equation is any functional relationship 
among the variables that satisfies the equation. This functional relation¬ 
ship itself must not contain any derivatives. 

A particular solution of Eq. 1—5—1, is a function Ej, which when sub¬ 
stituted for e in the left side of the equation yields the particular f{t) given 
on the right side. That is 

dE 

^n{t) ai{t) = /(t) 

(1-5-2) 

A function Ex is a solution of the homogeneous linear equation if the 
equation is equal to zero when Ex is substituted for as shown by 

d^E dE 

^ + • • • + ^ + a,{t)E. =- 0 

3) 

Similarly if E^ is a solution of the homogeneous linear equation, Eq. 
1—5—3 can be rewritten with Ex replaced by E^. 

A more general solution of the homogeneous equation is e ~ CiEi f 
c^E^ where Cx and ^2 are arbitrary constants, as shown by 

^w(0 -^{CxEx + C^E^) +■ an-x{t) (^1^1 + ^ 2 ^ 2 ) 4 * * * 

-j~ cix{t) ~ {cxEx + c^E^) + <2o(t) i^CxEx + c^E^) 

= Cx[an{t) ~ (£ 1 ) + (£■,) + . - ■ + ay{t) ^ (£■,) 

+ «o(0(£^i)j -I- Ci\anit) ^ {Ez) + an~i{t) {E.) + • • • 

+ a,it) ^ (£ 2 ) + ao(«)(£2)] = c^[0] 4- C2[0] = 0 


(1-5-4) 
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It can be shown that the general solution of a homogeneous equation of 
order w is a solution containing n arbitrary constants and no solution to 
such an equation can contain more than n such constants. The most 
general solution of the homogeneous equation, called the complementary 
solution, contains n arbitrary constants and is given by 

■fi'c ~ CnEn (1—5—5) 

The general solution of the non-homogeneous equation is given by 

e = Ec + Ep (1—5—6) 

In engineering work, the terms particular solution and complementary 
solution are sometimes called by other names. The particular solution 
is sometimes called forced response in the sense that this response is forced 
upon the system. The complementary solution is sometimes called the 
natural response in the sense that the system asserts its own natural 
characteristic in the solution. 

In circuit theory, when the driving function is either a constant or a 
sinusoid, the particular solution is sometimes referred to as the steady- 
state component of the solution, and the complementary solution as the 
transient component of the solution. 

Methods have been developed to obtain the general solution of a 
linear differential equation of the first order. Although it is impossible 
to find a completely general method of solving linear equations of any 
order, nevertheless, one can be obtained for the special case in which all 
the at terms are constants: 

^ + ■ ■ ■ + + aoe = M (1-5-7) 

Linear differential equations with constant coefficients are such an 
important class of equations, that many methods have been developed to 
find solutions. One method frequently used in control system literature 
makes use of Laplace transforms. Although by no means the only method 
to solve such equations, it is chosen for this book because of its wide 
popularity and simplicity. Chapter 2 presents some aspects of Laplace 
transformation theory. 

1-6. Nonlinear Systems. For an air-core inductor (where the per¬ 
meability is a constant independent of current), the equation that relates 
voltage and current is given by 

e = L§ (Hi-I) 

This equation is a linear differential equation with a constant coefficient. 
The equation would still be a linear equation if L were some function of 
time t, the independent variable. However, if L depends on the current 
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z, the dependent variable, Eq. 1—6—1 is a nonlinear equation. More 
generally, in the physical sciences, when an equation does not have con¬ 
stant coefficients, the coefficients often vary as functions of the dependent 
variable and the resulting equation is nonlinear. 

Examples of nonlinear physical elements are numerous. An iron-core 
inductor that possesses a B~H curve that is not a straight line has an 
inductance value that varies as a function of current. A resistor which 
has a curved volt-ampere characteristic has a resistance value that is a 
function of the current. A spring that normally has a restoring force 
directly proportional to displacement can be stretched beyond its elastic 
limit such that the spring becomes a nonlinear device. 

As a matter of fact, every physical device is nonlinear if all possible 
values of the variable are considered. However, the displacement of the 
spring is limited so that the elastic limit is not exceeded; the spring can be 
considered to be a linear element. The iron-core inductor may have an 
air-gap of sufficient size, such that the inductor can be assumed to be linear. 
If a resistor is used in its normal range of power dissipation, the resistor 
can be assumed to be linear. 

A similar reasoning process holds for most other physical devices. If 
the total excursion of the variable is limited to the straight-line portion of 
its characteristic, the device is linear. 

As far as analysis and design are concerned, the advantage of being 
able to assume the linearity of a group of devices in a system is that the 
system can be described by a set of linear differential equations with con¬ 
stant coefficients. The method of solution of such equations is straight¬ 
forward. 

If a device is to operate in a system in such a way as to be a nonlinear 
element, the methods of manual analysis are exceedingly difficult except 
for the most simple cases. Modem computers have opened up new 
methods for analysis of nonlinear systems, with the result that it is possible 
to handle such systems with a reasonable effort. 

It should not be inferred that just because a linear system is more easily 
analyzed, it is necessarily superior to a nonlinear system. However, before 
a person undertakes a study of nonlinear systems, he should have an 
excellent background in linear systems. It is for this reason, for the most 
part, that this book is concerned with linear systems. 

PROBLEMS 

1-1. For the voltage regulating system of Art. 1-4, discuss the functioning of 
the system in terms of the block diagram of Fig. 1-3—lb. 

1-2. Devise a system similar to that shown in Fig. \-A—Z that can be used to 
regulate current. 

1-3. Repeat Prob. 1-1 for the system discussed in Art. 1-4. 

1-4. Devise a system similar to that shown in Fig. 1-4-6 that can be used to 
position a mass in translatory motion. 
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1—5. Paper is wound in rolls in a paper mill. If the roll is turned at a constant 
angular velocity, the speed at which the paper moves through the mill increases as 
the diameter of the roll increases. Devise a closed-loop system that is designed to 
maintain a constant paper speed. 

1-6. Classify the following differential equations: 

cPe de 

(a) 4 ^ + 2 ^ + 5^ = 10 sin 30t 

^ y+4+=• - *» 

d^e de 

(d) + + St^e = 

+ ^‘’I+ 

1-7. Devise a simple closed-loop system that might be used in a mechanical 
manipulator for remotely handling radioactive materials. 

1—8. For a system described by the differential equation 

J + 25|+100«-/(,) 

show that if/(0 = fi{t) = 1.0 for f ^ 0, then 

x,(0 = o.oi + 

is the solution. Also show that — f^it) = sin lOi, then 

x^{t) = - 0.004 cos 10( 

is the solution, li fit) = fiit) 4- hit)y is Xiit) + x^it) the solution of the above 
differential equation ? 
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THE LAPLACE TRANSFORMATION 

2—1. introduction. This chapter presents some of the basic principles 
of Laplace transformation theory. Since the remainder of the book is 
concerned with applications, they are not featured in this chapter. 

Laplace transformation methods offer a systematic procedure whereby 
a linear differential equation with constant coefficients and its associated 
initial conditions can be solved in a straightforward manner. 

2-2. The Direct Transform Integral. By definition, the Laplace 
transform of a function of time/(^) is obtained by multiplying/(t) by £" 
and integrating the product between the limits zero and infinity: 

( 2 - 2 - 1 ) 

The symbol ^[/“(t)] is read as the Laplace transform of/(t). As far 
as the integration is concerned, ^ is a complex constant. Because of the 
limits, t does not appear in the result. Therefore, the result is a function 
of s and is denoted as F{s), 

Since Eq. 2—2—1 is an improper integral, the integral does not exist 
unless certain conditions are imposed on f{t). One permissible set of 
conditions is that/(^) be of exponential order and be sectionally continuous 
over the range 0<^< oo. Fortunately, these conditions are usually satis¬ 
fied by functions encountered in the physical sciences. 

A function f{t) is of exponential order if a real positive constant a exists 
such that the product 

e-^^\f{t)\ ( 2 - 2 - 2 ) 

has the limit zero as t approaches infinity. For each f{t) this requirement 
places a limitation on the possible values of a. The value (Tq. termed the 
abscissa of convergence, is defined such that this limit is zero if a is greater 
than (To- For example, if/(t) = then lim approaches zero 

only if a is greater than 2. Therefore, ao for this/(t) is equal to 2. 

An example of an/(t) that is not of exponential order is 

m = 


16 


(2-2-3) 
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Therefore, the integral in Eq. 2—2—1 does not exist for this f{t) and hence 
this f{t) does not have a Laplace transform. 

If the integral exists for an /(^), the Laplace method transforms f(t) 
into an F{s) which is a function of the complex variable s. The complex 
variable has a real part a and an imaginary partya>, so that s is given by 

s — a + jo) (2—2—4) 

The complex .y-plane has a represented on the axis of the reals and ja> 
along the imaginary axis. Frequencies (as the word is conventionally 
interpreted) produced by an oscillator appear on theico-axis. The use of 
the complex s-plane is carried throughout the book and is explained in 
detail in Art. 2—1. 

The direct Laplace transform is said to transform from the time domain 
f{t) to the frequency domain F{s), The inverse Laplace transformation 
is indicated by 

= At) (2-2-5) 

where the symbol j£^~^[F(s)] is read as the inverse Laplace transform of 
F{s), The inverse transform is said to transform from the frequency 
domain F{s) to the time domain/(^). More is said about the inverse trans¬ 
form in Art. 2—8. 

2-3. Transform Theorems. The following theorems are basic in 
the theory of the Laplace transformation. 

Theorem 2—3—1. The transform of the product of a constant and a 
function is the product of the constant and the transform of this function. 
This is shown as 

^[KAm = K^um ( 2 - 3 - 1 ) 

Since the direct transform is defined as an integral and the constant K 
can be moved outside the integral sign, the proof of this theorem is evident. 

Theorem 2—3—2. The transform of a sum (or difference) of time func¬ 
tions is the sum (or difference) of the transforms of the individual time 
functions when these latter exist. This is shown as 

^i(t) +A(t) -A(t)] -^m)] (2-3-2) 

This relationship is again true because the direct transform is defined as 
an integral and the integral of a sum is the sum of the integrals, provided 
that each of the individual integrals exists. 

Theorem 2-3-3. The transform of the derivative of a function is given 
formally by 

= rnt)e-^‘dt 

J 0 


(2-3-3) 
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which can be evaluated by using integration by parts 

/•CO 00 I* CO 

u dv = uv — V du 
Jo 0 Jo 

with the following identifications: 

u = dv = f(t) dt 

du ~ dt V — f{t) 

Upon substitution, the integral becomes 

0 Jo 

which can be written as 

= lim ^ f dt 

00 Jo 

If/(0 is of exponential order and a (the real part of s) is greater than gq, 
then the term 

lim (2-3-8) 

t-» 00 

approaches zero. Therefore, Eq. 2—3—7 can be written as 

^ -^[/(O] -/(O) (2-3-9) 

where/(O) is the limit of/(^) as t approaches zero through positive values. 
In many places in the literature,/(O) is written as/(O^) and ? = 0 as ^ - 0 ^ 
to emphasize that both limits are taken as t approaches zero through posi¬ 
tive values. The + sign is implied but not written in this book. 

Theorem 2-3-4. The transform of the second derivative-5^|/"(0] can 
be found by using Eq. 2—3—9 and the following technique. 

The function g{t) is defined as 

g{f) =f(t) (2-3-10) 

When g(t) is differentiated, the result is 

g'(t) =r(t) 

Therefore, the Laplace transform of the second derivative in terms of 

git) is 

^[f"(t)l = ^Ig'it)] = ^ ^\git)] ~ ^(0) (2-3-11) 

In terms of /(t) and its derivative, the equation is 
^U'Xt)] = ^ } -/(O) 

= 5 -m } -/(O) 

= - sfiO) -/(O) (2-3-12) 


(2-3-4) 

(2-3-5) 

(2-3-6) 

(2-3-7) 
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By extending this technique, the transform for the third-order derivative 
can be found as 

== - s^m - sfio) -r(o) ( 2 - 3 - 13 ) 

By use of mathematical induction, the form for the transform of a derivative 
of any order can be seen to be 

^\fW(t)] = s^^lfit)] - - y(0) - - T(0) - • • • " "KO) 

(2-3-14) 

For the transform of each of these higher-order derivatives to exist, 
must be such that it has a Laplace transform. That is, the/<”K0 is 
sectionally continuous and is of exponential order. 

Theorem 2—3—5. The transform of the integral of/(f) between 0 and t 
can be found by using integration by parts on the direct transform integral 

^m] = f 7(0^-^^ dt (2-3-15) 

J 0 

by making the following identifications: 

dv = fit) dt u = 

z) = f fit) dt du = dt 

J 0 

Upon substitution, the form 

^ 00 00 I* CO 

j u dv — uv — \v du 
Jo 0 Jo 

becomes 

dt \ (2-3-16) 

which can be written as 

^\f{t)\ = lim {'fit) dt ~ f/(f) dt + sTl f/(f) dt]e-^^ dt 
t-*co Jo Jo Jo LJo J 

(2-3-17) 

or 

-^1/(0] = dt] (2-3-18) 

From this the transform of the definite integral is found to be 

/(O dt] = (2-3-19) 
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In obtaining Eq. 2-3-19, it is again assumed that f{t) is of exponential order 
so that the term 

(2-3-20) 

CO Jo 

equals zero. If f(t) is of exponential order, the integral of f(t) is also of 
exponential order and as t approaches infinity, the term in Eq. 2-3-20 
approaches zero provided the real part of 5 is greater than oq. 

Theorem 2-3-6. The transform of a multiple integral can be determined 
from Eq. 2-3-19 in much the same that the transform of a multiple 
derivative is determined from Eq. 2—3—9. 

The double integral 

rff(t)dtdt (2-3-21) 

Jo Jo 

can be written as 

rh(t)dt (2-3-22) 

Jo 

where 

/i(t) = ff(t)dt (2-3-23) 

J 0 

The transform for the double integral is 

[/■/>» (2-3-24) 

s s 

This process can be continued until the general term is obtained 

r ■ ■ ■ ^(2-3-25) 

Theorem 2—3—7. The transform of for an arbitrary a can be 

determined from the transform of f(t), assuming that f(t) has a transform. 
The transform of/(^) is indicated by 

f dt == F{s) (2-3-26) 

Jo 


The transform of e then is 
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Eqs. 2—3—26 and 2—3—27 can be interpreted in the following manner, 
has a transform F(s)y then has a transform which can be 

obtained from F{s) by replacing 5 by ^ + a. 

Theorem 2-3-8. If B\s) multiplied by the time function/ t( 0 
which has the transform e~'^^F{s) can be determined from the original/(i) 
by translating the graph of f{t) to the right through a distance of T units 
with/r(i) equal to zero between ^ = 0 and t = T. This type of translation 
is sometimes referred to on a dead-time delay. The significance of this 
is shown in the following manner. The original f{t) and F(s) are related 
by the direct transform integral 


F(s) = f7(t)£ 
J 0 


(2-3-28) 


Both sides of this equation can be multiplied by . 


^F(s) = 


00 

/ fit)e 

«/ n 


(2-3-29) 


As far as the integral portion of Eq. 2—3—29 is concerned, e is a constant 
and can be moved inside the integral sign as 


Jo 


This equation can be rewritten with a change of variable 

r = t -j- T 

The new limits of integration and the differential are 

^ = 0 ; r T 

t = CO; r = 00 
dt — dr 

The equation with the change of variable is 


(2-3-30) 


(2-3-31) 


(2-3-32) 


^F{s) = [ (0) + f /(t — t)e 

0 Jt 


(2-3-33) 


The new function/r(0 can be determined from this equation as 

/t( 0 = 0; 0 < ^ < r 


/t(0 = fit —T)\ T < t < CO 


(2-3-34) 


Hence the theorem is demonstrated that if ^\fit) u^iit)] = Fis) then 
^[f(t — T)u^iit — T)] = e~®^F(s), where ~ T) is the unit-step 

function occurring at ^ = T. In the next article, a few examples demon¬ 
strate the usefulness of this theorem. 



22 


CONTROL SYSTEM THEORY 


[Ch. 2 


Theorem 2-3-9. The transform of a periodic wave shape can be ob¬ 
tained by the following procedure. The wave shape is periodic and the 
transform of the function/l(^) which has the shape of the original wave m 
the first period and is zero thereafter can be obtained and is denoted Fi(s). 
Since the wave shape in the second period is exactly the same as that in the 
first, the wave shape in ‘the second period can be thought of as being the 
wave shape in the first period delayed by one period and therefore has the 
transform Fi(s)£~^^ where T is the time of the period of the repeating wave 
shape. By a similar reasoning process, the transform of the wave shape 
in the third period is Fx{s)e~'^'^\ By extending this method, the transform 
for the periodic wave shape that is denoted by F{s) can be found as 

F{s) - F^(s)[l + -I-] (2-3-35) 

The infinite series inside the brackets can^be summed for < 1 so 

that F(s) is given by 


F(s) = < 1 (2-3-36) 

This technique for obtaining the transform of a periodic function can 
be stated as follows: The repeating wave shape is examined and the 
period T of the wave is determined; the transform Fi(s) of the function 
fi(t) which is the form of the first period of the wave shape and is zero 
thereafter is then found; F(s) the transform of the repeating wave is obtain¬ 
ed by multiplying Fi (5).by the factor 1/(1 — s ’ In the next article a few 
examples demonstrate the use of this technique. 

Theorem 2—3—10. The multiplication of two transforms such as 

F,{s)F,{s) (2-3-37) 

gives the transform of a function which results from what is called the 
convolution of the two corresponding time functions. Fi(s) and F2is) are 
the transforms of fi{t) and/ 2(0 respectively as given by 

= Fr(s) 

= F^is) (2-3-38) 

The time function which has the transform Fi(s)F 2 (s) is the convolution 
of/l(^) and f^it) as given by 

^'^[F^(s)F^(s)] = f/i(« - dr (2-3-39) 

Jo 


^~^[F,{s)Fds)] = f Ut - ryi(T) dr = (2-3-40) 

J 0 


or by 
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The symbols/l(^)^/ 2 (^) and/2(0*/i(^) denote the two forms of the con¬ 
volution integral. The function with the argument ^ — t in the convolu¬ 
tions integral is written first. Examples of the use of the convolution 
integral and a geometric interpretation of the integral are presented in 
Chapter 10. 

Theorem 2—3—11. Anf(t) is given which has a Laplace transform F(s): 

= f 7(0^'^^ dt - F{s) (2-3-41) 

Jo 

The t in f{t) is replaced by a linear transformation at {a > 0), and the 
effect upon F{s) is to be determined. 

dt {2-Z-A2) 

J 0 

With a change of variable 

at ^ T (2-3-43) 

the equation becomes 

= I f 7(r)e— (2-3^) 
a jQ a a 


This result is the fundamental theorem upon which scaling is based. 
The subject of scaling is discussed at several places in the book. 


Theorem 2—3—12. Differentiation of the transform of a function with 
respect to s corresponds to the multiplication of the time function by — t. 
The/(t) and the corresponding F(s) are given as 


F(s) = 



(2-3-45) 


The derivative of F(s) is given by 


If f(t) is sectionally continuous and of exponential order, the differentia¬ 
tion c3.nhQ performed under the integral sign as 


^ = f "lls-^‘/(t)] dt=f"s-“[- tf(t)] dt (2-3-47) 
as Jo Jo 

which can be written as 

= ^[- tfm (2-3-48) 

as 


This process can be generalized as 

^ = -^[(— «)"/(0] (where n = 1, 2, • • ■) (2-3-49) 
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2-4. Development of Transform Pairs. The following examples 
illustrate the theorems of the previous article. 


Example 2-4—1. The unit-step function u^i{t) is defined by 

- 0, f < 0 


w_i(f) = 1, ? > 0 


(2-4-1) 


Where circuit analysis is concerned, this function represents the closing of a switch 
at ? = 0 on a battery of unit voltage or the opening of a switch at ^ — 0 on a current 
source of unit current. Similarly, in mechanical systems, the unit-step function 
represents the application to the system of a unit force or of a unit torque at if = 0 . 
Where control systems are concerned, the unit-step function often represents the 
application of a unit displacement to the input of the system at t = 0. Many other 
such examples could be used. 

Since in the direct transform integral 


dt 


the values oif{t) for negative time are immaterial, the u i{t) has the value 1 as far as 
the integral is concerned and the direct transform of this function is found as indi¬ 
cated: 


F{s) = = - V 

Jo S 


t-* 00 


(2-4-2) 


In performing the integration, the term lim s is assumed to be zero. This will 

oo 

be true only if the real part of ^ is greater than zero. To examine this in some 
detail, it is assumed that 5 = —2. The integral 


does not exist. However, if 5 = + 2 , the integral 


does exist. Instead of letting ^ = +2, it can be set equal to a (the real part of s) 
and the integral 




converges as long as cr is greater than zero. This concept can be broadened by letting 
5 take on complex values s — cr -h jco; then the integral 

= i = (2-4-3) 

Jo s 

exists in the'half-p lane to the right of cr = 0 . 

In general the abscissa of convergence is thus determined and is denoted by < 70 . 
In this particular example ao — 0. 
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Example 2^L-2. The transform of is considered next. When any 

function such as is multiplied by the resulting function is zero for negative 

time. If a system is energized at ^ = 0 by a driving function, all response functions 
should be multiplied by U-i{t) if the expression is to hold for all values of t. For 
example, if a response function to an input applied at ^ = 0 is of the form 

sin (cai + (5) 

the expression should be written as 

[e"“‘ sin {(x)t + (5)]M_l(^) 

if the response is to be expressed correctly for i<0. However, the factor 
usually is understood and not written explicity 

The transform of 6"®* can be found by use of the direct integral 

dt = F(s) (2-4-4) 

or by use of the theorem developed in Art. 2—3—6 

+ a) (2^5) 

If the second of these methods is used, the fit) can be identified as 1, which has a 
transform 1 fs. The transform of can be found from 1 js by replacing ^ by ^ -f a. 
Therefore 


= -J— (2-4-6) 

^ T <3 

The abscissa of convergence gq can be determined from the Fis) of Eq. 2-4-6, 
as is done in Art. 2—7. However, if 5 is allowed to take on its real part o', Eq. 2- - ^ - 4 
becomes 


j: 


-(a + a)t 


By inspection, it can be seen that this integral will converge if o is greater than ~a. 
Therefore it has been determined that oo = ~a. 

Example 2-4—3. The transform of sin o}t can be found by use of the defining 
integral 


^ a 

Jo 


sin co^e dt = Fis) 


By expanding sin mt in its exponential form as 

P+3(Ot _ 

sin cot — - 


2j 


(2-4-7) 


(2--I-8) 


[ p30)t _ e-icofl 

--J 


= 

2 ] [ 


2j 


the transform is found as 
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Eq. 2-4-6 can be used, with a == —jco for the first term and <2 — 4 jco for the second 
term, giving ^ ^ 1 1 

-^[sin .0^] = -^ (2-^9) 

^ 2^ -~jco s 4 jcoj 5 4 

By inspection, it is evident that ao ~ 0. 

Example 2-4-4. The transform of 6^"* sin cot is found fromi^[sin (ot] by 
replacing s by s a. Therefore, 


sin (x)t\ 


{s 4 aY 4 


(2-4-10) 


The value for Oq can be shown to be cto = — a. 

Example 2-4-5. The transform of cos cot is found by starting from 

\ d, 

cos cot ~ -r(sin wt) 

CO at 

and taking the transform of both sides as 


which leads to 


-^[cos cot\ — —[^-^(sin cot) — 0] 

^[cos (J0t\ = - 5 ---? 


^[cos ot\ = —2 (2-4-11) 

For this transform, gq == 0. 

Example 2—4—6. The transform of cos ot can be found fromi?^[cos by 
replacing s by s 4 ^ 2 . Therefore, 


cos ot] = ■ J 

(s 4 a)^ 4 

For this transform, Gq ~ ~a. 


(2-4-12) 


Many similar examples could be included at this point. However, the 
few examples presented demonstrate several of the methods by which the 
direct transformation can be made. An extensive table of transform pairs 
is included in the Appendix. 



Rg. 2-5-1. 
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Example 2-5-3. The wave form shown in Fig. 2—5~3a is considered next. This 
function IS formed by adding the two wave shapes of Fig. 2-5-3b and c of which the 
transforms are determined in the last two examples. Therefore, the transform of 
the wave shape of Fig. 2—5—3a is the sum of Eqs. 2—5—4 and 2—5—5: 

Example 2-5-4. The transform of a periodic wave shape can be determined by 
use of Theorem 2-3-8. This concept is reviewed briefly: the periodic function is 
examined and the period T of the wave shape is determined; the transform of the 
wave shape for the first period is determined as Fi{s)\ the transform F{s) of the peri¬ 
odic wave shape is obtained by multiplying F^ (s) by the factor 1/(1 — £ " The wave 




Fig. 2-5-4. 


shape of Fig. 2—5-4a is used as an example. The period T can be seen to be 2 seconds 
and Fig. 2—5~4b showswhich includes the first period of the wave form. The 
three components that make up fi{t) are readily visualized and Fi{s) determined as 


F^{s) 


2 1 

s s 


(1 


The Fi{s) is multiplied by 1/(1 — to obtain F{s) as 

(1 _ (1 


F{s) = 


s(l - E'"") s(l ~~ £”")(! 4- £ '0 

1 -£“* I ^ 

s(l 4 4 7 ^^""^2 


(2-5-7) 


( 2 - 5 - 8 ) 


Example 2—5—5. The transform of a unit impulse is found after the concept of 
the unit impulse is reviewed. The latter can be introduced in many ways. For the 
present purpose, the rectangular pulse shown in Fig. 2—5-5a is the starting point. 


oo 


Uo(t) 

0 


(a) 


Fig. 2-5-5. 


0 

(b) 
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It can be seen that the area under the curve of the pulse is equal to unity regardless of 
the value of As (5 approaches zero as a limit, the height of the pulse increases 
without bound. In the limit the pulse is an impulse of unit area. Hence the term 
unit “impulse. The symbol for the unit impulse is Mo(^)- The pictorial representa¬ 
tion of the unit impulse is shown in Fig. 2—5—5b. The oo symbol above the arrow 
and the 1 beside the arrow indicate, respectively, that the magnitude of the function 
is infinite and that its area is unity. 

The transform of the rectangular pulse of Fig. 2-5—5a is 

As S approaches zero, Eq. 2-5-9 approaches the transform of the unit impulse. If 
the limit is taken as the equation stands, the result is the indeterminate form 0/0 
which, by THospitaTs rule, can be evaluated by differentiating the numerator and 
the denominator with respect to d and then taking the limit. 

-5^[uo(t)] ~ limiP - - —1 = lim^^ — = 1 (2-5-10) 

3^0 OL S J ,5-»o ^ 

It should be added immediately that the rectangular pulse of Fig. 
2—5—5a is not the only geometric form from which the unit-impulse func¬ 
tion can be derived. Actually, any wave shape could be used, subject to 
the limitation that the area under the curve be unity throughout the process 
of taking the limit as the width d of the pulse approaches zero. Each of 



(b) 

Fig. 2-5-6. 



the three functions shown in Fig. 2-5-6 along with an infinite number of 
other functions can be used in obtaining the impulse function. 

The impulse function has many uses in analysis and design. The im¬ 
pulse response of a physical system is the basis of several analytical proce¬ 
dures which are discussed at the appropriate points throughout the book. 
The impulse function is convenient also for introducing certain types of 
initial conditions into a physical system. This concept also is examined at 
several points in the book. 

The one aspect of the impulse function to be considered at this point 
is the manner in which this function can extend the concept of differentia- 
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tion. At a point of discontinuity of a function, it has been customary to 
speak of the left-hand derivative and the right-hand derivative but to say 
that at the point of discontinuity the derivative is not defined. The follow¬ 
ing discussion indicates how the impulse broadens this concept. 

1 - 

t ^ 

(a) (c) (e) 






When the function shown in Fig. 2—5—7a is differentiated, the result is 
that shown in Fig. 2—5—7b. If d is allowed to approach zero, the curve of 
Fig. 2~5—7a approaches the curve of Fig. 2—5—7e and has a unit disconti¬ 
nuity at ^ = 0. 

The curve of Fig. 2—5—7b is a rectangular pulse and as d approaches 
zero this curve approaches the unit impulse shown in Fig. 2—5—7f. There¬ 
fore the unit impulse can be thought of as representing the derivative at the 
point of discontinuity of the function with a unit discontinuity. 

This same line of reasoning can be repeated by starting with the func¬ 
tion of Fig. 2—5—7c which has the derivative shown in Fig. 2—5—7d. As ^ 
approaches zero, the curve of Fig. 2—5—7c approaches that of Fig. 2-5—7e 
while the curve of Fig. 2—5—7d approaches the curve of Fig. 2“-5~“7f. The 
zero value at i = 0 and the unit value at t == S for the curve of Fig. 2~5—7c 
could be connected with any other function, and its derivative in the limit 
would again yield the unit impulse at the point of discontinuity. 

Before leaving this matter, it is of interest to think of the curve of Fig. 
2—5—7e as being the integral of the curve of Fig. 2—5“7f. Integration of a 
curve can be visualized as the area under the curve to the left of the time 
tast moves from left to right across the curve. The area under an impulse 
curve is zero until the impulse function occurs at f = 0, and thereafter the 
area is unity. Therefore the integration of the unit impulse of Fig. 2-5“-7f 
leads to the unit-step function of Fig. 2~5—7e. 

The unit impulse adds to the completeness of differentiation in that a 
function containing a number of discontinuities can be differentiated. At 
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each discontinuity an impulse is generated. The value of each impulse 
is numerically equal to the magnitude of each respective discontinuity. 
Since attention is being centered on differentiation, the question that 
arises is the effect of differentiation upon an impulse. This is explored 
in the next example. 


Example 2-5-6. Before finding the transform of the derivative of the unit 
impulse, the concept is reviewed. 

Since the unit impulse can be obtained from an infinite number of wave shapes, 
it seems reasonable to choose the wave shape which lends itself most conveniently 
to differentiation. The wave shape chosen here is shown in Fig. 2-5-8a, and its 




Fig. 2-5-8. 


derivative is shown in Fig. 2-5-8b. The curve of Fig. 2-5-8b consists of two spikes 
of equal area, one spike being positive and the other negative. For this reason the 
derivative of the unit impulse is sometimes referred to as a unit doublet or a couple. 
The area under each spike is 



(2-5-11) 


As <5 approaches zero as a limit, the area under each spike increases without bound. 

The wave shape of Fig. 2—5—8b can be visualized as being made up of three 
components and its transform is 


4 

^"5 


8 


^-(<5/2).^ - 

OS 


(2-5-12) 


As d approaches zero, Eq. 2-5-12 approaches the transform of the unit doublet. If 
the limit, is taken as the equation stands, the result is the indeterminate form 0/0, 
which can be evaluated by differentiating the numerator and denominator with 
respect to S the proper number of times and then taking the limit: 




lim 

< 5-»0 


4 

Ws 


0 

0 


lim 

<5-40 

lim 

d-40 


4^g-(-5/2)« 


0 

Ids ” 0 


The symbol u+i(t) stands for the unit doublet and 5 :s its transform. 


(2-5-13) 
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Since an infinite number of wave shapes can be used which in the limit 
lead to the unit impulse, it seems reasonable to suppose that there are also 
an infinite number of wave shapes which in the limit lead to the unit 
doublet. A few of these are shown in Fig. 2-5-9. 



Fig. 2-5-9. 


Example 2-5-7. The previous two examples introduce two members of a 
family of functions. Each successive member of the family can be obtained by 
differentiating the preceding member. Or in the reverse direction, each member of 
the family can be obtained by integrating the preceding member. 'I'he central 
member of this family is the unit impulse denoted by Uait) which has 1 as its trans¬ 
form. If Mo(t) is differentiated, the result is the unit doublet denoted by Wn(t), 
which has ^ as its transform. If w+i(t) is differentiated, the result is the unit triplet 
denoted by 2(0 which has the transform s^. This line of reasoning can be extended 
to the general term as given by 

= i” (2-5-14) 

In the reverse direction, the unit impulse Uo(t) can be integrated and the result 
is the unit-step function denoted by which has the transform t/s . If u i(e) 

is integrated, the result i^, the unit-ramp function denoted w_ 2 ( 0 > which has the trans¬ 
form 1/s^. This line of reasoning can be extended to the general term as given by 

■^[U-n(t)] = ~ 


(2-5-15) 





Art. 2-6] 


THE LAPLACE TRANSFORMATION 


33 


With the addition of the impulse family, all functions can be differen¬ 
tiated or integrated as many times as desired. When a function has a 
discontinuity and is differentiated, an impulse results. If the resulting 
function is differentiated, a doublet results, etc. 

In certain situations, the use of the impulse family has another desirable 
consequence. If a function is defined from —oo to+oo and has a d-c 
value (more properly a constant value), and if the function is differentiated 
and the result in turn is integrated, the final result can differ from the 
original function by a constant unless an auxiliary step is included in 
reestablishing the d-c level. However, if the function is defined only for 
positive values of time and is equal to zero for negative time, integration 
is as exact as is differentiation if the impulse family is used. For example, 
the d-c level when considered for only positive values is actually a step 
function. When this step function is differentiated, an impulse is gener¬ 
ated at ^ = 0. If the resulting function is integrated in turn, the integration 
of the impulse reestablishes the exact d-c level. 

Finally, if a function is defined only for positive time and is equal to 
zero for negative time, the Laplace transform of a derivative of a function 
is equal to s times the transform of the function if the differentiation is 
performed in the generalized sense. 

The transform pair 

^\fm = sF(s) -/(O) (2-5-~16) 

applies to the situation in which differentiation is performed in the con¬ 
ventional sense. However, when differentiation is performed in the gen¬ 
eralized sense, the transform pair becomes 

= sF(s) (2-5-17) 

In Eq. 2—5—17,/'(^) contains an impulse if/(0) has a value, and the equation 
is then identical with Eq. 2—5—16. This same reasoning process can be 
extended to derivatives of any order. 

2—6. Additional Examples, The examples in this article are in¬ 
cluded to show the fascinating uses of some of these ideas. 

Example 2—6—1. The transform for a train of unit impulses spaced T seconds 
apart, the first of which occurs at f = 0 (Fig. 2—6—1), can be obtained from 


c» oo oo 



Likewise a train of unit doublets spaced T seconds apart, with the first occurring at 

i = 0, has the transform 5 

F{s) == ^ ^ ^~Ts (2—6—3) 
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When a repeating wave shape is made up of segments having the nature of 
and if this repeating wave is differentiated w -f- 1 times, the result is a group of trams 
of impulses of various orders. When these impulse trains are integrated the proper 
number of times, the transform F{s) of the original wave shape is obtained. 



Fig. 2-6-2. Fig. 2-6-3. 


If the wave shape of Fig. 2—6—2a is differentiated once, the result is as shown in 
Fig. 2-6—2b. The train of impulses does not have an impulse at the origin. There¬ 
fore it can be regarded as the negative of the train shown in Fig. 2-6-1 delayed by 1 
second. The transform for the train of impulses is 



(2-6-4) 


To continue until only impulses are left, the function of Fig. 2-6—2b must be differ¬ 
entiated again. When the train of impulses is differentiated, a train of doublets is 
obtained. This train of doublets must be integrated twice to recover its contribution 
to the F(s) of the curve of Fig. 2—6—2a. Therefore, it is more convenient simply to 
hold back the impulse train and to differentiate the remainder of the curve, which 
yields an impulse at the origin as shovm in Fi^. 2-6—2c. Accordingly, the desired 
F{s) is made up of the impulse of Fig. 2—6—2c integrated twice and the impulse train 
of Fig. 2—6~2b integrated once. Finally, F{s) is obtained as 




(2-6-5) 
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Example 2—6—2. The wave shape of Fig. 2—6—3a is differentiated once as shown 
in Fig. 2—6—3b. The resulting train of impulses is held back and the remaining curve 
is differentiated again as shown in Fig. 2—6—3 c. The impulse train to be integrated 
once has the transform 


1 



( 2 - 6 - 6 ) 


The impulse trains to be integrated twice have the transform 



+ 



The transform of the original function is 


(2-6-7) 


.(1 -- t -'») 

Certain functions never disappear no matter how many times they are 
differentiated. For example, when the sine function is differentiated the 
successive results are + cosine, —sine, —cosine, and back to +sine. The 
method as explained in the previous two examples can be extended to 
functions of this type by taking advantage of the fact that the wave shape 
repeats after the function is differentiated a sufficient number of times. 


OO 




Fig. 2-6-4. 


Example 2-6-3. This concept is best demonstrated by an example using the 
function of Fig. 2-6-4a. The derivative of the function is shown in Fig. 2-6-4b- 
When the functions of Fig. 2-6^a and b are compared, the following equation can 
be written 


dt 


|y(^)] = ~f{t) + [the impulses shown in Fig. 2-6-4b] (2-6-9) 


This equation can be rewritten as 
d 


dt 


[/(O] + /(O — [the impulses shown in Fig. 2-6-4b] 


The transform of this equation is 


sF{s) + F{s) = 1 -f 


0.6326- 

1 - 6 -^ 


( 2 - 6 - 10 ) 


( 2 - 6 - 11 ) 
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This can be solved for F(s), giving 


F(s) - 


1 - 0.368e-^ 
(s -h 1)(1 - 


( 2 - 6 - 12 ) 


Techniques almost identical to these can also be used to obtain the 
Fourier series of repeating wave shapes. 

2-7, Discussion of Function F(s). The direct Laplace transform 
changes an f(t) into an F(s) which is a function of a complex variable 
5 = 0 - 4 - jco. The field of study involving functions of a complex variable 
is well developed, and many of the concepts used in this article and 
throughout the book are applications of some of the simpler concepts of 
this theory. 

Most of the F(s) functions of interest in control system theory are single¬ 
valued functions of s. That is, for a specific value of the complex variable 
s, F(s) is uniquely determined and also is complex, having a real part and 
an imaginary part. In general, 

F(s) = U((r, 0 )) + jViCy co) 

where U(a, co) is the real part of F(s) andyF(o', co) is the imaginary part. 

A function F(s) is said to be analytic at a point 5 if F{s) has a unique 
derivative at each point in a region including the point s. If the definition 
for the derivative of a real function of a single variable is extended to func¬ 
tions of a complex variable, the derivative is given by 

^ ^ = lin, (2-7-1) 

where AF(s) = AU jAV and the limit is independent of the choice of As. 
The situation expressed by this equation is more complicated than the 
corresponding case for real functions in the sense that As = Ag + jA(o can 
approach zero along an infinite number of different paths. For instance, 
suppose Aco == 0 and As = Act. As As approaches zero in this manner, 
Eq. 2—7—1 becomes 


d[F{s)] 

ds 


r Ai7 


= lim , 

A cr”>0 L Act 




dU , .dv 


(2-7-2) 


A second path along which As can approach zero is that for which Aa - 0 
and As = jAoo. As As approaches zero in this manner, Eq. 2-7-1 becomes 


ds j^^oi^acjAco jAo)} do) dco 


(2-7-3) 


For the derivative to be unique, Eqs. 2—7—2 and 2—7—3 must be equal, as 
shown by 


dU . .dV dV ,dU 
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For two complex expressions to be equal, the real parts must be equal and 
so must the imaginary parts. This leads to the relationships 


du 

da dco da dco 


(2-7-5) 


These equations are the well-known Cauchy-Riemann conditions. It 
can be shown that if approaches zero along the two paths just discussed 
and the respective derivatives are equal, then A^ can approach zero along 
any path and the derivative is unique. 

More generally, if both U and V and all four partial derivatives are 
continuous functions of s and satisfy the Cauchy-Riemann conditions at 
each point in a region including a specified point s, the function is analytic 
at the point 

An example often given is 


In this case 


F'(s) = = a^ — + j2a(o 



W 

dco 


and 


da 


= 2co = 


dco 


(2-7-6) 

(2-7-7) 


Therefore is analytic at every finite point in the s-plane and its derivative 
can be found to be 25 by use of either Eq. 2—7—2 or Eq. 2-7—3. In general, 
F(s) = also can be shown to be analytic at every finite point in the 5-plane 
and its derivative is W5"^~h 

Examples of functions of 5 that are not analytic are |5|, the magnitude 
of 5, and 5, the conjugate of s. 

The point (or points) at which a function F(s) is not analytic is called a 
singular point. The type of F(s) function encountered most often in con¬ 
trol systems is a ratio of two polynomials in 5. A typical ^( 5 ) given in 
factored form is 

- i^(^ + (5 + ^2)^ 

(5 + Pi)(s + p,ns + p^r ( 2 - 7 - 8 ) 


This F(s) has singular points at 5 = —pi, s = ~p2, and 5 = —p^. Actually, 

these values of 5 represent very specific types of singularities that are 

termed poles. A pole is defined in the following manner. If an F(s) 

increases without bound as 5 approaches a value —5 o and in such a manner 

that the function / , xm?/\ cn n 

G(s) = (5 + SoTF(s) (2-7-9) 


has a finite non-zero value at ~So for some positive integer n, then —5o 
is termed a pole of order n of F{s), When n is equal to unity, the pole is 
called a simple pole. For the F(s) of Eq. 2-7—8 ,5 = — pi is a simple pole; 
s = is a second-order pole; and 5 = —pz is a fourth-order pole. 

A value of 5 that makes F{s) equal to zero is termed a zero of the func¬ 
tion. For the F{s) of Eq. 2-7-8, 5 = —Zi is a simple zero and 5 = —jsrg is 
a second-order zero. 
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If the point at infinity also is included, a function has as many zeros 
as it has poles, and vice versa. The example being considered has three 
finite zeros and seven finite poles. Hence there must be four zeros at 
infinity. The truth of this can be demonstrated by the fact that as Isi 
approaches infinity, each of the and p's can eventually be ignored when 
compared with s*. Therefore, 


lim F(s) — lim = lim ^ (2—7—10) 

II II ^ I I 


and the fourth-order zero at infinity is displayed. 
As a second example, the function 


P(A == + ^i)(^ + ^ 2 ) 

(s + pi)(s + p 2 )(s + pz) 


(2-7-11) 


is considered. It is helpful to locate the poles and zeros on a sketch of the 
complex ^-plane as shown in Fig. 2—7—1. The locations of the zeros are 



Fig. 2-7-1. 


shown by circles and those of the poles by x symbols. Except for the K 
factor of Eq. 2—7—11, the pole-zero configuration completely specifies the 
F(s) function. 

If the magnitude of the F($) function is considered as equal to the 
distance perpendicular to the 5-plane of Fig. 2—7—1, then as s takes on all 
possible values, the plot of |jP( 5)| forms a three-dimensional surface. For 
instance, as s approaches one of the zeros, say —Zi, F{s) approaches the 
value zero. Likewise if 5 approaches one of the poles, say --pi, |F( 5 )j 
increases in magnitude without bound. The geometry of |F(s)| in the 
vicinity of a pole suggests a pole. 

A rather crude analogy to the shape of an |F(5) | surface is that of a thin 
rubber membrane stretched taut over a large tabletop. If 1F(5)| has a zero 
at 5 = 00 , the outer portions of the membrane are clamped to the tabletop. 
At the locations of the finite zeros, the rubber membrane is held to the 
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tabletop with tacks of zero diameter. As a practical consideration, each 
of the tacks should have the same small diameter. At the poles, the mem¬ 
brane should be pushed upward to an infinite height by rods of zero 
diameter. As a practical consideration, the rods should all have the same 
small diameter and be pushed upward to the same height. The analogy 
is crude, but the shape of the rubber membrane represents in a general way 
the \F{s) \ surface. 

Let it be supposed that some/(^) is given and the direct Laplace integral 
is used to find the corresponding F(s), As a specific example, the F(s) 
of Eq. 2—7—11 which has the pole-zero configuration shown in Fig. 2—7—1 
is considered. As has been stressed, the direct Laplace integral is an im¬ 
proper integral and converges only if a (the real part of s) is larger than Cq, 
In terms of the poles and zeros of an F(s), do is the real part of the pole 
located farthest to the right in the complex s-plane. For the configuration 
shown in Fig. 2—7—1, do = —pi- 

For present purposes, the direct Laplace integral is written with s 
replaced by its real part cr. 

F(a) = rf(t)8-<^^dt (2-7-12) 

0 

The integral converges along the portion of the real axis to the right of do . 

In the theory of functions of a complex variable, there is a concept 
known as analytic continuation which is helpful for the present discussion. 
If a function is known to be analytic in some region and its values are 
known along some arc in this region, the function is uniquely determined 
throughout the region. This concept can be applied to the present 
discussion in the following manner. F{s) can be found by using the direct 
Laplace transform as discussed earlier in this chapter. F{d) can be found 
by use of Eq. 2—7—12 and thus F(d) is certainly valid along an arc which is 
the real axis to the right of ao. F(s) and F{d) are identical along the d axis 
to the right of do. Therefore F(s) can be considered as the analytic contin¬ 
uation of F(d) throughout the entire 5-plane except at the points where 
F(s) is not analytic. 

2-8. The Inverse Transformation. The inverse Laplace trans¬ 
formation can be performed by using the complex inversion integral given 
by 

^-\F{s)] = ^f'” F{s)e^‘ ds = fit) (2-8-1) 

IJTJ J c~j 00 

The path of integration indicated by this equation is a path parallel 
to and c units away from the jo) axis as shown in Fig. 2—8—1. The quantity 
c is chosen so that the path of integration is to the right of all the poles and 
branch points in the complex 5-plane. 

Use of the complex inversion integral demands more knowledge of the 
theory of functions of a complex variable than seems appropriate in a book 
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of this type. Therefore, the method to be employed is to use the table of 
transform pairs in the direction opposite to that in which the table was 
developed. Sometimes the F(s) function must be manipulated into a form 
that is in the table. Arts. 2-9 and 2-10 are concerned with this problem. 



2-9. Partial Fraction Expansion. Examples are used to explain the 
concepts involved. 


Example 2-9-1. The F{s) for the first example is 




{s H- 2)(^ + 5) 

{s -f 1)(^ + 2>){s H- 4) 


^-j-3 5"f~4 


(2-9-1) 


The right side of this equation is the partial-fraction expansion. The coefficients 
of simple poles such as those of this example are given the name residues. 

When Eq. 2—9—1 is multiplied by 5 + 1, the result is 


(s + 2)(. + 5) _ 4- 1) K^,{s 4- 1) 

{s -f 3)(s 4-4) ^ + 3 5 -f. 4 

When s is assigned the value ^ ~ 1, the residue K^i is found to be 

K _ (-l +2)(-l +5) 2 

(-»! + 3)(~1 + 4) 3 

When Eq. 2—9—1 is multiplied by 5 4- 3, the result is 

is 4- 2)is 4- 5) 4-3) K^,(s -j- 3) 

(s 4- l)is 4-4) ^ -f 1 s 4- 

When ^ is assigned the value —3, the residue is found to be 

/r _ (-3 + 2)(^3 4-5) 

(-3 + l)(-3 + 4) ^ 

In a similar manner, K ^4 can be found as 

K „ ( -4 4- 2)( -4 4- 5) 2 

( -4 + 1)( -4 + 3) 3 


(2-9-2) 


(2-9-3) 


( 2 ™. 9 - 4 ) 


(2-9-5) 


(2-9-6) 
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When these residues are substituted in Eq. 2—9“1, the resulting partial fraction 
expansion is 


(s 4- 2){s + 5) 

(5 -4 l){s -f 3)(s + 4) 

The inverse transform can now be taken as 

+ 2)(s 4- 5) 


2/3 


1 


2/3 


S--44 






is + l)(s + 3)(i 4- 4) 


]= 


4- £- 


■ 3 ^ 


(2-9-7) 


(2-9-8) 


A rule of thumb that is convenient to remember can be stated thus: 
When a residue such as K^i in the pole at 5 = —1 is to be evaluated, the 
factor 5 4“ 1 is “covered up'’ and 5 throughout the remaining portion of the 
expression is assigned the value that makes the “covered-up" term equal 
to zero. This technique is a simplified version of multiplying both sides 
of an equation by the factor. By use of this procedure, the partial fraction 
expansion can be written by inspection. 


Example 2—9—2. As a second example, the following F{s) is considered: 


F{s) 


4 " 5 ^^ 4 " (>s — 1 


(2-9-9) 


(^ + 1)(5 4- 2) 

This F{s) IS an improper fraction in that the numerator is of higher degree in ^ 
than the denominator- One procedure that can be followed is division of the 
denominator into the numerator until the remainder is a proper fraction. 

^ 4~ 2 


5" + 35 4- 2) 5^ -h 55“ 4- 65 

5^ 4 - 35' 4 - 25 


1 


25^ 4- 45 
25^ 4 - 65 


■ 1 
4 


(2-9-10) 


-25-5 


The F{$) function can be written as 
5 ^ 4- 55 " 4- 65 — 1 


(5 4- 1)(5 + 2) 
5 " 4- 55 " 4~ 65 - 1 


5 4-24- 


-25 - 5 


— 54-2 


(5 4" 1)(5 + 2) 


' 4- 


(2-9-11) 


(2-9-12) 


( 54 - l){s 4-2) “ ^ ' (5 4- 1) ' (5 4- 2) 

The residue K^i can be found as before by multiplying both sides of the equation 
by 5 4- 1: 


5® 4- 55^ 


65 — 1 


(5 4" 2)(5 4 - 1) -f K~i -f" 


and letting 5 


5 4 - 2 
“1 in the result; thus, 

(-1)^ 4- 5(-l)^ 4- 6(-l) 


K^,is 4- 1) 

54-2 




-1 4 - 2 


In a similar manner, is found as 




5 " + 55^ 4- 65 - 1 


1 


(2-9-13) 


(2-9-14) 


(2-9-15) 
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Upon substitution, Eq. 2—9—12 becomes 

+ 6^ - 1 __ 3 1 

{s + l){s + 2) ^ + 1 s + 2 

and the inverse transformation is 


(2-9-16) 


1 + 5^^ + 6s — 11 

L (5 + l){s + 2) J 


u^iit) + 2uo(t) 


3f ' 4" f 


(2-9-17) 


As in the previous example, the procedure for determining K^i and K^> can be 
condensed by using the “cover-up” technique. 

In most cases, it is probably easier to expand only the proper fraction portion 
of an equation such as Eq. 2—9—11 as indicated by 


-2^ - 5 ^ 

(s + 1)(^ H"2) 5-(-l 5-4“2 


(2-9-18) 


In this equation, the K's are found as 


K., 


~2s - 5 
s 2 , 

~2s - 5 
^ + 1 . 


-3 

1 


(2-9-19) 


(2-9-20) 


The work implied by Eqs. 2-9-19 and 2-9-20 is somewhat less than that of Eqs. 
2-9-14 and 2-9-15 respectively. 


Example 2-9-3, As a third example, an F{s) with a second-order pole is examined: 


F{s) 


{s + 2)(s -f 5) 




(x 4- 1 )^ + 3)^ i 4 - 1 i + 3 ' (i + 3)- 
The residue X_i can be found by the “cover-up” technique as 

(j 4- 2)(s 4- 5)1 


if-i = 


1 


+ 3)^ 

The term A can be found by multiplying Eq. 2-9-21 by (s 4 3)^: 
is + 2)(^ -f 5) K^s -f 3)^ 


and by letting ^ 


5+1 5+1 

—3 in the result. 

(5 + 2)(5 + 5) 


+ K.-iis 4 3) I- A 


A 


5 + 1 


(2-9-21) 


(2-9-22) 


(2-9™-23) 


(2-9-24) 


In order to obtain the residue X-s, Eq. 2-9-23 can be differentiated with respect to 
5 and, in the result, s given the value 5 = — 3; thus, 

a: 3 = — - ^ - n 

ds 5+1 

Upon substitution, Eq. 2—9—21 becomes 

(s + 2)(5 + 5) _ 

(5 + 1)(5 + 3)^ 5 + 1 (5 + Sr 



(2-9-26) 
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'[ 


(i + 2)(s + 5) 
(i + l)(s + 3)' 




te 


(2-9-27) 


2—10. Heaviside Expansion Theorem. The Heaviside expansion 
theorem is another method for obtaining the partial fraction expansion. 
The theorem is presented here for the case of simple poles. The F(s) 
function is a ratio of two polynomials as 


F(.) - ® (2-10-1) 

It is assumed that s + is one of the factors of D(s) and that the product 

of all other factors in D(s) is given by G(s). In other words, D(s) is 


D(s) = is+ p,)G(s) 

F(s) can now be written as 


F(s) = 


N{s) 

+ Pi)G(s) 


( 2 - 10 - 2 ) 

(2-10-3) 


If this F(s) is expanded in partial fractions, the residue in the pole 

at s = —pi, as found by using the “cover-up” technique, is 


_ N(-pi) 

G(-pi) 


(2-10-4) 


The Heaviside expansion theorem achieves this same result by an 
alternate procedure. The residue jK-p, is found from 




N(s) 


ds 


[i5(5)] 


-Pi 


(2-10-5) 


K-p, of Eqs. 2-10-4 and 2-10-5 is the same, as can be seen from the 
following: 




ms) 


ds 


-P(^)] 


ms) 


ms) 


(s + Pi)G'(s) + G(s) 


|-[(5 + /.x)G(^)]L=-p 

m-pi) 
/= -p, G( —pi) 


( 2 - 10 - 6 ) 


Example 2-10-1. The wave shape shown in Fig. 2—6-4a is considered again. 
The F{s) corresponding to this wave shape is found in Art. 2—6 to be 


F{s) = 


1 - 0.368s-“ 
is + 1)(1 - £-0 


(2-10-7) 
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At first glance, it may seem that s ~ —1 is a pole of this F(s). However, for 
^ jP(^) has the indeterminant form 0/0 which when evaluated is found to be 

finite. Therefore s == —1 is not a pole of F(s). 

The poles of F{s) are the zeros of the factor 1 — e~\ and thus are the roots of the 
equation 

J<0 

s=plane r 

X •+-j4Tr 

* 

0 


1 _ = 0 

(2-10-8) 

which can be recast as 


- 1 

(2-10-9) 

When 5 is replaced by s = a F jcoy this equation becomes 

g-(o-+jco) _ e"<^[cos (o ~j sin co] = 1 

From this equation, it follows that 

(2-10-10) 

or = 0; a> = ±lnn (« = 0, 1, 2, . . . ) 

(2-10-11) 

Therefore the poles of F(s) are 


5 — -\-jlnn (w = 0, 1, 2, . . . ) 

(2-10-12) 


^ -J47r 

Fig. 2~IO-l. 

Fig. 2-10-1 shows a portion of the s-plane, and the location of a few of the poles 
IS shown. 

The Heaviside expansion theorem can be used to find the residues. The use 
of the theorem in this case is an extension of the theorem from the form in which 
it is shown to be valid in Eq. 2-10-6: 


Fk + j2mv 


1 -0.368£- 


^ [(s + 1)(1 ~ £-)] 
1 -0.368f-* 


(s + 1)£~* + (1 - e~^) 

^ 1 - 0.368 ^ 0.632 

jinn +1 14- jinn 

A few of the terms of F{s) can now be written: 


(2-1 (M3) 


F{s) 


^ 0.004 -yQ.05Q3 0.0156 -i0.098 ^ 0.632 

5 — j4n s — jin s 

0.0156 + y0.Q98 0.004 + y0.Q503 

5 4- jin s + j4n ^ 


The terms of F{s) can be combined in pairs as 

, 0.632 , 0.0312^+ 1.23 , 0.0085 + 1.263 

:—1- :2 


+ {InY 


i4nr 


(2-1CM4) 


(2-10-15) 


The inverse transformation can now be performed and the result is 
0.368e™* 


1 - 0.368.- 1 

b+l)(l-.-)J 


632 + 0.196 sin Int + 0.0312 cos Int 


+ 1)(1 ~ e 

0.1006 sin 4nt + 0.008 cos 4nt + 


(2-10-16) 
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Eq. 2—10-16 shows a few terms of the infinite series that is the well-known Fourier- 
series development of the wave shape shown in Fig. 2—6-4a. If this wave shape 
represents some forcing quantity that is applied to a linear physical system and the 
response of the system is obtained by Laplace transform methods, the response 
function will contain the transient response as well as the steady-state response 
normally represented by the Fourier series. 


2—11. Final-Value Theorem. A brief development of the final- 
value theorem shows how the theorem can be used. Of equal importance, 
the development shows the situation in which the theorem cannot be used. 
The theorem is developed by using a specific F(s) of the form 

p( . ^ K(s + zi)(s + Z2) ^ I I 

sis + pi)(s + P 2 ) s s + pi s + p 2 

( 2 - 11 - 1 ) 


The inverse transform of this equation is 

^-^[Fis)] == Ko+ K^p,s-p^^ + K-p.e~p^^ ( 2 - 11 - 2 ) 

The final value of/(^) is jK^o, which can be obtained by letting t-^co in Eq. 
2—11—2. The coefficient Ko is obtained from F(5) by multiplying Fis) 
by 5 and then letting ^ approach zero in the product. Therefore, the final- 
value theorem can be stated as 


lim 1/(0] = lim s[Fis)] (2-11-3) 

t-* 00 s->0 

where Fis) is the transform of/(0. The only time lim 5[F(0] can have a 

finite non-zero value is when the denominator of Fis) has ^ as a factor. 
The final-value theorem is valid if lim/(0 exists. An examination of 

t ~* 00 

Eq. 2—11—2 indicates that if pi or p 2 or both are negative, the final value of 
fit) is infinite, whereas the theorem gives a finite value. Therefore, the 
theorem can be applied to an Fis) that has all its poles in the left-half 
plane, except possibly for a single pole at the origin. 

2—12. Initial-Value Theorem. The initial-value theorem can best 
be presented by using the equation for the Laplace transform of a derivative 
of a function in which differentiation is performed in the conventional 
manner: 


rfit)e~^^ dt = sFis) ~/(0) (2-12-1) 

J 0 

The Laplace integral converges in a region in the 5 -plane to the right of 
5 = (To- The limit as 5 ->oo can be taken on both sides of Eq. 2-12-1: 

lim f fit)s~^^ dt = lim sFis) — fiO) 


S-* 00 


( 2 - 12 - 2 ) 
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The limiting process yields 

0 - lim sF(s) ~/(0) 

& -> oo 


which can be written as 


lim f(t) = lim 5[F(5)] 


(2-12-3) 

(2-12-4) 


In essence, this equation is a statement of the initial-value theorem. 

If the Laplace transform of the derivative of a function is written on 
the assumption that differentiation is performed in the generalized manner, 
the equation is 


f dt ^ s[F(s)] 

Jo 

The limiting process 

1*00 

lim f(t)e~ dt = lim ^[F(^)] 

+ 00 Jo s -» 00 


yields 


/(O) = lim x[F(s)] 

S-> 00 


(2-12-5) 


( 2 - 12 - 6 ) 

(2-12-7) 


Since f(t) is zero for negative time, the derivative of an f(t) that has an 
initial value/(0) contains an impulse with area equal to f(0). Therefore the 
/(O) in Eq. 2-12-1 comes from the integral of Eq. 2-12-6. 


Example 2-12-1. As an example of the use of the initial-value theorem, the F(s) 
of Eq. 2—9—1 is used 


F(s) - 


(s + 2)(^ + 5) 

(s 4- 1)(^ -f 3)(^ + 4) 


The initial value o^f(t) is found as 


( 2 - 12 - 8 ) 


/(O) = lim 


^(■y 4- 2)(^ 4~ 5) 

(s + 1)(^ 4- 3)(^ -f 4) 


(2-12-9) 


The inverse transform for this F(s) is found as Eq. 2-9-8 which is repeated for 
convenience as 


M = j -1 (2-12-10) 

The use of the initial-value theorem provides a partial check on the accuracy of the 
solution. 

An examination of the use of this theorem shows that the /(O) is of 
finite non-zero value only if the degree of the numerator is one less than 
the degree of the denominator. 
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Example 2—12—2. As a second example, the function 

is used. The initial value is found to be 

The transform of the first derivative of fit) is 

-m (2-12-13) 

where the differentiation is displayed in the conventional manner. In this case 
/(O) has just been shown to be zero. Therefore the transform of the derivative is 

= JTTW (2-12-14) 

and the initial value of the /'(0 can be found as 

/(O) = Urn ( 7 ^^ = 0 (2-12-15) 

The transform of the second derivative is 

^If’m = ^(t)] - s/(0) -/'(O) (2-12-16) 

Therefore, the transform of the second derivative is 

= ^ 7 ^ (2-12-17) 

and the initial value of the fft) can be found as 

In the manner just demonstrated, the nature of fit) and its derivatives 
at ^ = 0 can be investigated from a given Fis). 


PROBLEMS 


2-1. Verify that 

- sjio) - sfio) ~rio) 

2—2. Verify that 

.^[cos CjOt\ — -5—;- O 

by some method different from that used in Example 2-4-5. 
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2-6. Determine the transform for the wave shapes in Fig. 2—P—6. Note that 
the wave form in Fig. 2—P—6c can be obtained by adding the wave forms of Fig. 
2 —P-6a and b. 

2-7. Determine the transforms of the repeated wave shapes shown in Fig. 
2-P-7 by using the methods developed in Art. 2—5. 





Fig. 2-P->7. 


2—8. Start with the transform determined for the wave shape shown in Fig. 
2 -P-7c and perform the inverse transform, thus obtaining the Fourier series. Carry 
the solution out to three terms. 

2-9. Start with the wave shape of Fig. 2-5-6a, develop the transform for the 
wave shape, and in the result let (5->0, thus obtaining the transform for Mo(0- 

2-10. Repeat Prob. 2-8 except use the wave shape of Fig. 2-5-6b. 

2-11. Start with the wave shape of Fig. 2-5-9a, develop the transform for the 
wave shape and in the result let (5->0, thus obtaining the transform for w+i(i). 

2—12. Repeat Prob. 2—11 except use the wave shape of Fig. 2—5-9b. 

2—13. Repeat Prob. 2—11 except use the wave shape of Fig. 2-5—9c. 

2-14. Repeat Prob. 2-P-7 except obtain the transforms of the various wave 
shapes by the methods developed in Art. 2-6. 

2-15. Start with the transform determined for the wave shape shown in Fig. 
2-P-7d and perform the inverse transform, thus obtaining the Fourier series. Carry 
the solution out to three terms. 

2-16. Determine the transforms of the repeating wave shapes shown in Fig. 
2-P-16 by using the methods outlined in Art. 2-6 and check by using the methods 
of Art. 2—5. 

2-17. Repeat Prob. 2—15 except use the wave form shown in Fig. 2~P-16a. 

2-18. Repeat Prob. 2-15 except use the wave form shown in Fig. 2-P-16b. 

2-19. Repeat Prob. 2-15 except use the wave form shown in Fig. 2-P-16c. 

2-20. Find the inverse transform f(t) corresponding to each of the following 
F($) by using the *‘cover-up” technique: 

+ 2)(s + 4)(s + 6) 




(a) 




Fig. 2~P~I6. 


5 

+ 4)(i + 7) 

{s + DU + 10 ) 

(s + 2)(s + 4)(^ + 7) 

(s + 1)(. 4 - 10) 
s(s + 2)(s + 4)(s + 7) 

2—21. Repeat Prob. 2-20 except use Heaviside’s expansion theorem to obtain 
:h/(t). 

2—22. Find the inverse transform f(t) corresponding to each of the following 
■): 

, . (s + l)(t + 6)(s H- 10) 

^ (s+ 5)(s + 8) 

Chi 

(t + 5)(r + 8)^ 


. , i + 3 
s(s + ms + 4 )^ 
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2—23. Use the initial-value and final-value theorems to investigate the f{t) 
functions that correspond with the F{s) functions as given in Prob. 2—20. Check the 
information obtained by using these theorems with the f{t) functions obtained by 
working Prob. 2—20. 

2—24, Repeat Prob. 2—23 except use the F(s) functions from Prob. 2—22. 

2—25. Use the transform table in the Appendix and obtain the inverse transform 
of the following functions: 

16.65 -f 4166 

s[s^ + 2505 + W] 

... 5,000 

^ y[i" + 2S0s + lOT 

0.25 X 10® s + 20 X 10" 
s[s" + 5.8 X 10- y + 4 X 10"] 

0.274s^ + 250s + 38,900 
[s + 350][s^ + (377)"] 

, , _ -571s" _ 

[(s + 80)" + (890)"][(s + 198.5)" + (84,500)"] 

-0.331 X 10- s" + 1.34 X 10® s" + 2.72 x 10® s + 14.1 X 10"“ 
s[s" + (377)"][s" + 200s + 6 X 10-] 


2—26. A train of impulses spaced T seconds apart is modulated by the function 
f‘ That is, the first impulse has a value of unity, the second impulse the value 
e"""", etc. Obtain the transform of this impulse train as an infinite series and then 
obtain the sum function for the series. A change of variable » = yields the 
ar-transform for the e~‘“ function. Obtain this a-transform and label the answer 
F{z). 

2—27. Repeat Prob. 2—26 except modulate the train of impulses by the function t. 

2-28. Repeat Prob. 2-26 except modulate the train of impulses by the function 
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ELECTRIC CIRCUITS 

3-1. Introduction. Chapter 1 outlines in qualitative terms the basic 
concepts of control systems without attempting any quantitative analysis. 
Because control system theory encompasses electrical, mechanical, hy¬ 
draulic, and pneumatic systems, among others, this chapter and the next 
two are concerned with the basic physical laws useful in the theory. From 
these laws, the equations describing the operation of the systems can be 
formulated and performance of the systems can be determined. 

Chapters 3, 4, and 5 demonstrate that the analysis of all linear systems 
follows essentially the same pattern regardless of the nature of the system. 

This book assumes a background in analytical mechanics and in electric 
circuit theory. If the reader lacks such a background, he should consult 
any of the standard books in these areas. 

3-2. Electric Elements. The three basic elements used in electric 
circuits are the resistor, inductor, and capacitor possessing the qualities of 
resistance, R, inductance, L, and capacitance, C. It is assumed that 
these elements are constants independent of either the voltage or the 
current and the following relationships between current and voltage can 
be written: 


For the resistor. 

II 

or z = ^ 

(3-2-1) 

For the inductor, 

eL = 

rdl 

L— or 

dt 

t = ei, dt + z(0) 

(3-2-2) 

For the capacitor, 





e. = dt + e{0) or * = C ^ (3-2-3) 

The symbols used to represent the R, L, and C are shown in Fig. 3-2-1. 
For each element, the + and — signs indicate the polarity reference for 
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(a) (b) (c) 


Fig. 3-2-1. 

the voltage and the arrow indicates the reference direction for the current. 

A fourth electric element, represented by the symbol is mutual 
inductance, which is subsequently discussed as needed at appropriate 
points in the book. 

3-3. Kirchhoffs Voltage Law. Kirchhoffs voltage law states that 
the algebraic sum of the voltage drops around a closed path is zero. The 
law can also be expressed by stating that the sum of the voltage drops is 
equal to the sum of the voltage rises around a closed path. 

In the general case, a number of closed paths must be transversed and a 
number of equations based on Kirchhoffs voltage law must be written. 
For the present purposes a simple example is chosen to demonstrate the 
manner in which Laplace transforms can be used to solve simple circuit 
problems. 


125a 2.0h I25a 2 Oh 



(o) (b) 

Fig. 3-3-1. 


Example 3—3—1. The circuit shown in Fig. 3—3—la is in steady state with switch 
S closed. S is then opened at ? = 0. In steady state before i = 0, the inductor behaves 
as if it were a short circuit and the capacitor an open circuit. The current in the 
inductor is equal to 10 volts divided by 250 ohms (0.04 ampere). The voltage on the 
capacitor is equal to 5 volts as the two equal resistors divide the 10 volts equally 
between them. 

At ^ = 0 the initial current in the inductor is 2 XO) = 0.04 ampere and the initial 
voltage on the capacitor is 5 volts. The circuit after t = 0 is shown in Fig. 3—3-lb, 
The © and © marks on the figure indicate the polarity of the initial voltage on the 
capacitor. 

The arbitrary direction for the current i is chosen and Kirchhoffs voltage law 
is written as 

10-.25(+2.0| + y^/;,^< + 5 (3-3-1) 
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Eq. 3-3-2 can be solved for I(s) as 


I(s) 


0.04(5 -f 62.5) 

5^ + 62.55 4-1.25 X 10" 

The denominator has the following zeros 

5 i and 52 = —31.25 4zy353 

and Eq. 3-3-4 can be written as 

0.04(5 4- 62.5) 


7(5) 


(5 -h 31.25)" + (353)" 


[Ch. 3 


(3-3-3) 


(3-3-4) 


(3-3-5) 


(3-3-6) 


The inverse transform can readily be obtained by using the transform table m 
the Appendix. However, Eq. 3-3-6 can be divided into two parts so that inverse 
transforms 


cos wt 


and 


I(s) - 0.04 


f s a 1 _ 

[(s 4- ar 4- co^i 

j = £ si 
[ 




ic 


sin cot 


1(5 4- ^ 2 )^ 4- co‘ 

derived in Chapter 2 can be used. When this is done, 7 ( 5 ) can be written as 


(3-3-7) 


(3-3-8) 


5 4- 31.25 


31.251 


353 


(5 4- 31.25)" 4- (353)" ' 353 l{s -f 31.25)" 4 (353) 




(3-3-9) 


The inverse transform is 

i = 0.04£-"' ""‘[cos 353f 4- 0.0885 sin 353^] 
which can be written as 

2 = £-31 35^|-4q X 10-3 cQg 353^ 3 54 ^ 353 ^^ (3-3 -10) 

The Laplace transformation method of solution introduces the initial condition 
into the transformed equation and no auxiliary steps are necessary to solve for the 
arbitrary constants. 

After the equation for the current has been determined, the voltages can be found 
as 

eR = zi? ; «£, = L ^ ; and ec = i dt + e(0) (3-3-11) 


At times it is convenient to remain in the transformed domain when another quantity 
is needed and to perform the inverse transform operation to find the desired quantity. 
If the voltage is desired, it can readily be found as 
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In this case the following procedure does not yield any great saving in effort but is 
offered to demonstrate the method. 

The transform of Eq. 3—3—12 is 


Eds) - 2[sl(s) - 0.04] 

When Eq. 3-3-6 is substituted for I(s) in Eq. 3-3-13, the result is 


Eds) 


0ms(s + 62.5) 

-}- 62.5^ + 1.25 X 10" 


- 0.08 


(3-3-13) 


(3-3-14) 


The inverse transform for the first term of Eq. 3-3-14 contains an impulse and the 
second term is the transform of an impulse. An inspection of the circuit shows that 
no impulse is to be expected in so that these two impulses must cancel each other. 
Therefore, when the two terms of Eq. 3—3—14 are combined the resulting equation 


10,000 r 353 

353 [(s + 31.25)2 -f (353)2 


(3-3-15) 


IS greatly simplified. The inverse transform yields 

= -28.8£“^' 25* 353^ (3-3-16) 


3—4. KirchhofFs Current Law. Kirchhoff’s current law states that 
the algebraic sum of currents leaving a junction is equal to zero. The 
law can also be expressed by stating that the sum of currents entering a 
junction is equal to the sum of currents leaving a junction. 

In the general case, KirchhofFs current law must be written at a number 
of junctions. For present purposes a simple example is chosen to demon¬ 
strate the use of Laplace transforms on another simple circuit problem. 

10 amps 


—► i (0) = lOamps 



(a) (b) 


Fig. 3-^1. 


Example 3-4—1. The circuit of Fig. 3-4-1 a is in steady state with the switch S 
open. aS is then closed at ^ = 0. 

Before ^ = 0, the current source supplies 10 amperes to the circuit and the path 
of this current is down through the 100 ohm resistor and up through the 0.5 henry 
inductor. The voltage across the 5^f capacitor is equal to the voltage across the 
resistor which is equal to 1,000 volts. 

After S is closed, the resulting circuit and the initial current and voltages are 
shown in Fig. 3-4-lb. After the arbitrary + and — polarity reference for the voltage 
e is chosen, it is convenient (but not necessary) to select the reference direction for 
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each current so that it is directed into the -f terminal for its respective element. An 
equation based on Kirchhoff’s current law can now be written as 

0 = + fi? + ic 


10 + ^ + 5xl0-| 


which can be rewritten as 

The transformed equation is 

0 = - — + 0.01£(s) + 5 X 10-«[s£(s) - 1000] 

s s 

where E{s) = Eq. 3—4—2 can be solved for E{s) as 

1000^ + 2 X 10" 


E{s) 


+ 2000s + 4.0 X 10" 
The denominator has the following zeros: 

Si — —1775 and S 2 = —225 
Eq. 3 - -4 - 4 can be written as 

1000s -f 2 X 10" 


E{s) 


(s + 1775)(s -f 225) 


and can be expanded as 


E(s) = 


145 


-f 


1145 


(s + 1775) ' (s + 225) 


The inverse transform is 


e = -1456- 


1,145s” 


(3-^1) 


(3-1-2) 


(3-^3) 


(3-4-4) 


(3—4—5) 


(3-4-6) 


(3-4-7) 


To continue the example, the current in the inductor is determined. This 
current is related to the voltage e by the equation 


^ L 


K 


e dt f(0) = 2 e — 10 




The transform of i l is 


Il(s) = 


2e:(s) _ 

s s 

2000s 4 4 X 10" 
s(s 4 1775)(s 4 225) 


(3-4-8) 


(3-4-9) 


10 


An inspection of the circuit reveals that i^ has the value zero at £ oo. Therefore, 
when the two terms of Eq. 3-4-9 are combined, the resulting function does not have 
a pole at the origin. 


Il(s) - 


10s 4 18,000 
(s 4 1775)(s 4 225) 


(3-4-10) 



Art. 3-5] 

This IS expanded as 


ELECiRIC CIRCUITS 


57 


Il{s) 


0.1615 
+ 1775 


10.1615 
5 4- 225 


The inverse transform is 


ir. = 0 . 1615 £- i ’’"* - 10 . 1615 £-^""' 


(3-4-11) 


(3-^12) 


3—5. Operational Approach to Circuits. It is frequently conven¬ 
ient to write the transformed equation (or equations) directly without first 
writing the differential equation and then performing the transform 
operation. As a start in developing this technique, the operational 
impedance of a circuit is defined as the ratio of the transform of the voltage 
to the transform of the current under the assumption that the circuit is 
initially ‘‘at rest”; that is, all initial conditions are zero. 

This operational impedance concept is demonstrated by using the 
inductor shown in Fig. 3—5—la as an example. The circuit equation as a 
differential equation is 


e 



(3-5-1) 


+ - 
e 

L 


(a) 


^ E(s) 

o- 

Z(s) = sL 
(b) 


-O 


Fig. 3-5-1. 


and the transform, assuming no stored energy, is 

E{s) = sLI(s) (3-5-2) 

Therefore, the operational impedance for the inductor is 

Zis) = ^ = (3-5-3) 

Fig. 3—5—lb indicates the transformed quantities. 

The operational impedances of the R and C elements are respectively 

R and T (3-5-4) 

sC 

The operational admittance of a circuit is defined as the ratio of the 
transform of the current to the transform of the voltage under the assump¬ 
tion that the circuit is initially at rest. The operational admittances of 
the jR, L, and C elements respectively are 


L J_ 

R ^ sL ^ 


and sC 


(3-5-5) 
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Impedances in Series. If a number of operational impedances are 
connected in series, the total impedance is the sum of the individual 
impedances. This is demonstrated by the following development. When 
Kirchhoff s voltage law is applied to the circuit of Fig. 3-5—2, the following 
equation can be written; 

^ ^2 T ^3 (3—5—6) 



Fig. 3-5-2. 


The transform of this equation is 

E{s) = E^is) + E,{s) + E,is) (3-5-7) 

which can be rewritten as 

mz(s) = mz^(s) + i(s)z^(s) + mz^is) o-s-s) 

where Z(s) is the equivalent impedance of the entire circuit. When the 
I(s) is canceled on both sides of the equation, the result is 

Z(s) - Z^(s) + Z,{s) + Z,(s) (3-5-9) 


The manner in which the voltage divides among impedances in series 
is now developed. The voltage E^is) is chosen arbitrarily to indicate the 
method. The current I{s) is related to the total voltage and total impedance 
by 

m - (3-5-10) 

The current is also related to E^is) and Z 2 is) by 

Art-II (3-S-ll) 


"Wben I{s) is eliminated between the last two equations, the result is 


_ E(s) 
Z,(s) Z(s) 

which can be rewritten as 


(3-5-12) 


E^is) - ^Eds) (3-5-13) 

Impedances in series act as a voltage divider and the ratio of Z^is) to 
Z(s) determines E^is), the portion of E(s) appearing across Z 2 (s), 
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Admittances in Parallel. If a number of operational admittances 
are connected in parallel, the total admittance is the sum of the individual 
admittances. This is demonstrated by the following development. When 
Kirchhoff s currejit law is applied to the circuit of Fig. 3—5—3, the following 
equation can be written 

i = ii + 4 + iz (3-5-14) 

The transform of this equation is 

I{s) = h{s) + h{s) + / 3 (^) (3-5-15) 

—«► I(s) 



Fig. 3-5-3. 


which can be written as 

E{s)Y{s) = E{s)Y,{s) + E{s)Y^{s) + E{s)Y^{s) (3-5-16) 

where Y(s) is the equivalent admittance of the entire circuit. When the 
E{s) is canceled on both sides of the equation, the result is 

Y(s) = Y^(s) + Y,{s) + y 3 (^) (3-5-17) 

The manner in which the current divides among admittances in parallel 
is now developed. The current l 2 {s) is chosen arbitrarily to indicate the 
method. The voltage E(s) is related to the total current and total admit¬ 
tance by 

E(s) = ^ (3-5-18) 

The voltage is also related to Izis) and Yzis) by 

£(.) - ^ (3-5-19) 

when E(s) is eliminated between the last two equations, the result is 

his) m 

Y^is) Yis) 


which can be rewritten as 


(3-5-20) 
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Admittances in parallel act as a current divider and the ratio of 1 ^ 2 ( 5 ) to 
Y{s) determines I^is), the portion of I(s) existing in 3^2(^)- 
The following example makes use of these concepts. 



(a) (b) 

Fig. 3-5-4. 


Example 3-5-1. The circuit shown in Fig. 3-5“4a is at rest when the voltage e is 
applied to the circuit at t = 0. The circuit of Fig. 3-5-4b indicates the transformed 
quantities. The impedance of the parallel elements are 

^ . 1 Z^{s)Z,is) _ 40. 

1 1 ZiW + Z.is) 2s + 20 (3-5-22) 

Zx(.) Z^{s) 

The total impedance into which the voltage source delivers current is 


Z{s) - Z^is) -f Zp(.) == 20 -h 


40. ^ 80. + 400 

2 . + 20 2 . + 20 


(3-5-23) 


The current I^is) is 


his) = 


Eis) ^ {Is + 20)F(5) 
Z{s) (80. + 400) 


(3-5-24) 


The current / 3 (.) divides into Ji(.) and / 2 (^). h{s) is determined in order to 
demonstrate the method, 

T rA — 3^a(^) r ^ s _ Zi(s) j . . 

FiW + F.(j) Z.(s) + Z^U) 


2QQ.S + 20) ^ E{s) 

(2s + 20)(80s + 400) 4(s + 5) 


(3-5-25) 


The voltage Fp(.) across the elements in parallel can be found by using the voltage 
divider concept as 


Zyi^) e(A = 40 ^/( 2 . + 20 ) 

Z(s) (80s + 400)/(2s + 20) 


2(s -t- 5) 


This voltage can alternately be found as 


(3-5-26) 


— -l^a(^)-^2(^) — 


4(s + 5) 2(s + 5) 


(3-5-27) 
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As soon as the driving function e is specified, the time functions corresponding 
to each of these quantities can be determined by finding the inverse transform. This 
IS done for three different driving functions. 

Unit-Step Driving Function. The first of these driving functions is 

^ = u_,{t) (3-5-28) 

The corresponding E{s) is 

E{s) = - (3-5-29) 


With this E{s) substituted into Eq. 3—5—24 for / 3 (^), the equation becomes 


^ -f 10 ^ 0.05 0.025 

40s(s + 5) i i + 5 

The time function is 


4 = 0.05 - 0.025e-"^ 


(3-5-30) 


(3-5-31) 


With the E{s) of Eq. 3—5—29 substituted into Eq. 3—5—25 for the equation 
can be written as 


/ 2 (^) 


1 


0.05 0.05 


(3-5-32) 


45(5 + 5) 5 5 + 5 

The time function is 

H = 0.05(1 - £-®‘) (3-5-33) 

With the E( 5 ) of 3—5—29 substituted into Eq. 3—5—26 for Ep(s), the equation is 

1 


E^s) 


(3-5-34) 


2(5 + 5) 

The time function is 

ep == 0.56-®^ (3-5-35) 

Unit-Ramp Driving Function. The second of these driving functions is 

e = M_ 2 (f) (3-5-36) 

The corresponding E{s) is 

1 


E{s) = 


(3-5-37) 


With this E{s) substituted into Eq. 3—5—24, the equation for Iz{s) becomes 
5 + 10 0.05 


h{s) - 


405^^ + 5) 


0.005 0.005 

5 "^5+5 


The time function is 


H = 0,05t - 0.005 + 0.005e" 


(3-5-38) 


(3-5-39) 


Another interesting property resulting from linearity can be commented upon 
here. When a system can be described by a set of linear differential equations, the 
driving function and the response function are interrelated. For example, if the 
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response to a certain driving function is known, the response to the integral (or 
derivative) of the driving function can be found by integrating (or differentiating) the 
original response. In this example, the response function to a unit-step is given 
in Eq. 3-5-31, repeated for convenience as 

4 = 0.05 -0.025 "* (3-5-40) 


The response to a unit-ramp function can be found by integrating this response as 




f 0.05 dt - f 
Jo Jo 


O.OSt 


+ 0.005£-‘*‘I' 


= O.OSt - 0.005 + 0.005£-®‘ 


(3-5-41) 


This result checks Eq. 3-5-39 as found previously. 


With the E{s) of Eq. 3-5-37 substituted into Eq. 3-5-25, the equation for I^is) 
becomes 




1 


4s^is + 5) 

^0.05 , 0.01 

s s 5 

The time function is 

4 = O.OSt - 0.01 -f O.Ole""* 

This equation is also determined by integrating Eq. 3-5-33 as 


I 0.05 dt - jO.OSs-^^dt 
Jo Jo 

+ O.Olfi-"*!' 


O.OSt 


O.OSt - 0.01 -f- 0.016- 


(3-5-42) 


(3-5-43) 


(3-5-44) 


The equation for is found by solving Prob. 3—9. 

Unit-Impulse Driving Function. The third of these driving functions is 

e = Uo(t) (3-5-45) 

The corresponding E(s) is 

F(s) - 1 (3-5^46) 

With this B(s) substituted into Eq. 3—5—24, the equation for Ia(s) becomes 

To expand this, the denominator is divided into the numerator, yielding 

/,(.) = 0.025 + 40(7^5) 
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H = 0.025wo(0 + 0.1256-^^ (3-5-49) 

The unit-impulse is the derivative of the unit-step. Therefore, Eq. 3—5-49 can also 
be found as the derivative of Eq. 3—5—31 which is repeated for convenience as 

4 = 0.05 - 0.025£-^' (3-5-50) 

Since this equation has a discontinuity of 0.025 at t = O, its derivative contains an 
impulse with a value of 0.025 occurring at ^ = 0. Once the impulse is determined, 
the derivative is taken in the usual manner yielding 

H = 0.025wo(^) 4- 0.125£~®^ (3-5-51) 

With the E{s) of Eq. 3-5-46 substituted into Eq. 3—5—25, the equation for I^is) 
becomes 


^.w - 4(nrTj (3-5-S2) 

The time function is 

4 = 0.25e-®' (3-5-53) 

This equation can also be found as the derivative of Eq. 3—5—33 which is repeated 
for convenience as 


4 = 0.05(1 - (3-5-54) 

This equation does not have a discontinuity at t = 0 and the derivative is taken in 
the conventional manner as 


4 = 0.25£-®^ (3-5-55) 

The equation for e^ is found by solving Prob. 3.10. 


The practice of differentiating (or integrating) the driving function 
and the response function can be continued indefinitely. Furthermore, 
the concept of convolution makes it possible to find the response of a linear 
physical system to any arbitrary input as soon as its response to a unit- 
step input is known. The convolution integral is briefly introduced in 
Chapter 2 and is used in more detail in Chapter 10. 

S-6. Particular Solutions for Sinusoidal Driving Functions. 

The sinusoid as a driving function occurs so frequently that a body of 
specialized theory and technique has been developed in electrical engineer¬ 
ing for finding the particular solution. This body of theory and technique 
comprises alternating-current (a-c) circuit theory. This theory is much 
broader in scope than the term a-c circuit implies, since it can be used 
whenever a physical system can be described by a linear differential 
equation with constant coefficients. 

As this book assumes the reader has a knowledge of fundamental a-c 
circuit theory, the following discussion is intended only to bring out the 
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relationships between this theory and the operational approach presented 
earlier in this chapter. 

All the operations of a-c circuit theory can be performed when trigono¬ 
metric functions are needed to represent the instantaneous values involved. 
However, some of these operations are rather unwieldy, and in order to 
simplify the manipulation of trigonometric functions the concept of 
phasors is helpful. A phasor is represented by a directed line segment 
that rotates in the counterclockwise direction at a constant angular velocity; 
the projection of the magnitude of the phasor on a horizontal line (or on a 
vertical line) is equal to the instantaneous value of the sinusoidal function 
being represented. 

This representation of instantaneous values by a phasor is actually a 
transformation and the term phasor transform is used in this book to 
signify this change in domain. 

A convenient mathematical method of representing a phasor (current 
is used as an example) is 

i = (3-^1) 

where represents the maximum value of the current and the symbol 
Re stands for the real part of the function inside the bracket. This function 
inside the bracket represents the phasor and the process of taking the real 
part is equivalent to projecting the phasor on a horizontal line. 

When the current is differentiated, a/co factor multiplies the term inside 
the bracket representing the phasor, as in 

^ = Re[;-cu/„£^(“‘+^)] (3-6-2) 


If the current is integrated, a/co factor divides the term inside the bracket 
representing the phasor, as in 




cot-f (p ) 

jo) 


( 3 - 4 - 3 ) 


These equations should be compared with similar expressions obtained 
from the operational methods in which initial conditions are neglected. 
The Laplace transform of a current is 

= I{s) (3-6-4) 

The transforms for the derivative and integral of the current are 

■^S] ” (3-S-5) 


( 3 — 6 '— 6 ) 
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A comparison of Eq. 3—6—5 with Eq. 3—6—2 and Eq. 3-6-6 with Eq. 3—6—3 
shows that 5 appears in the Laplace transforms in exactly the same location 
as jo) appears in the phasor transforms. Therefore, to obtain the phasor 
transform of f(t) formally from the Laplace transform of a differential 
equation, where all initial conditions are quiescent, the quantity ^ is 
replaced by^’o; and the Laplace transform = F(s) is replaced by 

the phasor transform F(jco). The ^ in F(s) signifies that the function is a 
Laplace transform whereas the jco in F{jco) signifies a phasor transform. 

The substitution s == jw can always be made. If the quantity represent¬ 
ed by a phasor is differentiated twice, a (jco)^ factor appears; similarly the 
Laplace transform has an factor. If the quantity represented by a 
phasor is integrated twice a IKjo))^ factor appears; similarly the Laplace 
transform has a 1 factor. As this line of reasoning can be extended to a 
derivative or integral of any order, the correspondance of jco and s is 
complete. 

In Art. 3—5, the operational impedance is defined as the ratio of the 
Laplace transform whereas the yco in Fijm) signifies a phasor transform, 
thus 

Z{s) = ^ (3-6-7) 


The phasor impedance can be defined in an analogous manner as 


Zijoy) 


E(jco) 

I(jco) 


(3-6-8) 


where Eijco) and Kjco) are the phasor transforms of the voltage and current. 

The operational and phasor impedances and admittances for each of 
the circuit elements are shown in Table 3—6—1. 


TABLE 3-6-1 


Circuit Operational Phasor Operational Phasor 


element impedance impedance admittance admittance 


Resistor 

R 

R 

IIR 

HR 

Inductor 

sL 

joL 

lIsL 

lljaL 

Capacitor 

1/sC 

lljcoC 

sC 

jcoC 


All the concepts developed for operational quantities also hold for 
phasor quantities. For example, it is shown in Art. 3-5 that if a group of 
operational impedances is connected in series, the total impedance is the 
sum of the individual impedances. In the case of phasor impedances, this 
equation becomes 

Z(jco) == Zi(j(jo) + Zzijoo) + Zz(j(F) + • * • 


(3-6-9) 
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Similarly if a group of admittances are connected in parallel, the total 
phasor admittance is 

FO'co) - FiO'co) + Y^(joy) -f Yzijm) + * • * (3~6~10) 

The circuit of Example 3-~5“l is used to demonstrate these concepts. 


20a Z3(j(u)=20il 



Example 3—6—1. 
voltage 


The circuit of Fig. 3—5-4a is redrawn as Fig. 3~6—la. The 


e ~ cos lOt 


(3-6-11) 


is applied to the circuit and is left until steady-state conditions are reached. The 
current in steady state is the desired solution. Eq. 3-5-25 for h{s) repeated here 
for convenience is the starting point: 


h{s) - 


E{s) 

4(^ -h 5) 


(3-6-12) 


The voltage e can be expressed in phasor form as 

Eijoi) = XtSl (3-6-13) 


The peak value of voltage is used, and the phase angle is chosen, with the assumption 
that the phasor is projected on a horizontal line. 

Eq. 3-6-12 can be replaced by the corresponding phasor equation by replacing 
E{s) by Eijoo) as given in Eq. 3-6-13, I^{s) by hijoj) and s by jm. Upon substitution 
the equation becomes 

1 /O! 

T( j\0 T5 ') ^ /--^ 3 . 5 - ( 3 - 6 »^ 14 ) 

The projection of this phasor on the horizontal line yields the time function 


fsss 0.0223 cos (lOt - 63.5^) (3-6-15) 

The substitution of s = jco in order to proceed from the Laplace transform of a 
quantity to the phasor transform is used in a number of places throughout the book. 


3-7. The Complete Solution for Sinusoidal Driving Functions. 

The previous article discusses the manner in which the particular solution 
for a sinusoidal driving function can be found from the corresponding 
Laplace transform. If the complete solution is desired, both the particular 
and complementary components of the solution are found automatically 
if Laplace transform methods are used. 
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Example The circuit of Fig. 3-6-1 is again used as an example with the 

driving function 


e ~ [cos 10f]w_i(^) 


(3-7-1) 


and the current Z 2 is the desired response. The cosine function multiplied by u^i(t) 
signifies that the cosine function is applied to the circuit at ^ = 0. 


Eq. 3—5—25 can again be used and is repeated as 

Hs + 5) 

In this case the Laplace transform of e is given by 

E(s) 


-f (10)2 


Upon substitution Eq. 3—7—2 becomes 
Us) = 

I^is) IS expanded as 

/2(^) - 


4[s^ + (10)Us T 5) 


4(5 -ilO)(5+yiO)(5 -f- 5) 

0.0223 /- 63.5° 0.0223 /+ 63.5° 


2(5 - 7 IO) 

The inverse transform is 

0.0223 /- 63.5° 


4- ■ 




P + ^lOi 


2(5+il0) 
0.0223 /+ 63.5° 


0.01 

5 -f" 5 


(3-7-2) 


(3-7-3) 


(3-7-4) 




„ 0.016 


2 ' 2 

The first two terms can be combined into a cosine function as follows: 

3) _[_ 1 Ot-63.5/67 3) 


(3-7-5) 


(3-7-6) 


22 = 0.0223 


|■g + J{lO^-63 5/57 ; 


I]-.. 


H = 0.0223 cos (lOt - 63.5°) - O.Ole" 


018“®' (3-7-7) 

(3-7-8) 


The first term of this solution is the particular or steady-state component and checks 
with Eq. 3-6-15, whereas the second term is the complementary or transient 
component. 

The use of Laplace transforms offers a very convenient method of 
handling many different problems. If the steady-state sinusoidal response 
is desired, the transforms of the driving function and the response function 
are replaced by phasor transforms and s is replaced by joy throughout the 
remainder of the expression. If the complete solution is desired, the 
driving function is transformed and the response time function can be 
found as the inverse transform. 

3-^. Transfer Functions. In order to encompass the wide variety 
of physical systems that are encountered in control systems, the operational 
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approach to circuit theory can be broadened to include all physical systems. 
As a start in this direction the term transfer function is defined as the ratio 
of the Laplace transform of the output to the Laplace transform of the 
input of the system being considered. The differential equation is trans¬ 
formed assuming that there is no energy stored in the system before 
i = 0: i. e., all initial conditions are zero. The transfer function is labeled 
G(s) and is given by 

G(s) = ^ (3-8-1) 

where G(s) is the transfer function, 

0(s) is the Laplace transform of the output, 

I(s) is the Laplace transform of the input. 


The definition of transfer function is completely general in the sense 
that the input and output can be any combination of voltage, current, dis¬ 
placement, pressure temperature, torque, or any other physical quantity. 
Only transfer functions for electric circuits are considered in this chapter; 
the transfer functions for other systems are discussed in following chapters. 




(a) 


(b) 


Fig. 3-^1. 

Example 3-8—1. The circuit of Fig. 3—8—la is driven by a current ii and the 
output IS a voltage Cq. The desired transfer function is the ratio of the Laplace 
transform of Co to the Laplace transform of The circuit of Fig. 3—8—lb shows the 
transformed quantities. The current Ii{s) divides into li{s) and can 

be found as 


Us) 


2s 


2s 


+ L +1 


lids) 
ds + D” 


The voltage E^ds) is 


Eods) = /a(s)l 


lid^) 

+ 1)“ 


Finally the ratio of output to input is 


Gds) 


1 


E.ds) 

Us) ds + D* 


(3-8-2) 


(3-8-3) 


(3-8-4) 


It is hoped that use of a value of capacitance equal to 2 farads does not 
disturb the reader as it is well known that this represents a large capacitor. 
With the ability to scale from one set of element values to another set, the 
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choice of values in a numerical example is immaterial. The subject of 
scaling is discussed in detail in Chapter 14. 

In this example the transfer function is a ratio of voltage to current and 
is therefore termed a transfer impedance, since the current is supplied 
at one set of terminals and the voltage is obtained at another set of terminals. 
If the voltage and current are both associated v^ith the same set of terminals, 
the impedance is called a driving point impedance. 

As soon as the transfer function of a system is found, a block diagram 
can be drawn which contains all the information about the system as far 
as mathematical analysis is concerned. The block diagram for this 



Fig. 3-S-2. 


example is shown in Fig. 3-8-2. The arrows on the diagram indicate the 
direction of signal flow. This block diagram does not carry any informa¬ 
tion concerning the types of elements or the manner in which they are 
connected in the circuit, but it does contain all the information about the 
input, the output, and the behavior of the circuit. 

Eq. 3—8—1 is the defining equation for transfer functions and can be 
solved as 

0(s) = G{s)I(s) 

If the input is given as a time function, I(s) can be found as the Laplace 
transform of this function. With G(s) known, the product of Gis) is the 
transform of the output. The output as a time function can be found as 
the inverse transform of this product. This technique is used in Art. 3—5 
to solve for 4, £ 2 , and e^, for various driving functions as given, even though 
the term transfer function is not used at that time. 

However, this method can be used only when the system does not 
contain stored energy at t = 0. This limitation is removed in Arts. 3—10 
and 3-11. 



(a) (b) 

Fig. 3-8-3. 
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Example 3—8—2. The circuit of Fig. 3—8—3a is driven by a voltage and the output 
is a current. This circuit of Fig. 3—8—3b shows the transformed quantities. The 
voltage Er{s) divides into Ei{s) and Ez{s). E^is) can be found as 


E^{s) 




2EAs) 

{s T 1)(^ + 2) 


(3-8-5) 


The current Io{s) is 


«■) - 

Finally, the ratio of output to input is 

X _ _ 2 

E.is) is + 1 )(^ + 2 ) 

The block diagram for this example is shown in Fig. 3—8—4. 


(3-8-6) 


(3-8-7) 



2 

Io(s) 


(s 4-l)(s + 2) 

. 


Fig. 3~e-4. 

In this example, the transfer function is a ratio of current to voltage 
and is therefore termed a transfer admittance since the voltage is supplied 
to one part of the circuit and the current exists in another part of the circuit. 
If the voltage and current are both associated with the same set of terminals, 
the admittance is called a driving point admittance. 

When a driving point admittance is “flipped over,” it becomes a 
driving point impedance. This is true because the current can be con¬ 
sidered as the driving function and the voltage as the response, and vice 
versa, when only two terminals are involved. However, a similar relation¬ 
ship does not exist for transfer admittance and transfer impedance. To 
clarify this concept, an extreme example is used. If a million volts are 
placed on a transmission line in New York and the current out of the 
transmission line in California is one microampere, it does not follow that 
one microampere can be supplied to the transmission line in California 
with the result that a million volts will be produced in New York. If the 
driving function and response function are at two different points in the 
physical system, the distinction between them must be made. This 
distinction can always be maintained by remembering that a transfer 
function is a ratio of output to input. 
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R 

-AA/V 


-h 


(a) 


4- 

S^{S) 

1 

E,(s) 

-sc 

Eo 

_ 



(b) 


Fig. 3-8-5. 


Example 3—8—3. The circuit of Fig. 3—8—5a is driven by a voltage and the output 
is a voltage. The circuit of Fig. 3—8—5b shows the transformed quantities. The 
current I{s) is 

Us) = (3-8-8) 

Cs 

and the voltage Eo{s) is 

The ratio of output to input is 

- 1 ® - whn 

This transfer function is a ratio of the transform of the output voltage to the 
transform of the input voltage and the term transfer functions is retained. 

The block diagram for this example is shovm in Fig. 3-8-6. 


E,(s) 

1 

Eo(s) 


(RCs + 1) 



Fig. 3-8-6. 

This block diagram makes the point so clearly that an interesting side 
issue may be explored. A given physical system has only one transfer 
function relating two specific variables, but the reverse of this is not true. 
A given transfer function can represent an infinite number of systems. In 
this particular example, an infinite number of circuits can have the same 
transfer as long as the product RC is held constant. In addition, this 
transfer function can represent an R-L circuit as shown in the next 
example. Furthermore, with the proper change of input and output 
variables the transfer function can represent certain mechanical, hydraulic, 
or many other systems. 
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L sL 



Fig. 3-e-7. 


Example 3-8-4. The circuit of Fig. 3-8-7a is driven by a voltage and the output 
is a voltage. The circuit of Fig. 3-8-7b shows the transformed quantities. The 
current I{s) is 


Ks) = 


EXs) 

Ls -f" E 


(3-8-11) 


and the voltage Eo(s) is 


Eo(s) - Rlis) - 


Eiis) 

I-' 


(3-8-12) 


The ratio of output to input is 


G{s) - 


Eois) _ 
Eiis) L 
R 


s + 1 


(3-8-13) 


The block diagram for this example is shown in Fig. 3-8-8. 


^Ei{s) 

1 

Eo(s)_ 


(^s+l) 



Fig. 3-8-8. 

A comparison of the block diagram of Fig. 3-8-6 and Fig. 3-8-8 reveals 
that the two systems have identical transfer functions if the product RC 
in the first is equal to the ratio LjR in the second. 

3-9. Transfer Functions of Network Connected in Tandem. 

Two networks are said to be connected in tandem if the output of one net¬ 
work is the input to the next. If the second network can be connected to 
the first without ^‘loading’^ the first network in any way, the product of 
the two transfer functions is the transfer function of the combined net¬ 
work. To demonstrate this the tandem group of networks shown in Fig. 
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Fig. 3-9-1. 


3—9—1 is considered. The transfer functions for the networks individually 
are 


and 


= ss 

(3-9-1) 

- ss 

(3-9-2) 

= ss 

(3-9-3) 


where these transfer functions are found with each pair of the output 
terminals open-circuited. If the input impedance of Network 2 is infinite, 
the output of Network 1 is not affected by adding Network 2. Similarly 
the input impedance of Network 3 must be infinite in order to avoid 
affecting Network 2. Under these conditions the three separate transfer 
functions can be multiplied as 


E,(s) Es(s) E,(s) __ E,(s) 
E^{s) E,(s) Esis) E^{s) 

This equation can be rewritten as 

G^(s)G 2 (s)G^(s) = G{s) 

where 

E,(s) 




E^(s) 


(3-9-4) 


(3-9-5) 


(3-9-6) 


is the transfer function for the tandem combination. 



Fig. 3-9-2. 
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In order to examine this situation more completely, the circuit of Fig. 
3~9~2 is analyzed. The box containing the number 1 represents an isola¬ 
tion stage so that the input of the circuit does not load the output of 

the Ri-Ci circuit. The transfer function G{s) for the entire circuit is equal 
to Gi{s)G 2 {s) as given by 


G{s) - G,{s)G^{s) - 


1 

{R^CiS + l)(i?3C2^ + 1) 


(3-9--7) 


EjCs) 

1 

Eats) 

1 

Eo(s) 

Ei(s) 

1 

0 - 

(RlCiS + l) 


(RgCas+l) 


O— 

(RiCiS+l)(R2C2SH-l) 


(a) (b) 

Fig. 3-9-3. 


The fact that the transfer functions of the two portions of the circuit 
of Fig. 3-9-2 are independent is shown on a block diagram as in Fig. 
3-9—3a. These two blocks can be combined into one block as shown in 
Fig. 3-9-3b. 

Ri Ra ^2 



Fig. 3-9-^. 


The network of Fig. 3—9-4a appears to be similar to the circuit of Fig. 
3—9—2. In this case, however, the R^-Cz portion of the circuit produces a 
loading effect on the portion of the circuit. Therefore, the transfer 

function must be obtained by analyzing the entire circuit. One convenient 
method is to derive the circuit equations by beginning at the output and 
moving through the circuit to the input. In the transformed circuit shown 
in Fig. 3~9-4b, the voltage Eo{s) produces a current Iz{s) in Cz as 

h{s) - Ea{$)CzS (3-9-8) 

The current lz{s) exists in the Rz-Cz portion of the circuit and the voltage 
Ei{s) is 

E,{s) = + ^] = 

= + 1 ] 


( 3 - 9 - 9 ) 
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The voltage Ei(s) produces a current /i(5) in Ci as 

I,{s) = E,(s)C^s = EoisXR^C^C^s^ + ( 3 - 9 ^ 10 ) 

The total current in i^i is 

his) + Ms) = Eo(s)[R 2 C 2 C^s^ + (Cs + C^)s] (3-9»ll) 

The input voltage is 

EXs) = IMs) -h Ms)]R, + EXs) (3-9-12) 

= Eo(s)[R,C,R^C,s^ + (R,C2 + i^iCi + R,C2)s + 1] 

The transfer function for the circuit is 

EXs) R2C2RiC^s^ + (R^C^ + i^iCi + R2C2)s + 1 

(3-9-13) 

The block diagram for the circuit is shown in Fig. 3—9—5. 


Ej(s) 

1 


>■"■■■. 

R2C2RiCj^S^ + (R^C2"I"RiCj^ "^^2 ^2^ ® ^ 

- 


Fig. 3-9-5. 


It is interesting to compare the block diagrams of Fig. 3—9—3b and Fig. 
3-9-5. When the two factors of the denominator of the block diagram of 
Fig. 3—9—3 b are multiplied, the product becomes 

R2C2RiC^s^ + (R^C^ + R2C2)s + 1 (3-9-14) 

The denominator of the block diagram of Fig. 3—9—5 has an extra term 
RiCz multiplying s. This term is present in the second system because 
of interaction between the two portions of the circuit. 

For complicated systems, the transfer function block diagram approach 
offers a very convenient tool. The entire system is examined and the 
portions thereof that are unaffected by the presence of the remainder of 
the system are determined. The transfer function of these independent 
portions can then be found. If the output of each of these portions feeds 
the input of the next, the overall transfer function is the product of the 
individual transfer functions. The situation in which the transfer func¬ 
tions are interconnected in a more complicated manner is studied in later 
chapters. 

In certain cases, the loading effect of the succeeding stage can be 
included in the transfer function of the preceding stage. An extremely 
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Fig. 3-9-6. 


simple example of this is shown in the circuit of Fig. 3---9“6. The transfer 
function of the first portion of this circuit (that is, with removed) is 


Egjs) ^ 1 

E^{s) R,C^s + 1 


(3-9-15) 


The effect of adding the Cg to the circuit is to increase Ci to Ci + Co and 
the transfer function of the combination is 


goW ■■ 1 n Q 1A^ 

EM + c^)s + 1 

This idea is discussed in more detail at several points in the book. 

3—10. Treating Initial Conditions. The operational approach to 
circuits as discussed thus far assumes that no energy is stored in the circuit 
at f = 0. To accomplish this the equations relating voltage and current 
for the circuit elements are transformed in Art. 3—5 assuming no initial 
current or voltage. The initial conditions can be added as demonstrated 
in the following examples. An inductor with an initial current f(0) is 


- o 

A L —►1(0) B 


(a) 



Fig. 3-10-1. 


shown in tig. 3—10—la. The equation relating current and voltage for 
the inductor can be put into two forms as 

^ = (3-10-1) 

and 


e dt -\r 2 ( 0 ) 


i 


(3-10-2) 
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The transform of Eq. 3—10—1 is given by 

E(s) - L[sl(s) - f(0)] = sLI(s) - Li(0) (3-10-3) 

Since this equation is a voltage equation, the two terms sLI(s) and — Lz(0) 
can be thought of as two voltages in series. The first term sLJ(s) represents 
a voltage across an inductor with no initial current and the second term 
represents an impulse of voltage. The transformed circuit of Fig. 3—10—1 b 
is described by Eq. 3—10—3 and is therefore an equivalent circuit. At 
? = 0, the impulse of voltage establishes the current z(0) in the inductor. 
The transform of Eq. 3—10—2 is 


J(s) = ^ ^ 

sL, s 


(3-10-4) 


Since this equation is a current equation, the two terms E(s)lsL and z(0)ls 
can be thought of as two currents in parallel. The first term E(s)lsL 
represents a current that exists in an inductor with no initial current and 
the second term represents a constant current source. The transformed 
circuit of Fig. 3—10—Ic is described by Eq. 3-10-4 and is therefore an 



(a) (b) (c) 


Fig. 3-10-2. 

A capacitor with an initial charge (or voltage) is shown in Fig. 3—10—2a. 
The equation relating current and voltage for the capacitor can be put 
into two forms as 

(3-10-5) 


and 


e 



i dt + e(0) 


(3-10-6) 


Eq. 3—10—5 and 3—10—6 are transformed as Eq. 3—10—7 and 3-10-8 
respectively. 

I{s) = C[s£:(s) - e(0)] = CsE{s) - Ce(0) (3-10-7) 


m = 


Ids) 

Cs 


ejO) 

s 


(3-10-8) 


From these equations the equivalent circuits shown in Fig. 3—10—2b and c 
are obtained. 
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Initial conditions can be added to the operational approach to circuits 
by moving the initial conditions into sources. An inductor with an initial 
current can be replaced by an inductor with no initial current in series 
with an impulse type voltage source or by an inductor with no initial cur¬ 
rent in parallel with a constant current source. A capacitor with an initial 
charge can be replaced by an uncharged capacitor in series with a constant 
voltage course or by an uncharged capacitor in parallel with an impulse 
type current source. 

It is convenient to change the initial conditions into voltage sources 
when solving a circuit by loop currents and into current sources when 
solving a circuit by nodal methods. However, it is not necessary to do 
so because the two types of sources can be mixed. 

3-11, Vacuum Tube Circuit Transfer Functions. An extension of 
circuit analysis and transfer function techniques to tube circuits can be 
made by means of 'hncrementaF’ equivalent circuits. Such circuits are 
valid for increments or variations from normal operating values of system 
variables. The following development assumes a knowledge of basic 


Tube 



Fig. 3-11-1. 


tube circuit operation. In the simple triode amplifier of Fig. 3-11-la 
the total instantaneous plate current 4 is some function of the total 
instantaneous grid and plate voltages. 

H (3-11-1) 

Generally only the signals which are superimposed on d-c operating 
voltages and currents need be studied. A convenient approach is to study 
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increments in the variables in Eq. 3—11—1. The total differential of 4 is 

dib ~ -1^ deb + -^dec (3—11—2) 

oet dec 

For small variations in 4, ei,^ and ec about an operating point (/^o, 
Eboy Eqo ) the differentials can be approximated by increments and the 
partial derivatives by their values at the operating point as follows: 

A4 — Ae„ + gm Aec (3-11-3) 

ip (3_11_4) 

The new current and voltage symbols of Eq. 3—1 1-A denote increments in 
the variables. The constants Vp (incremental plate resistance) and gm 
(incremental transconductance) are defined by the partial derivatives in 
Eq. 3—11—2 as evaluated at the operating point. Fig. 3—11—lb shows a 
circuit derived from Eq. 3-11-4. The circuit external to the tube has 
been replaced by its incremental model also—batteries are incremental 
short circuits, since they have a zero increment in voltage for an increment 
in current. The increments can be d-c changes or a-c signals. Once the 
circuit model has been constructed as in Fig. 3—11—lb, ordinary circuit 
analysis methods apply. The current generator, gm^gy is a dependent 
or controlled source and must be handled properly by relating eg to the 
signal voltage, The solution of the model of Fig. 3—11—lb for the vol¬ 
tage gain Eo(s)IEs(s) proceeds as follows. A single node equation is 
written at the plate terminal. 


^o(s) = —grr^Egis) = —gmE.is) 

^c>('^) _ S7n _ h 

Eg(s) “ 1 JL “ 1 + ^ 

rp ^ Rl rp 


(3-11-5) 

(3-11-6) 


Thus a voltage gain transfer function for the amplifier is given by Eq. 
3-11—6. The amplifier can then be represented by the block of Fig. 
3-11-1 c for small signals that are slowly varying. 

The basic incremental technique can be applied to many systems as is 
shown in later chapters. For example, the pentode tube amplifier model 
is the same as the triode if screen and suppressor voltages are held fixed. 
If the screen potential varies, the model is more complicated but can still 
be constructed.^ At the higher frequencies the model of Fig. 3-11-lb 
must be complicated by adding interelectrode capacities between all pairs 
of electrodes; however, it still is a very useful model since most frequencies 
used in control systems are relatively low. 

^ E. J. Angelo, Electronic Circuits, McGraw-Hill Book Co., Inc., New York, 1958, 
Chapter 10. 
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Fig. 3-11-2. 

Example 3-11-1. The voltage gain transfer function for the amplifier of Fig. 
3—11—2a is to be determined and a transfer function block diagram constructed. The 
circuit can be best analyzed by using a slightly modified equivalent circuit with a 
voltage source in series with as obtained by multiplying Eq. 3—11-4 by and 
using the new constant jj. — Vpgm. Fig. 3-1 l-2b shows the resulting circuit model. 
The system equations are: 

Ip(s)(R^ + + R^) - pE,{s) ( 3 - 11 - 7 ) 

EM = EM ~-Ipis)R, ( 3 - 11 - 8 ) 

Eois) = -Ipis)Rr. ( 3 - 11 - 9 ) 

from which 


Epjs) _ —pRl _^_ —gmR h _ 

Esis) Yp -F Rl + (1 + P)Rl 1 + (1 4 " 


Fig. 3-11—2c shows the block diagram required. 

Example 3-11-2. A block diagram is to be constructed for the voltage amplifier 
of Fig. 3-11—3a. The incremental circuit is shown in Fig. 3—11—3b. The simplest 
approach is to substitute 


Zk{s) == 


RkiVCks) 


Rk 

RkCjcS + 1 


( 3 - 11 - 11 ) 


in place of Ru in Eq. 3-11-10 and to rearrange factors as follows: 


Eojs) ^ / -pRl Y_1_ 

^ \r. + Rrh + r(l + ll)Rkl{rp + i^;,)][l/(i?*C.5 + 1)] 
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Introducing 


gives 



J^\ 

(TkS+1) 



\l+aki 




(c) 

Fig. 3-11-3. 


f^L 

■ 5 — 

(1 + fl)Rk . rp 

Tj, + Rl 

rp+R„ . - 

Eois) J 

-A„ \ 

T,,s + 1 


E,(s) \1 1 


(3-11-13) 


(3-11-14) 


The block diagram of Fig. 3—11—3c can now be constructed. The operational 
impedance expression of Eq. 3—11—11 can be used since there is normally no initial 
value of the incremental voltage, ejc across C* at i = 0. There is, however, an actual 
d-c operating voltage across Cfc- 


The extension of the incremental method transistor circuits is also 
easily accomplished;^ however, limitations of space do not permit review 
of this subject here. 


PROBLEMS 

3-1. In Example 3-3-1, find the equation for Cc by starting with I(s) of Eq. 3-6-6 
in a similar manner to the way that e^is determined in the example. 

3-2. In Example 3-^1, find the equation for zV by starting with E(s) of Eq. 
3-4-5 in a similar manner to the way that i l is determined in the example. 

3-3. In the circuit in Fig. 3-P-3, >5 is closed until steady-state is reached. At 
jt = 0, »S is opened. Find the equation for the charge on the capacitor after ^ = 0, 
with the polarity reference as shown in the figure. 


Ibid.y Chapters 8 and 9. 
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Fig. 3~P-3. Fig. 3~P~4. 


3-4. In the circuit in Fig. 3~P-4, 5 is closed in position 1 until steady state is 
reached. At ^ ~ 0, 5 is switched to position 2. Find the equation for the voltage 
across the 25 fxi capacitor after t = 0, with the polarity reference shown. 

3-5. In the circuit in Fig. 3~P~5, >S is open until steady state is reached. At 
f ™ 0, *S is closed. Find the eq,uation for the current in the inductor after t — 0, in 
the direction shown. 


2h 



3-6. In the circuit in Fig. 3—P—6, S is open until steady state is reached. At t 0, 
S is closed. Find the equation for the current in the 0.5 henry inductor after t - 0, 
in the direction shown. 


loooa looon 



3-7. In the circuit in Fig. 3—P—7, S' is closed until steady state is reached. At 
t = 0, iS is opened. Find the equation for the voltage across the capacitor after 
^ = 0, with the polarity reference shown. 

3-8. Verify that l/sC is the operational impedance of a capacitor. 

3-9* Find the equation for ep in Example 3—5-1 when the circuit is driven by 
e = u„ 2 (t) in two different ways. First, substitute E^s) into Ep{s) and take the inverse 
/* — inf-f^orrate Ea, 3—5—35. 
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3—10. Find the equation for in Example 3-5-1 when the circuit is driven by 
e — Uoit) in two different ways. First, substitute E{s) into Ep{s) and take the inverse 
transform. Second, differentiate Eq. 3—5—35. 


20a 



3-11. The circuit shown in Fig. 3—P—11 is at rest when the voltage e is applied 
to the circuit at ^ = 0. 

(a) Operational methods are to be used to find the equations for Iz{s), Izis), 
Ep{s) in terms of I{s). 

(b) The time functions fa, iz and are to be found when the driving function 
is e — Uo(t). 

(c) The time functions fs, iz and Cp are to be found when the driving function 

is e — by substituting for E(s) in the equations of Part (a) and obtaining the 

inverse transforms. 

(d) Verify the solutions obtained in Part (c) by differentiating the solutions of 
Part (b). 



3-12. The circuit shown in Fig. 3-P-12 is at rest when the current i is applied 
at f = 0. 

(a) Operational methods are to be used to find the equations for Ei{s), Ez{s) and 
Ici(s) in terms of E(s). 

(b) The time functions ei, ez and id are to be found when the driving function 
is f = W-i(i). 

(c) The time functions ^i, ez and id are to be found when the driving function 
is i = u-zW by substituting for E(s) in the equations of Part (a) and obtaining the 
inverse transforms. 

(d) Verify the solutions obtained in Part (c) by integrating the solutions of Part 

(b). 
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3-13. In the circuit of Fig. 3-P~ll, the voltage e is given.by e == cos 20?. The 
voltage IS applied to the circuit and is left until steady state is reached. Find Zjss,) 
i 2 ss and by using the 5 = iw technique. Check these results by using convention¬ 

al a-c circuit theory. 

3-14. In the circuit of Fig. 3-P-12, the current i is given by i = cos 5,000 L The 
current is applied to the circuit and is left until steady state is reached. Find e\ 
^ 2 ss and ?ciss by using the s = ](o technique. Check these results by using conven¬ 
tional a-c circuit theory. 

3-15. In the circuit of Fig. 3-P-ll, the driving function is e = [cos 20 ?]m i(?) 
and the complete solutions for 23 , 4 and are to be found. Compare the steady- 
state components of the solutions with those found in Prob. 3-13. 

3-16. In the circuit of Fig. 3-P-12, the driving function is i ^ [cos 5,000?]w i(?) 
and the complete solutions for ei, ^2 and ic\ are to be found. Compare the steady- 
state components of the solutions with those found in Prob. 3-14. 

3-17. In example 3-7-1 the driving function e = [cos \ 0t\u ^i{t) is applied to the 
circuit of Fig. 3-6-la and the response function for 4 is found as Eq. 3-7-8. The 
driving function 6 and the response are to be differentiated. The new response for 
4 is to be verified by differentiating e and by solving for 4 after applying the new 
driving function to the circuit. Note that the original e has a discontinuity at ? 0. 




3-18. Find the transfer function and draw the block diagram for the circuit 
of Fig. 3-P-18. 

3—19. Find the transfer function and draw the block diagram for the circuit of 
Fig. 3-P-19. 



Fig. 3-P-20. 

3-20. Find the transfer function and draw the block diagram for the circuit of 
Fig. 3-P-20. 

3-21. Repeat Prob. 3-20 except that current ii is supplied at terminals 2—2' and 
voltage Bo is obtained at terminals 1—1Compare the answers to Probs. 3-20 ’and 
'X—0 1 What theorem does this comparison verify ? 
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Ri 



3—22. Find the transfer function and draw the block diagram for the circuit of 
Fig. 3-P-22. 


3—23. Repeat Prob. 3—22 except that voltage is applied at terminals 2—2' and 
voltage Bo is obtained at terminals 1—1Why does this answer differ from that of 
Prob. 3-22? 

3—24. Find the transfer function and draw the block diagram for the circuit of 
Fig. 3-P-24. 



Fig. 3-P~24. Fig. 3-P~25. 

3—25. Find the transfer function and draw the block diagram for the circuit of 
Fig. 3-P-25. 

3—26. Two networks of the type shown in Fig. 3—P—22 are connected in tandem 
with an isolation amplifier having unity gain connecting the output of the first net¬ 
work to the input of the second. Find the transfer function for the combination and 
draw the block diagram. 


Ri R3 



Fig. 3-P-27. 
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3—27. Find the transfer function and draw the block diagram for the circuit of 
Fig. 3~P—27. Compare the results with those found in Prob. 3—26, 

3—28. Repeat Prob. 3—26 using the network shown in Fig. 3—P—24. 

R3 



3-29. Find the transfer function and draw the block diagram for the circuit of 
Fig. 3-P-29. 

3-30. The circuit of Fig. 3~P-22 is loaded with a resistor Find the transfer 
function for the combination. 

3-31. The circuit of Fig. 3-P~24 is loaded with a series circuit. The 

product RzC^ is equal to the product R^Cji, Find the transfer function for the com¬ 
bination. 

3-32. Transform the initial conditions of Prob. 3-3 into voltage sources and 
solve by using operational methods. 

3-33. Transform the initial conditions of Prob. 3-4 into voltage sources and 
solve by using operational methods. 

3—34. Transform the initial conditions of Prob. 3—5 into current sources and 
solve by using operational methods. 

3-35. Transform the initial conditions of Prob. 3-6 into current sources and 
solve by using operational methods. 

3-36. Transform the initial conditions of Prob. 3-7 into voltage sources and 
solve by using operational methods. 



3-37. Find the incremental voltage gain transfer function for the amplifier in 
Fig. 3-P-37 at low and medium frequencies. 
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3—38. Find the incremental voltage gain for the amplifier in Fig. 3—P—38 at low 
and medium frequencies. 



/i. = 20 /i. = 4 

fp = lOk fp = soon 


Fig. 3-P-38. 


0.0l;if 



Fig. 3-P-39. 


3—39. Find the incremental voltage gain transfer function for the amplifier in 
Fig. 3—P—39 at low and medium frequencies. Consider this case two ways. 

(a) Use the complete circuit. 

(b) Find jE' 2 (^) by neglecting the loading of Cc and Rg^ and then find Eq{s) by 
voltage dividing action of Cc and Rg^ Compare results with Prob. 3—37. 
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MECHANICAL AND 
ELECTROMECHANICAL SYSTEMS 


4-1. Mechanical Parameters and Variables. The solution of 
many mechanical system problems can be obtained by using linear lumped 
mechanical constants just as electrical circuits in Chapter 3 are solved by 
using R, L, and C. The basic mechanical parameters can be divided into 
two classes, one involving translation and one involving rotation. The 
parameters for translational motion are rigid mass, M, viscous friction, 
/„, and the linear spring constant, For rotational motion the mass is 
replaced by mass moment of inertia, 7, the viscous friction coefficient 
becomes D, and the spring ^:onstant remains Ks although it changes 
dimensions- Each of these constants is examined in detail in later sections. 

The variables generally encountered in mechanical systems are force 
(torque), position, velocity, acceleration, and time. The following three 
articles review the relationships and procedures necessary for solving the 
problems encountered in many mechanical systems. 


I 

^ 

i 

(q) 






(b) 



Fig. 4-2-1. 


4-2. The Linear Spring. Fig. 4—2—1 shows the symbol that is used 
for the linear spring when one terminal is fixed to rigid structure. Without 
application of an external force the spring will assume a so-called free or 
unstretched length. The position variable Xi is generally chosen so that 
it will be zero when the spring is unstretched or when the system is at rest. 
The direction of positive increasing value for Xi is arbitrarily assigned as 
shown in Fig. 4—2—la. Since only one end of the spring can move in the 
case being considered, only one position variable is needed. A positive 
direction for force is also shown in Fig. 4-2—la. The equation relating 
the external force, F, the position Xi, and the spring constant, Ks, can now 
be written for a linear spring aS 


F = KgXi 


(4-2-1) 
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The deflection of the spring from its rest position is directly proportional 
to the external force applied. Compression of the spring would require 
a negative value of Xi for the case shown in Fig. 4—2-la and this in turn 
yields a numerically negative force, F, in Eq. 4—2-1. 

If both ends of the spring are allowed to move, the net elongation or 
compression of the spring depends upon two position variables. A new 
second position variable must be introduced to define the position of the 
end of the spring that was formerly fixed. Thus X 2 is introduced in Fig. 
4—2—lb with both Xi and x^ generally being taken as zero when the spring 
is unstretched. The external force, F, now depends upon the actual 
elongation, (xi — ^^ 2 ), of the spring. The force-displacement relationship 
for this case is p _ 


If Xi is greater than X 2 , the force required is positive; whereas if Xi is 
less than Xa, the applied force must be negative and the spring is actually 
compressed. 



Fig. 4-2-2. 


For rotational systems the spring is commonly represented by either 
of the symbols shown in Fig, 4—2—2. Two angular position variables, 
$1 and 62 , are chosen so that they are both zero when the spring is free 
or at rest and the directions of positive increasing 61 and 62 are arbitrarily 
assigned. A positive direction of torque is also assumed as shown in 
Fig. 4—2—2. The equation 

T = Ks(e^ - 62 ) (4-2-3) 

can now be written since the net angular deflection of the spring is directly 
proportional to the external torque. The rotational spring constant need 
not represent an actual spiral spring but may represent a shaft which has 
an effective spring constant and must be treated as a spring. 

Several additional factors related to springs should be considered 
before proceeding to a second mechanical parameter. The spring constant 
for translational motion has dimensions such as pounds/foot or ounces/ 
inch while for rotational motion the dimensions are foot-pounds/radian 
and inch-ounces/degree. The spring stores potential energy and dissipates 
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no average power. From basic energy and power relations the following 
equations 

Work = { F dx ~ f Ks(xi — X2)d(xi — X2) (4-2-4) 

Jo Jo 

= (xi ~ X 2 y = Stored energy (4-2-5) 

p„„er - _ JC.(„ - «,) (4-2-HS) 

can be written. Any force or torque applied at one end is instantly 
transmitted directly to the other end. 


4-3. Viscous Friction or Damping. The type of friction used in 
linear differential equation studies is called viscous friction. While other 
types of friction exist in mechanical systems, they very frequently result 
in forces much smaller than those due to viscous friction or to other 
damping effects. In addition, the force expressions required to account 
for other types of friction are nonlinear and thereby provide an additional 
basis for neglecting all but viscous friction in a first linear analysis of a 
system. 



(a) 


Fig. 4-3-1. 


Fig. 4-3—la shows the symbol that is used for the viscous friction 
element when one terminal is fixed. A displacement variable, Xj, is 
chosen in addition to a positive force variable F as shown in Fig. 4—3-la. 
The equation for force can now be written as 

F = (4-3-1) 


Eq. 4-3-1 actually defines the viscous friction coefficient, /^, and in fact, 
describes the nature of this type of friction. The force transmitted by 
the viscous element is directly proportional to the relative velocity between 
ends of the element. The constant/,, is the proportionality constant. 

If both ends of the viscous friction element are free to move, a second 
displacement variable, X 2 f is needed. The choice of direction for :3C2 is 
arbitrary. This is always the case when choosing position variables. 
In the situation being considered, Fig. 4-3-lb illustrates a typical choice 
for Xi and X 2 * The relation between force and velocity now becomes 

j. d{xi X2) 

r - 


(4-3-2) 
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This indicates that, if the velocity of the Xi, end of the element is greater 
than the velocity of the ^2 end, a positive force is required. No force is 
transmitted by the element when the two ends have the same velocity. 

The same symbol is used to represent viscous friction in both rotational 
and translational motion; however, in rotational motion the viscous 
friction coefficient is designated by D and it now relates torque to relative 
angular velocity. Fig. 4—3—2 illustrates the viscous friction element and 
^2 D T 


^ ^ rp _ djdl ^ 2 ) 

T dt 


(4-3-3) 


Fig. 4-3-2. 


a typical choice of position variables, 0i, 02 , and torque, T, for rotational 
motion. Dimensionally D differs from since the dimensions of are 
pounds/(foot/second), ounces/(inch/second), etc. while D has dimensions 
such as foot-pounds/(radian/second) and ounce-inches/(degree/second). 

As mentioned previously, two other types of friction are also encoun¬ 
tered in physical systems and these lead to difficulties in solving the system 
differential equations that include their effects. The first of these types 
of friction is called coulomb friction and can be accounted for by a constant 
magnitude force always resisting motion; the second type is called 
‘‘stiction” and is the frictional force that must be overcome in setting 
a body in motion.^ 

In contrast to the spring, viscous friction does not result in storage of 
energy, but instead in dissipation of energy in the form of heat. The 
power and energy equations needed for the viscous friction element can 
be found by the same methods employed for finding the spring energy 
and power equations. 


Work = F dx ~ [ fv - 1 —^ d(xi — x^) (4-3-4) 

Jo Jo 




(4-3-5) 


For rotational motion, D, 0, and T replace /„, and F respectively in 
Eq. 4-3-4 and Eq. 4-3-5. 

4-4. Mass and Moment of Inertia. The last parameter to be stud¬ 
ied for translatory motion is that of mass, M, as introduced in basic 
physics. Newton’s second law states the relationship needed for writing 
a force equation. Thus, 

„ <i(Momentum) d{mv) ^ 

F =-(4-4-1) 


^ Robert A. Bruns and Robert M. Saunders, Analysis of Feedback Control Systems, 
McGraw-Hill Book Co., Inc., New York, 1955, pp. 23-25. 
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This equation can be rewritten in the following form when the mass 
involved is constant. 





Fig. 4-4-1. 


Force — (Mass)(Acceleration) = ma 



(4-A-2) 

{4-A-3) 


Fig. 4- 4. 1 shows both the symbol Eq. 4-4—3 used for mass and the choice 

for the one position variable needed to locate the mass when motion is 
possible in one direction only. 

The force, F, may be the sum of a large number of component forces. 
In determining signs for force components, the following rule suffices: 
A force which tends to produce greater positive displacement is taken as 
a positive force in Eq. 4-4-3. 

For rotational systems the mass moment of inertia, J, replaces the 
mass parameter of translational systems. This parameter relates applied 
torque to angular acceleration as follows: 



Fig. 4-4-2. 


(44-4) 


Fig. 4 4— 2 shows both the symbol used for the moment of inertia and an 
assumed direction for angular position, 0, and torque, T. The rule above 
concerning component forces can be extended to cover component 
torques. That is, if a component torque tends to cause a positive angular 
motion, the torque is positive. 

A review of the dimensions of M and J would be useful at this point. 
In the English system of units, mass has dimensions such as pounds/(feet^ 
second^) or slugs while in the metric system the dimensions are grams 
and kilograms. Care must be exercised in distinguishing between a gram 
of mass and a gram of weight. In the English system of unit, the mass 
moment of inertia has dimensions such as foot~pounds/(radians/second^) 
or slug-feet^ In the metric system, the mass moment of inertia has 
dimensions such as gram-centimeters/(radians/second^). 

A consideration of the power and energy relations for mass and mass 
moment of inertia reveals that these elements store kinetic energy by 
virtue of their velocities and potential energy by virtue of their position 
above a reference plane. No energy is dissipated as heat. The power 
and energy equations for mass and mass moment of inertia are 
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or 


and 




or 


Power = M 


d^x dx 

IFli 


Power — J 


dHdd 
dt^ dt 


( 4 -^) 

(4-4-7) 


(4-4-8) 


4-5. Mechanical System Equations. Many mechanical systems 
can be analyzed by application of the force and torque relations of Arts. 
4—2, 4-3, and 4—4. Each mass or moment of inertia in the system is 
isolated in a free body diagram showing all forces or torques. Newton’s 
second law is then applied to each free body. In the process, positive 
displacement variables must be assumed for the ends of each spring, each 
viscous friction element, and each free body. 



W = 16.1 lbs 

Ks = 0.5 Ib/ft 

fv = 0.4 lb(ft/sec) 

F = 0.5 lb u.,(t) 

M = 16.1/32.2 = 0.6 slug 



Example 4—5—1. As an example of this procedure the simple spring, mass, fric¬ 
tion system of Fig. 4—5—la is analyzed to obtain the transfer function relating the 
position of the mass to the applied force. It is assumed that the mass moves in only 
one direction; therefore, only one position variable is needed in this problem. The 
variable x is chosen so that it is zero when the spring is unstretched and the system is at 
rest. Fig. 4—5—lb shows the system in schematic form; however, it must be observed 
that in this diagram force due to the weight of the body has been omitted since it 
does not affect motion in the x direction. Fig. 4—5-lc shows a free body diagram of 
the mass, again neglecting weight. Force F is an external applied force while force 
Fi represents the effect of the spring and Fz represents the effect of the viscous 
friction. Newton's second law, a#- applied to the free body of Fig. 4-5-1 c, gives the 
relation 



(^5-1) 
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An expression for Fi is found by considering the actual spring force as the mass 
moves in the positive x direction. This procedure gives the relation 

= Ksx (^ 5 - 2 ) 

The equation for F 2 is found by considering the actual frictional force as the mass 
moves with a positive velocity. 

(+-5-3) 

Eq. 4-5—1 can now be rewritten to include Eq. 4—5—2 and Eq. 4-5-3. 

= (^5-4) 

With the system initially at rest the application of a step function of applied force 
cannot produce an initial velocity, dx(0)/dt, or an initial position, x(0). The applied 
force initially accelerates the mass. Initial conditions can therefore be neglected 
when taking the Laplace transform of Eq. 4-5-4. In any event, initial conditions 
cannot be included in an ordinary transfer function. The Laplace transform of 
Eq. 4—5^ therefore appears as follows: 

Ms^Xis) - F(s) - K,X(s) ~-f,sX{s) (4-5-5) 

Eq. 4-5-5 can be rearranged in a manner permitting formation of the desired transfer 
function. 

{Ms^ -hfvs + K,)X{s) - F{s) (4-5-6) 

From Eq. 4—5—6 the transfer function relating the output position to the applied 
force is 


G(s)^ 


Xjs) 

F(s) 


1 

4-/,. + K, 


(4-5-7) 


With respect to input force and output position, the system of Fig. 4—5-la can now 
be represented by the block diagram of Fig. 4—5-2. The transfer function concept 
is then used to express the output position as 


X(s) = G(s)F(s) 


( 4^5 4 ) 


F(s) ^ 

1 

X(s) 


4- fys + Kg 



Fig. 4-5-2. 


For the particular numerical values given in Fig. 4-5—la, Eq. 4-5-8 can be written 


X(s) 


1 


0.55^ + OAs -f 0.5 


0.5 

5 


1 

s(s^ -f 0.85 4 - 1 ) 


(4-5-9) 


(4-5-10) 
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To find the time variation of x it is necessary to find the inverse transform of Eq. 
4-5—10. This process is simplified if X(s) is written as 


X(s) = 


1 

s[is 4 0.4)^ 4 (0.92)^] 


(4-5-11) 


The desired time function can now be found by using the table of Laplace transform 
pairs in the Appendix. 


x{t) = [14 1.09^'^^ sin (0.92t - 113.6°)] ft (4-5-12) 

When the velocity rather than the position of the mass is of interest, the velocity 
transfer function can be found by multiplying Eq. 4—5—7 by 5. This is the equivalent 
of a differentiation for rest conditions. This procedure results in the following 
equation for F(^), the Laplace transform of velocity. 

V{s) = sG{s)F(s) (4-5-13) 


1 

(s 4 0.4)2 (0.92)2 


(4-5-14) 


The time equation for velocity as obtained from the inverse transform is 

vit) = 1.098-^ sin 0.92t (4-5-15) 


The same answer can be obtained by differentiating Eq. 4-5—12 and by simplifying 
the result. 


Example 4—5—2. The system used in Example 5-1 comprises a second example 
when it is initially in motion and when there is no external driving force. For this 
case the initial velocity is taken as —1 ft/second and the initial position is assumed 
to be 0.5 ft. Since normal transfer functions do not involve initial conditions, a 
straightforward use of the Laplace transform of Eq. 4-5-4 is required. In this 
example the applied force, F, is zero. The direct Laplace transform of Eq. 4—5-4 
with the above conditions is 

Ms^X(s) - Ms*(0) - = -KsXis) -f,sXU) +/.ic(0) (4-5-16) 


Since dx(0)ldt and x(0) are known quantities, they are grouped together to give 

(Ms^ + f,s + A:,)X(s) = M + (Ms + f,)x{fi) (4-5-17) 

The initial condition terms now act as driving functions with the initial position 
being equivalent to an impulse of force,/„x(0), and a doublet of force, M5 Jc( 0). The 
initial velocity is also equivalent to an impulse of force, M dx(0)ldt. In other words, 
exactly the same equation results if the system is initially at rest and if impulse and 
doublet driving forces, as described above, are applied- A rearrangement of Eq. 
4-5-17 and the substitution of numerical values as given previously allows A'(^) to 
be expressed as 


__ ( 0 . 5 )(- 1 ) 4 ( 0.55 4 0 . 4 )( 0 . 5 ) 

" 0 . 5^2 4 0.45 4 0.5 

(0.5)(5 - 1 . 2 ) (0.5)(5 - 1 . 2 ) 

” 52 4 0.85 41 4 0,4)2 _j_ (0.92)2 


(4-5-18) 


(4-5-19) 
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By using the transform tables again the time varying position, x(t) is found to be 

x{t) - l.Ofi-" "^sin {0.92t + 150°) ft (4-5-20) 

A check of the information contained in the transfer function of 
Eq. 4-5—7 shows that its poles are the same as those in Eq. 4-5—19. Since 
the poles of the transfer function, G(s), determine the response modes 
such as damping rates and damped angular velocities, the transfer function 
contains the basic information concerning system response. No great 
amount of system information is actually lost by neglecting initial con¬ 
ditions and by studying only the transfer functions of control system 
components. This fact becomes even more apparent when it is realized 
that the responses due to the various initial conditions can be obtained 
by considering the system initially at rest and by then exciting it with 
various impulse functions. Therefore most of this text utilizes the 
transfer function approach to system analysis. 

Example 4—5—3. The system used in Example 4—5—1 is studied when it is excited 
or driven by a steady-state sinusoidal force, F — 0.5 sin t in order to find the steady- 
state variation of the position of the mass. 

In Chapter 3 the phasor transform is introduced as a special form of the Laplace 
transform. This specialized transform is valid only for a study of the steady-state 
performance of a system with sinusoidal excitation. It provides no information 
regarding the transient part of the response. As pointed out in Chapter 3 the phasor 
or steady-state transfer function is formed by letting 5 — joy m the original Laplace 
transform transfer function. This limits ^ to imaginary values whereas in general 
5 can be a complex number, s ^ a joy. It follows that such a restriction results in 
a transfer function of more limited use. 

By substituting s = joy = yi in Eq. 4—5—7 the phasor or steady-state transfer 
function for this example is obtained. 


n,. , _ Xijo.) _ 1 

Fijco) (K, - M,^^) + jj,w 

_ 1 

(0.5 - 0.5) + yo.4 


(4-5-21) 

(4-5-22) 

(4-5-23) 


Eq. 4-5-23 gives the ratio of the sinusoidal amplitude of x{t) in the steady state to 
the amplitude of F{t) and also gives the relative phase angle between the time response 
and the exciting force. Therefore Xss{t) can be found from 

xijoy) - G(jco)F(joy) = (2.5 /-90^) (Q.5/0°) (4-5-24) 


;Vss(i) = 1.25 sin (t — 90°) = —1.25 cos t (4-5-25) 

If the transient part of the response is desired, it can be obtained by using the direct 
Laplace transform of the force F(t) as follows: 
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(4-5-26) 

(4-5-27) 


-1.255 1.255 -f 1 

5" -f 1 "^ [(^ 4- 0.4)^ + (0.92)^] 


(4-5-28) 


Since the first term in Eq. 4—5—28 gives the sinusoidal steady-state response, the 
second term must give the transient part of the response. 


x{t) tran = 1.36£-‘^ Sin (0.92i + 66.5°) (4-5-29) 


The evaluation of the transient response is not usually necessary in problems 
involving sinusoidal excitation. Therefore, only the steps through Eq. 4—5-25 
are normally required. 



Fig. 4-5-3. 


Example 4-5-^. A more complicated problem involving two masses introduces 
the idea of superposition of motions. Fig. 4—5—3a shows the system to be studied. 
The transfer function relating the position of mass Mi to applied force, F, is to be 
found. Masses Mi and M 2 are assumed to have motion in only one direction. Each 
mass therefore requires one position variable to define its motion. Variables Xi 
and X 2 are arbitrarily chosen as shown in Fig. 4—5—3a; however they are chosen to 
be zero when the system is at rest but not when the springs are unstretched. This 
means that initially the springs are stretched enough to balance the force due to the 
weight of body M 2 thereby establishing static equilibrium. The dotted forces labeled 
W 2 in Fig. 4—5-3b are included to show the actual existence of PF 2 in spite of the fact 
that they do not need to appear in the system equations when Xi and X 2 are chosen 
as discussed above. 

The isolation of Mi and M 2 as free bodies is the next step in obtaining the desired 
transfer function, Xi{s)IF(s). The various component forces acting on Mi and M 2 
must be determined. A scheme of superimposing motions is useful here. The 
effects of allowing Xi to increase are first determined while X 2 is held fixed at zero. 
This leads immediately to forces K^iXi and fydxijdt which act in the directions 
indicated in the Mi free body diagram of Fig. 4-5-3b. Spring Ks 2 will be relaxed 
as xi increases while xg is fixed so that the full force W 2 is no longer transmitted by 
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spring Ks 2 - Effectively, then, a force Ks^Xi must be included in the free body 
diagrams for Mi and Mg as shown in Fig. 4—5-3b. This force should really be 
grouped with in both free bodies to obtain the real force transmitted by when 
Xi moves and is zero. All of the effects of allowing Xi to increase by itself have now 
been determined and included in the appropriate free body diagrams. 

The next step necessitates a study of the effects of allowing X 2 to increase while 
Xi is held at zero. The only force component that results in this case is which 

IS due to stretching spring Ks 2 - This force acts on Mi and in the directions 
indicated in Fig. 4—5-3b. Since the cable over the pulley cannot transmit compres¬ 
sion, the accuracy of the free body diagrams is limited to cases in which 

KAxi -~X2)<W2 ( 4 - 5 - 30 ) 

Newton’s second law can now be applied by using the free body diagrams devel¬ 
oped above to give 


- [W2 -Ks 2 (xi -^2)] -KsiXi -A 

(4^5-31) 

= - X,)] (4-5-32) 

The force components that tend to cause motion in the positive Xj and X2 directions 
are taken as positive forces. 

In order to obtain the desired transfer function, Xi(s)IF(s) the Laplace transform 
of Eq. 4-5-31 and Eq. 4--5—32 must be formed assuming rest conditions in the system, 
A rearrangement of these equations is also necessary in order to solve them simul¬ 
taneously for Xi (s) in terms of F{s). The final relations are 

[Mis^ 4 (Ksi 4 Kg2)]Xi(s) - Ks^X^is) = 0 (4-5-33) 

-Kg^Xiis) 4 [M 2 S^ 4 Kg 2 ]X 2 (s) = F(s) (4-5-34) 

Eqs. 4—5—33 and 4-5—34 can be solved by determinants or some other suitable scheme 
to give 

^ [M,s^ +f,s + + k!^)]IM^s^ + K,,} -K,l (4-5-35) 


An equivalent form for Eq. 4—5—35 can be written by expanding the denominator 
as follows: 


F(s) 


MiM^s^ 4 4 [M^iKsi 


Kg2 __ 

4 Kg2) 4 MiKg^V 4 4 

(4-5-36) 


The restrictions on the validity of the transfer function of Eq. 4-5-36 must be 
checked after .ri(^) and x^it) are found for any given input. Several of these restric¬ 
tions have been merely implied. Mass Mi must not hit the pulley, stretch spring 
Kgi beyond its elastic limit, or compress K^i beyond its linear range. Mass Mi 
and M 2 together must not move so as to violate the inequality of Eq. 4—5-30 or to 
stretch spring Xs 2 beyond its elastic limit. Within these limits Eq. 4-5-36 is correct. 
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By solving Eqs. 4-5—33 and 4-5—34 for X 2 (s) as a function of F{s), the transfer 
function X 2 (s)IF{s) can be obtained. The denominator of this relation is the same 
as the denominator of Eq. 4—5—36. This indicates that the same basic response 
modes (damping rates, natural frequencies, etc.) are present m x^it) as in Xi(t); only 
the amplitudes and relative phase angles are different. 

Example 4-5-5. The rotational mechanical system of Fig. 4-5-4a is analyzed 
to obtain the time varying position of the cylindrical body Ji when a sudden torque, 
T, is applied to the system which is initially at rest. It is assumed that the shaft 


J = 0003 Slug-ft2 



(a) 


D, 


d9, 

dt 


Fig. 4-5-^. 


(c) 


deflects enough to require representation by springs Ksi and Ks 2 and that viscous 
friction exists at the surfaces indicated by the arrows for Di and D 2 . Fig. ^5-4b 
shows a schematic of the system and indicates a choice for the two position variables, 
0 i and 62 , that are required in the solution of this problem. While no moment of 
inertia is assumed to exist at the right-hand end of the shaft in Fig. 4-5-4a, a position 
variable is nevertheless required to determine the motion of this point. 

The isolation of free bodies is the next step in determining the system equations. 
To simplify the determination of torque components, a free body with zero moment 
of inertia is drawn at the location of position variable 02* The superposition of 
motions as used in the previous example is also useful in this problem. Body Ji 
is assumed to be moving in the positive di direction while 02 is held at zero. This 
results in the torque components KsiOi, and Di ddijdt acting on body Ji as 

indicated in Fig. 4-5-4c. Spring also couples the torque i^s20, to the other 
free body in Fig. 4-5-4c. With 0i returned to zero 02 is now allowed to increase. 
Torque components Ks 2^2 and D 2 dd 2 ldt oppose this motion while the component 
XS 2 O 2 is coupled to body Ji as shown in Fig. 4-5-4C. The system equations can 
now be written by using the free body diagrams. 
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(^5-37) 

0=7-- Ks 2(62 - di) - ^2 ^ (4-5-38) 

A rearrangement to obtain symmetry of form results in 

7: ^ + 75: ^ + (K., + KsOe, - = 0 (^5-39) 

-Ks,e, + ^2 ^ = T (4-5-40) 

The Laplace transforms of Eqs. 4-5-39 and 4-5-40 are now formed, considering 
the fact that the system is initially at rest: 

[J^s^ -f- jD:S + (Ks^ -f K,2)]0^(s) - K,202 (s) = 0 (4-5--11) 

- K.,et(s) + [D,s + Ks,]0,(s) = Us (4-5-42) 

In order to find the desired position variation Eqs. 4-5-41 and 4—5—42 must be 
solved simultaneously for 0i(^). The simplified result is 

^ _ _ 

~ slJ^D^s^ + (D^D^ H- JiKs2)s^ + {D^K,2 + + D2K,2)s + 

(4-5-43) 


The substitution of numerical values from Fig. 4-5-4a in Eq. 4-5—43 is necessary 
in order to complete the solution for 6 i(t). While numerical values could have been 
used throughout the problem, the use of letter parameters allows an easy dimensional 
check on the coefficient of each power of s. For example, the coefficient in Eq. 
4-5-43 has the dimensions 






s2 


/ ft-lbs \ / ft~lbs \ 
\radian/sec^/ \ radian / 


(4-5-44) 


or (ft^-lbs^”Sec^)/radian^. When the dimensions of s, which are seconds"^ are 
included, each term in the denominator polynomial should be consistent. 

01 ( 5 ) can be expressed as follows: 

0i(5) = (2)(0.3)/^ {(3 X 10-^)(0.2)^^ + [(0.2)(0.1) + (3 X 10"-^)(2)y 

+ [(0.2)(2) + (0.1)(2) + (0.2)(2)]5 + (2)(2) } (4-5-15) 


1000 

s(s^ -h~43.3s^ -f 13335 -f- 6667) 


(4-5-46) 


1000 

s(s -f 6 )[(s -f 18.6)^ + (27.6)^] 


(4-5-47) 


The inverse Laplace transform of Eq. 4-5-46, as found by using the table in the 
Appendix, is 


e,it) = [0.15 - 0ASe~^^ -f 0.036e-^« sin (27.6t + 122^')] radian 

(4-5-48) 
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4—6. Gear Trains. Like the mechanical elements considered in 
earlier sections, the gear train appears in many control system problems. 
Gear trams are used for speed reduction, for matching driving members 
to given loads for most efficient power transfer or for maximum load 
acceleration, and for many other functions.^ 



A typical gear train is pictured in Fig. 4— 6 —la. Each gear and pinion 
is given a moment of inertia and a viscous friction drag. A driving torque 
and load are also included. Several of the parameters might be negligible 
or completely absent in practical cases, especially the load spring constant. 
The free bodies of Fig. 4-6—lb, c and d can be obtained by a process of 
isolating gears while making use of material in the preceding sections 
on mechanical parameters. Newton’s second law is now applied to each 


of the free bodies to give 




(Jx + Jnd ^ 

= 

- F,n - + no ^ 

(4-6-1) 

{.J 2 + J3) ^^2 

= Fir2 — 

F2r2 - (D 2 + £> 3 )^ 

(4-6-2) 

(Jl + J4) ^^2 

= FzTi - 

-(Z)4 + -^,03 

(4-6-3) 


® John G. Tmxal, Control Engineers Handbook, McGraw-Hill Book Co., Inc., New York, 
1958, Section 13-1. 
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The following auxiliary equations are written utilizing the geometry of 
the system: 

BiYi = 02^2 ( 4 — 5 — 4 ^ 

@ 2^3 = (4-6“5) 


A rearrangement of Eqs. 4-6-4 and ^6—5 allows the introduction of the 
gear ratio, n, as well as the gear angular velocities, wi, ft> 2 , and C 03 : 


Oi _ (0\ _ Y 2 , _ N 2 _ 

02 2 ^4 N/i. 

63 (O 3 ^3 N 3 


03 


0)1 

— — W 1 W 2 = n 

0)3 


(4-6-6) 

(4-6-7) 

(4-6-8) 


The gear ratio as defined here and as used in this text is the ratio of the 
diameter or number of teeth of the driven gear to the diameter or number 
of teeth of the driving gear. For speed-reducing gear trains n is greater 
than one. Eqs. 4—6—1, 4—6—2, and 4—6—3 may be combined by eliminating 
Fi and F 2 and by introducing various gear ratios. If di is retained, the 
result of this reduction process is 


[(-/l +Jm) + X (J. +J.) + \ (A + $ 

rll 71 Ut 

+ [(Di + ^ (D^ + £, 3 ) ^ (£), + £,^)] ^ (4_6_9) 

+ frei = 

The output or load position, 63 , could have been retained instead of Oj. 
+ /m) + J 3 ) + {Jn + /i,)] — 

+ [n\D, + Drrd + nl {D, + D 3 ) + {D, + £► J] ^ (^6-10) 


+ Ks,P 3 = nTmit) 

The important feature of these last two equations is the way in which 
the effects of the mechanical parameters transfer through the gear train. 
In moving the effect of a parameter from one shaft to another shaft nearer 
the output, the parameter is multiplied by the square of the gear ratio 
•involved. The applied torque, which is a system variable, is multiplied 
by the gear ratio. Parameters that are transferred toward the input shaft 
are divided by the square of the gear ratio as shown in Eq. 4-6-9. When 
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moments of inertia, friction, and spring constants exist at more than one 
shaft in a system containing a gear train, effective values of these para¬ 
meters must be considered when system equations are written. 

Example 4-6-1 . A common problem encountered in control systems having 
gear trains is that of applying a torque to an input shaft and finding the output shaft 
position. A transfer function relating 03 (s) to Tm(s) is needed. To simplify the 
equations that follow, Jeff, and Deff, are defined as 

ieff, = n\J^ -h Jm) + nl(J^ -f J 3 ) 4- (J 4 4- Jl) (4-6-11) 

Deff, = n\D, 4- D^) 4- nKD^ + D 3 ) + (D, + Dz.) (4-^-12) 


and 


-^eff, 

2 



Deff, 

___ Deff, 
2 




Ks, 


(^6-13) 
(4-6-14) 
(4-6-15) 

With the system of Fig. 4—6—la at rest the Laplace transform of Eq. 4—6—10 is 

(JefU + Deff, 5 + Ks,)Qz(s) = uTm(s) (4-6-16) 

The desired transfer function is 


G(5) = 


e3(^) 


(4-6-17) 


Tmis) Jeff 4“ Deffg^ + K^, 

The system of Fig. 4—6—la can be represented by the block diagram of Fig. 4—6—2. 


Tm 

n 

03 


JeffjS^ + DeffjS + Kjl 



Fig. 4-6-2. 


Example 4—6—2. The problem of Example 4—6—1 is modified to introduce the 
input shaft position and to illustrate an alternate way of accounting for the over-all 
gear train. The first step involves finding a transfer function between input shaft 
position, 01, and input torque, Tm • This transfer function is provided by the Laplace 
transform of Eq. 4—6—9, 


e.g) _ 1 _ 

Tm(s) Jeff,4” Deff,5 4" 


(4-6-18) 


The relationship in Eq. 4—6—8 provides the reamining equation needed to represent 
the gear train, as shown in Fig. 4-6-3. This over-all block diagram is equivalent to 
the single block of Fig. 4—6—2. 
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Tm 

1 

0, 

1 

©3 


JeffjS^ + DeffjS + 


n 



Fig. 4^3. 

4“7. Mechanical DifFerentiaL The use of feedback requires a 
device for comparing an input signal with a feedback signal. In most 
control systems this device must perform the operation of subtraction 
and must provide the resulting difference as an output signal. When 
the signals involved are mechanical positions or velocities, the mechanical 
differential is commonly used. Fig. 4—7—la and b shows the symbols 




fii-fij = fl. 

h 


(Input) 

(Output) 



X 

6z 

(Feedback) 


(a) 



Frg. 4-7-1. 


that are used in this text to represent an idealized version of the mechan¬ 
ical differential. Fig. 4-7—la is used in mechanical schematics and 
Fig. 4-7—lb is used in one line schematics. This idealized version has 
no appreciable inertia or friction and it is assumed that an appreciable 
moment of inertia does not exist on the main input shaft nor on the output 
shaft. This eliminates the problem of transferring moment of inertia 
effects through mechanical differentials. The equation that relates the 
position variables can be written as 

Os = 6^ - 02 (4-7-1) 

In this equation 6 i is normally the main input, 02 is a secondary input or 
feedback signal, and 03 is the output or difference signal. Later chapters 
consider other summing devices that behave in a similar manner. 

4-8. D-c Generators. This article introduces the first electro¬ 
mechanical device that is analyzed to obtain a specific transfer function. 
The d-c generator whose transfer function is to be found is used to provide 
controlled power to actuate various system components. In this and in 
the following articles, some knowledge of the theory and construction of 
generators and motors is assumed. However, most of the equations 
require only introductory magnetic field concepts. 
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A convenient starting point in the analysis is the schematic representa¬ 
tion of a d-c generator as shown in Fig. 4-8-1 a. The field of the generator 
is represented by the circuit which contains Rf and Lf in Fig. 4-8-1 a. 
Its current establishes the main magnetic field in the machine. The 
circuit representing the armature contains Rg and Lg. The armature is 
driven at a constant speed by an external prime mover. The generated 
voltage results when the armature conductors cut the magnetic field flux. 
For a linear magnetic circuit the voltage induced in the armature is 
directly proportional to the field current. The resulting drop is expressed 
by the equation 

Cg = Kfif (4—8—1) 

in which is a constant, Cg is the open-circuit armature voltage, and if 
is the field current. From circuit theory the field equation is 

(4—8-2) 

If the relationship between the applied field voltage, ef, and the open- 
circuit armature voltage, eg, is desired, Eqs. 4—8—1 and 4—8—2 provide 
adequate information. The Laplace transforms of these two equations 
as needed for a transfer function are 

Eg{s) = Kflf{s) (4-8-3) 

{Rf + Lfs)lf{s) = Ef{s) (4-8^) 

The desired transfer function can be written by combining Eqs. 4—8—3 
and 4-8-4. 


Eg{s) KfILf 

Ef(s) (s + RfILf) 


(^ 8 - 5 ) 


Fig. 4—8—lb is a block diagram that contains the information in Eq. 4—8—5 
and that can therefore represent the generator. Eq. 4—8—5 indicates that 
the relationship between open-circuit output voltage and field voltage 
is characterized by a single pole in the Laplace or ^-plane. This pole is 
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always on the negative real axis and therefore gives a decaying exponential 
transient term in the time response to an excitation. The significant 
dynamic characteristics of the basic unloaded d-c generator can be repre¬ 
sented by a plot of the s-plane showing the single pole at s = —R/ILf. 
Fig. 4-8—Ic is such a pole-zero plot. This plot does not contain the 
numerator constant of the transfer function of Eq. 4-8—5. 


Rg Lg 



Example 4-8-1. When the generator armature circuit is loaded, as shown m 
Fig. 4-8-2a, the armature resistance and inductance and the load circuit must be 
considered in the analysis. A transfer function is to be found relating the output 

voltage, Co, of Fig. 4-8-2a to the field voltage. Since eg is already related to this 

step need not be repeated. The two output circuit equations 

4 i?,. + Lgs)Ig{s) - Eg{s) (4-8-6) 

Fo(5) = RJois) (4-8-7) 

can be obtained directly by using the operational impedances of Chapter 3. The 
transfer function relating £'o(^) to Eg{s) results from a combination of Eqs. 4-8-6 and 
4-8-7. 


^o(^) _ RJLg 

Eg(s) s-h{R,-hRL)ILg 


(4-8-8) 


The product of Eg(s)IEf{s) from Eq. 4-8-5 and Eo(s)IEg{s) from Eq. 4-8-8 is the 
desired over-all transfer function, Eo{s)IEj(s). Fig. 4-8-2b shows how the original 
block diagram of Fig. 4-8-lb must be modified to apply to the loaded generator in 
this problem. A single block which contains the product of the two individual 
transfer functions could be used. The 5-plane representation in Fig. 4-8-1 c must 
also be changed to fit the case under consideration. A second pole must be added at 
5 = ~(Rg 4 Ri)ILgB.s shown in Fig. 4—8—2c. Two decaying exponential transient 
terms appear in the time response of the loaded generator of Fig. 4-8-2a. 
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4-9. The Ainplidyiie. A specialized d-c generator called the ampli- 
dyne has been developed to provide very large power gain and good 
dynamic characteristics. This machine is really two generator stages on 
one frame. A detailed study of the magnetic flux and the generated voltage 
in a generator must be carried out in order to develop the theory of the 
amplidyne. Fig. 4-9—la shows a reasonably detailed schematic diagram 



of a basic d-c generator. A typical field winding, armature conductors, 
field flux 9?c/j direction of armature rotation, and direction of induced 
armature voltage are all illustrated. The basic field in Fig. 4-9—la is 
called the control field in the amplidyne. The normal armature output 
terminals are shorted together as shown in Fig. 4—9—lb. This causes a 
large current to flow in the armature, thereby establishing a second 
magnetic flux (pqf which is perpendicular to the control field flux as shown 
in Fig. 4—9—lb. This flux is called the quadrature field flux. The outer 
ring of circles indicates the direction for the current that establishes qpgf. 
The armature conductors cut (p^f as well as (pcf and a second component 
voltage is induced in the armature winding by the quadrature field flux. 
The direction of this voltage is shown by the inner ring of circles. A 
special set of brushes has been added in Fig. 4—9-lb to bring out the 
voltage generated by the quadrature field. In order to prevent current 
flow in this new output circuit from establishing a flux (p demag would 

counteract or demagnetize the original control field, a compensating field 
is added. This field, as shown in Fig. 4-9—lb, is connected in the output 
circuit and develops a compensating flux, 9?comp, that cancels ^^demag. This 
cancellation is possible since both of these flux components are propor¬ 
tional to load current. The control field of this machine serves as the 
input controlling a large power output. 
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A suitable transfer function for the amplidyne can be obtained by 
using a procedure similar to that used for the ordinary generator. If 
linear magnetic circuits are assumed and if mutual inductance between 
fields is negligible, the following operational equations can be written for 
the control field circuit and for the quadrature field open-circuit voltage, 
Egf{sy 

Ecf{s) = (Rcf + LcfS) Ief(s) ( 4 - 9 - 1 ) 

E.ris) = KMs) (^ 9 - 2 ) 

The constant Kqc is determined by the magnitude of the quadrature field 
induced voltage per ampere of control field current. The other quantities, 
Ecf, Rcfy Rcf and hf are the control field applied voltage, resistance, 
inductance, and current respectively. In a similar manner two equations 
for the quadrature field can be written. 

Eqf(s) = (Rqf + LqfS)IqAs) 

Eq(s) = KqqlqAs) (^9-4) 

The generated voltage constant relating open-circuit output voltage, Egis), 
to quadrature field current, Iq/is), is Kgq. The parameters Rgf and Lqf 
are the quadrature field resistance and inductance. Eqs. 4—9-1 through 
^9-4 when combined reduce to the following transfer function for an 
amplidyne, 



(c) 


Fig. 4-9-2. 

Figs. 4-9-2a, b, and c present a summary of the amplidyne by showing 
its schematic, its block diagram, and its ^-plane pole-zero characteristic. 
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The synchro motor can be pictured as shown in Fig. 4-10-2a. The 
three wye-connected windings are on the stator of the machine while 
the single center coil is wound on the rotor. When various combinations 
of a-c voltages are applied to the three stator windings, a resultant mag¬ 
netic flux is established. By varying the stator voltage magnitudes the 
resultant flux can be rotated to any angular position. If voltage is also 
supplied to the rotor, it will tend to align itself with the resultant stator 
field. 

The three stator voltages for the synchro motor are supplied by another 
member of the synchro family, the synchro generator. Fig. 4-10~2b 
shows a schematic circuit for a synchro generator connected to a synchro 
motor. The circuit similarity between the two units is readily apparent. 
The synchro motor, however, has considerably higher mechanical 
damping to prevent excessive spinning. When in operation the rotor of 
the synchro motor tends to follow the position of the generator rotor. 
This action is due to torques that exist when the various resultant magnetic 
fields in the synchro motor and generator are not aligned. The alignment 
torque in the motor is given by 

T= KsiniOg - dm) (4-10-1) 

where 6g and dm are the angles of the generator and motor shaft with 
respect to a common point on the stator of the two machines. The axis 
of stator coil on each unit is a commonly used reference point. A 
similar torque tends to pull the synchro generator rotor into alignment 
with the motor rotor; however, 6g is generally held at a given input angle 
and is not moved by this torque. As a linear approximation for small 
values of Og — 0my Eq. 4-10—1 can be written as 

T ^Kidg - dm) (4-10-2) 

Another combination of synchro units that is of basic importance in 
control systems is shown in Fig. 4-10-3. The synchro control transformer 
is similar to a synchro motor. However, the control transformer rotor is 



Fig.4~l(>-3. 
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not connected to the a-c supply. Instead the control transformer rotor 
is mechanically coupled to the system output shaft as shown in Fig. 
4-10-3. An output voltage exists at terminals Ri and R 2 of the control 
transformer whenever the axis of its rotor is not perpendicular to the 
resultant magnetic flux established by currents in the stator windings. 
The resultant stator flux rotates with the rotor of the generator. There¬ 
fore, the control transformer output voltage is an error voltage depending 
upon the difference in the synchro generator rotor position and the system 
output shaft position which is coupled to the rotor of the control trans¬ 
former. The error voltage amplitude is 

€os = Ki sin {dg — 60 ) —10—3) 

in which dg is the generator rotor position and So is the position of the 
control transformer as shown in Fig. 4-10—3. 

do has its zero reference shifted 90° from the zero reference for dg. 
The actual error voltage is an a-c voltage of supply frequency with the 
amplitude 

eo(t) — Ki sin[0^(/) — So(t)] sin Ijifa-ct (4-10-4) 

determined by Eq. 4-10-3. This is a type of amplitude or envelope 
modulation. The real signal information is contained in the envelope 
which must be recovered for use in control systems having d-c motors, 
generators, and other d-c components. For linear analysis, Eq. 4-10—3 
is approximated as 

eos(t) ^ K,[dg(t) ~ doit)] (4-10-5) 

when dg — do is small. The Laplace transform of Eq. 4-10—5 




Eos(s) ^ KdOgis) - 0o(^)] 

{s)-0o(s) 


®o(s) 


Fig. 4-10-4. 


(4-10-6) 


can be used to construct the block diagram of Fig. 4-10-4 as a suitable 
approximate representation of the synchro generator-control transformer 
combination. It must be remembered that Eq. 4-10-6 and Fig. 4-10-4 
are valid only for small angular errors and that only the envelope part of 
the error voltage is represented. 

The interested reader is referred to other sources for a fuller intro¬ 
duction to the various members of the synchro family and a more detailed 
study of the synchro generator, motor, and control transformer."*’ ^ 

^ U.S. Navy Synchros, Bureau of Ordnance publication OP1303 (15 April 1958). 

^ John E. Gibson and Franz B. Tuteur, Control System Components, McGraw-Hill Book 
Co., Inc., New York, N.Y., 1958, Chapter 5. 




112 


CONTROL SYSTEM THEORY 


[Ch. 4 


4-11. D-c Servomotors (Armature Controlled).^ Most control 
systems involve components that require combinations of electrical and 
mechanical equations. The d-c servomotor is such a component. The 
analysis of this device proceeds from basic relations for electrical conduc¬ 
tors moving in magnetic fields, together with electrical circuit and me¬ 
chanical equations. Space does not permit a review of all the basic 
physics involved. Therefore, a starting point that assumes some knowl¬ 



edge of electrical machines is used. Fig. 4—11~1 shows the schematic 
for a d-c motor. The various symbols used in connection with this figure 
are 

Ba = armature terminal voltage 
ia = armature current 
Ra = armature resistance 
La = armature inductance 
Rf = field resistance 
Lf = effective field inductance 
Bf = motor field voltage 
if = motor field current 

Bg = emf developed in armature winding due to cutting magnetic 
flux 

(p = magnetic flux crossing air gap between field poles and 
armature 

T D = electrically developed torque 

Tl = load torque 

Kiy Kzy Kz = constants 

d = armature position variable 

Jg = effective load moment of inertia at motor shaft (includes 

JmotoT ) 

De = effective load viscous friction at motor shaft 
Kse = effective load spring constant at motor shaft 

® G. J. Thaler and W. A. Stein, “Transfer Function and Parameter Evaluation for DC 
Servomotors,’^ Trans. AIEB, 75 (January, 1956): 410-417, 
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The following equations can be written for the field of a linear d-c motor: 

Rfif + Lf~^ = Bf ( 4 - 11 - 1 ) 

Kiif = cp ( 4 - 11 - 2 ) 

The armature circuit equation is 

iaRa + + eg = ea ( 4 - 11 - 4 ) 

while the electrically developed driving torque can be written as 

K,(pia = Tn ( 4 - 11 - 5 ) 

A general mechanical load made up of an effective moment of inertia, J e, 
an effective viscous friction, Dg, and an effective spring constant, Kse is 
assumed. The load torque equation is 

+ (4-11-6) 


The speed and position of an armature controlled d-c motor are deter¬ 
mined by varying the armature voltage, Ca- The field current, z/, is 
maintained constant thereby causing the flux (p in Eq. 4-11—2 to be 
constant. Eqs. 4-11-3 and 4—11-5 can be modified for this case as follows, 

e, = ifava> (^11-7) 

Tn= Kria (4-11-8) 

A transfer function relating the input armature voltage to the armature 
position is needed for use in the block diagram of the armature controlled 
d-c motor. As a first step in obtaining this transfer function Eqs. 4—11-7 
and 4—11—8 are used to rewrite Eq. 4-11-4 as follows 


The load torque, %, in Eq. 4-11-6 must equal the developed torque, 
To, thus allowing To to be eliminated in Eq. 4—11—9. 


“ Krr V 


Kt ^ ‘ ^ 


+ D.^ + K. 




dt 


(4-11-10) 
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LaJe d^O (RaJe 

Kt df \ Kt 


LaDe\d^e I RgDe , LgKs, 

Krr Ut^ Kt Kt 


dt 



Eq. 4-11—11 is the complete relation between eg and 0. However, it 
contains the effects of two parameters that are negligible in many cases 
but are included for completeness. The spring load, Kge^ is generally 
zero and the armature inductance, Lg, is small. If these two factors are 
neglected, Eq. 4-11-11 can be written as 



(4-11-12) 


The Laplace transform of Eq. 4-11-12, as taken with the assumption of 
rest conditions, is 


+ (%r + (4-11-13) 


The desired transfer function can now be written as 



Fig. 4-11-2. 


Fig. 4-1 l-2a shows the most commonly used block diagram representation 
of the armature controlled d-c servomotor. The dynamic characteristics 
can be represented by the ^-plane plot of the poles and zeros of the transfer 
function of Eq. 4-11—14 as shown in Eq. 4-11-26. The motor being 
considered establishes a constant rate of change of armature position when 
a constant armature input voltage is applied. An integration in the signal 
path is required for this type of behavior. This characteristic is indicated 
by the pole at the origin in Fig. ^ll-2b. 

In some cases the motor speed is considered as the output. An armature 
voltage to motor speed transfer function can be obtained by multiplying 
Eq. 4-11-14 by s. The result is equivalent to a differentiation for rest 
conditions. Figs. 4—11—3a and 4-11—3b show the altered forms of Figs. 
4-11—2a and 4-11—2b when speed is the desired output. The fact that a 
constant armature voltage results in a constant motor speed means that 
no integration exists between input and output. 
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1 

Ea(s) 

Kt 

Rq J 0 

Xi{s) 



... . . . ^. 


(a) 

(b) 



Fig. 4^11-3. 



The constants i^av and of Eqs. 4-11—7 and 4-11—8 are related by 
a constant dependent only on the system of units used. An easy method 
for finding this constant makes use of the fact that the electrical power 
developed by the armature current flowing through the armature counter 
emf, Bgy must be equal to the mechanical power as found from the devel¬ 
oped torque, T £>. The electrical power is 

Bgia = K^^ojia watts (4—11—15) 

The mechanical power is 

T £, CO = a CO (ft“lb)/sec or (oz-in.)/sec (4—11—16) 

In terms of a common unit such as horsepower, Eqs. 4-11—15 and 4-11—16 
should result in the same numerical value. This can be expressed as 


i^avco Za[watts] _ XT4co[(ft-lb)/sec] 

746 “■ 550 


(4-11-17) 


Therefore, for typical dimensional units 

^ = 1.356 (watt-sec)/ft-lb) (4-11-18) 

It frequently occurs that some of the constants for the d-c motor must 
be obtained from torque vs. speed curves. When the motor speed, 
CO = ddjdt, is constant, the armature current is constant and Eqs. 4-11-4, 
4-11—7, and 4-11—8 can be combined to give 

To -K,.co) (4-11-19) 

For fixed values of armature voltage Eq. 4-11—19 represents various 
torque vs. speed curves such as those shown in Fig. 4—11-4. The constants, 
i^av, Kt, and Ra are obtained from the curves of Fig. 4-11-4 as follows. 
For an idealized no-load condition T -q = 0 and from Eq. 4—11—19 

^ (4-11-20) 

CWno load 

When the motor is stalled, the speed is zero and again from Eq. 4-11-19 

Kr 
Ra 


Tos 


(4-11-21) 
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Eqs. 4—11—20 and 4-11-21 together with the relation of Eq. 

4-11-18 allow the determination Kt, -K^av, and Ra- 

As noted in Chapter 6, the slope of the torque vs. speed curves of 
Fig. 4—11—4 is an important factor in damping the armature controlled 
d-c motor. This factor is 


dTn 

day 


KtK^ 

Ra 


(4-11-22) 


In the transfer function of Eq. 4—11—14, K^K^^vIRay adds to the effective 
viscous friction, Dg. 


Je = 3 X I0'2 oz-in^ 



Fig. 4-11-5. 


Example 4-11—1. As an example of the procedure used for obtaining an arrna- 
ture controlled d-c motor position transfer function, a motor with the parameters 
of Fig. 4-11-5 is studied. Eq. 4—11-20 can be used with the no-load speed of 15,000 
rpm and the armature voltage of 28 v to find Kav as follows: 

28 V 

= isyOradiSis/sec == v/(radians/sec) (4-11-23) 
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From the stall torque at zero speed and Eq. 4—11—21 
Kt 10 oz-in. 


Ra 28 V 
For the ounce-inch combination of units 


= 0.357 (oz-in.)/v 


Ka. 

Kr 


7.07 X 10 ® (watt-sec)/(m.- 02 ) 
Eqs. 4—11—24 and 4-11—25 can be combined to give 

Kt = 


0.0178 v/(radians/sec) 


7.07 X 10“^ (watt-sec) /(in. -oz) 

= 2.52 (oz-in.)/amp 

„ 2.52 (oz-in.)/amp ^ i_ 

Ra = —( V Y cn / - ^ = 7.07 ohmS 

0.357 (oz-m.)/v 


(4-11-24) 

(4-11-25) 

(4-11-26) 

(4-11-27) 

(4-11-28) 


Direct substitution of numerical values into Eq. 4-11—14 now leads to the desired 
transfer function. 


Kt _ 0.357 (oz-in.)/v 

RaJe "77 X 10"® (oz-in.)/(radians/sec^) 


(4-11-29) 


— 4.64 X 10® radians/(v-sec®) 


(4-11-30) 


Je 



+ 


1_)[io- 

] \77 X 10-®/L 


= 95.8 sec" 


+ 


(0.0178)(0.357)] 


(o 2 -in.)/(radians/sec) 
(oz-in.)/(radians/sec®) 
(4-11-31) 
(4-11-32) 


Eais) s(s + 95.8) 


(4-11-33) 


4-12. D-c Motors (Field Controlled). An alternate method of con¬ 
trolling d-c motors is by varying the field voltage as the input, while 
maintaining a constant armature current. A large current source is 
required in order to supply the armature current but the controlled field 
current is small. The basic equations which define d-c motor operation 



Fig. 4-12-1. 


are Eqs. 4—11-1 through 4-11-6 of Art. 4—11. Fig. 4-12-1 shows the 
schematic of the field controlled motor. The symbols that are used in 
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this analysis are identical with those listed in Fig. 4-11—1 except that ia 
becomes a constant, 7^, and two new constants, K' t and are used. 
The basic motor equations of Art. 4—11 are listed below in slightly altered 
form. 


ifRf + er 

(4-12-1) 

XT' ■ do 
^ dt ~ 

(4-12-2) 

K Tlgif = Td 

(4-12-3) 

^ + De ~ + 

(4-12-4) 


The counter emf term, eg, is nonlinear in this case since it involves a 
product of variables. However, since the armature current is held 
constant, the nonlinear term does not enter the transfer function for the 
field controlled d-c motor. 

A transfer function that relates motor output position to field control 
voltage is the desired goal in this analysis. Since — Tl, Eqs. 4-12-3 
and 4-12-4 are equal and can be solved for if as follows: 

Eq. 4-12-5 is now used to eliminate in Eq. 4-12—1. After simplification, 
the following relation is obtained: 

{K'Tla)eAt) = (L/7e) ^ + {RfD, + ^ 

+ RfK.eO (4-12-6) 

The spring constant Kse is again absent in most systems; however, the 
field inductance cannot be neglected as was the armature inductance in 
Art. 4-11. For no spring load the simplified relation is 




Je ^ Lf 



RfDe 

LfJe 


dtJ 


( 4 - 12 - 7 ) 


The Laplace transform of Eq. 4-12—7 as taken for forming a transfer 
function is 


Krla 

LfJe 


)£/.) = +[t,+ 


The last step in forming the transfer function gives 

G(s) = ^ = jK'rlalLff) 

'' ’ EAs) + DJfAs + RAL,) 


(4-12-9) 
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Fig. 4-12—2a shows the block diagram representation for the field con¬ 
trolled d-c motor when motor position is the output. The dynamic 
characteristics of this motor are depicted by the 5 -plane pole-zero plot of 
Fig. 4—12—2b. The integrating pole at the origin in this figure indicates 
that a constant field voltage results in a constant rate of change of the 
output position. When motor speed is the desired output, the pole at 
the origin is not a part of the motor transfer function. 

A relation between K't and can be obtained by equating electrical 
and mechanical power as was done in Art. 4—11. 

egla = K'^^ifCoIa watts 
TdO) = (ft-lb)/sec or (oz-in.)/sec 

K's,vifCoIa[w^tts] _ K't Z//aW[(ft-lb)/sec] 

746 " 550 


(4-12-10) 

(4-12-11) 

(4-12-12) 


i^av 746 \//r^ 11_\ 

550 


(4-12-13) 


This is the same relation as was obtained in Art, 4—11 between i?av and K t • 
This is the reason for keeping la separate in the equations in this section 
in spite of the fact that la is constant. 


Example 4-12-1. The transfer function for a field controlled d-c motor with 
the following constants is to be found. With ej — 100 v and la — 20 amp, the motor 
speed is 1,200 rpm. The field time constant, LfjR/y is 0.1 sec while the mechanical 
time constant, JelDg, is 5 sec. Since no information is given to allow direct calcula¬ 
tion of T, Lfy and 7^, some alternate scheme must be employed. The speed for a 
certain field voltage and armature current is stated, thus allowing an approach that 
is based on the motor speed. Multiplying Eq. 4—12—9 by 5 gives the velocity transfer 
function 


a{s) {K't IJLfJe) 

Ef(s) (s + RflLf)(s + DJJe) 


(4-12-14) 


If a constant field voltage, E/, is applied, the speed is 

{K'TlalLfJe)Ef 
” s(s + RflLf){s -H DelJe) 


(4-12-15) 
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The steady angular velocity, as found by application of the final-value theorem of 
Chapter 2, is 

/.X i:_rx/.x _ (Ef)(K' rJglLfJe) 


wUt) - lim sQ(s) - 

For the given values of Ef, coss, Rf/Lfy Dg/Jg Eq. 4-12-16 is 
1200 ^ (mXK'rlalLfJg) 


K' la 


( 10 )( 0 . 2 ) 

2.51 radians/v-sec® 


(4-12-16) 


(4-12-17) 


(4-12-18) 


The transfer function relating motor position to field voltage can now be written as 


0(5) 2.51 

Ef{s) ” 5(5 -h 10)(5 + 0.2) 


(4-12-19) 


4—13. Two-Phase A-c Servomotors. Frequently a small a-c servo¬ 
motor is used to rotate a load in a position or velocity control system. 
These motors have two basic field windings located 90° apart in space and 
excited by a-c voltages that are 90 electrical degrees apart in time. This 
arrangement results in a rotating magnetic flux field that induces a voltage 
in a closed armature circuit. A circulating armature current results from 
the induced voltage and this current establishes its own magnetic field. 
The reaction between the rotating magnetic flux due to the field windings 
and the magnetic flux due to the armature current causes a torque. This 
torque causes rotation of the armature. 

One of the two field windings of an a-c servomotor is excited by a 
fixed amplitude a-c line voltage. The amplitude of the other field voltage 
is used as the motor input in order to control the output torque. The 
first field referred to above is called the fixed field or reference field. 
The second field is called the control field. Since normal operation of the 
two-phase servomotor requires unequal field voltage amplitudes, the 
operation is said to involve unbalanced voltages. This complicates the 
analysis of this device. It is possible to obtain the following approximate 
relation by using special methods.® 


Tn = Ts 




(4-13-1) 


Fig. 4—13—1. shows the schematic of the two-phase a-c servomotor, and 
the following symbols are used in connection with this figure: 

Eff = amplitude of the fixed field a-c voltage 

egf = time-varying amplitude (envelope) of the control field voltage 
Ts = stall torque with balanced rated phase voltages applied 


® John E. Gibson and Franz B. Tuteur, Control System Components, McGraw-Hill Book 
Co., Inc., New York, 1958, Chapter 7. 
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Ki = magnitude of the torque-speed curve at zero speed with rated balanced volt¬ 
ages applied 

6 = armature position 

T D = developed torque 

i 

KWH 



Fig. 4^13-1. 

Eq. 4—13—1 involves only the envelope or time-varying amplitude of the 
control field voltage, and not the actual instantaneous voltage. This 
situation is similar to that encountered in Art. 4—10 which discusses 
synchros. The actual signal information is contained in the envelope 



Actual instantaneous control voltage 


Fig. 4-13-2. 


as shown in Fig. 4-13-2. Eq. 4-13-1 also neglects the electrical time 
constants of the field and armature circuits. In spite of the approxima¬ 
tions that have been used, Eq. 4-13-1 is still nonlinear because of the 
{Kil2)(ecflEffyd6ldt term. This term must be neglected if a linear 
equation is desired. Since normal positioning control systems require 
the motor to work with very small control field voltages, the ratio (ecflEffY 
is generally small compared to one. Therefore the error caused by 
neglecting (KillXecflEffYdOldt in Eq. 4-13-1 is not too serious. The 
linearized torque equation can now be written. 

T, (4-13-2) 

A transfer function which relates a-c servomotor position to control 
field voltage amplitude can now be found if a particular load is assumed. 
Such a transfer function is commonly called an envelope transfer function. 
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For a load made up of an effective moment of inertia, Jg, and effective 
viscous friction, Dg, the load torque, T £,, is 


J + D ~ 


Tl = (4-13-3) 

The developed torque of Eq. 4—13—2 must equal the load torque; therefore, 

(4-13^) 


dt^ ^ ' dt 


Ts if 1 de 

T-t ^Cf 


2 dt 


For zero initial conditions the Laplace transform of Eq. 4—13-4 can be 
arranged as follows, 


s[JeS + {Dg + ^)]0(s) = Eof{s) 

The desired envelope transfer function is 

e(r) _ TgjJgE.f 


G{s) 


s\s + 


(4-13-5) 


(4-13-6) 


Ecf(s)^ 

Ts 

JeEff 

0(s) 


s 





S“plane 

-.w.-.,-,. . N 

T jw 

f 

^ } 

1 


1 C kA 





(a) 


Fig. 4-13-3. 


(b) 


Fig. 4—13—3a shows the block diagram representation of the a-c servo¬ 
motor while Fig. 4—13—3b shows its 5-plane pole-zero plot. The similarity 
between the pole-zero plot for the armature controlled d-c motor in 
Fig. 4—11—26 and for the a-c servomotor in Fig. 4—13—3b should be noted. 
Both pole-zero plots contain an integrating pole at the origin because a 
constant input voltage causes a constant rate of change of the output 
position. In addition both pole-zero plots have a negative real pole 
whose location is partly determined by the slope of the torque v. speed 
curves. 

Example 4-13-1. The envelope transfer function for a two-phase, 400 cps, a-c 
servomotor is to be found. The servomotor characteristics are given in Fig. 4—13-4. 
At stall Ts = 1.0 oz-in. while at zero speed the magnitude of the slope of the torque 
vs. speed curve is 




1 oz-in. ^ 60 sec/min 

8000 rev/min 2n radians/rev 


(4-13-7) 


= 1.19 X 10"® oz-in.-sec 


(4-13-8) 
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From the above data 

T, 


JeEff (2.83 X 10 ®)(115 v^) [(o 2 -in.)/(radian/sec^)]v 


= 218 radians/(sec^-v.) 


(4-13-9) 


(4-13-10) 




1 


2.83 X 10-^ 


[10- + 5.97 X 10-] ( 02 -in.)/(radian/sec) 


(oz-m.)/(radian/sec®) 

(4-13-11) 


= 24.6 sec ^ 

The desired transfer function can now be written as 

e{s) 218 


G{s) = 


Ecf(s) s[s -f 24.6] 


(4-13-12) 


(4-13-13) 


PROBLEMS 

4-1. Find an equivalent spring constant for the system of springs shown in 
Fig. 4—P—1 and determine the potential energy stored in the springs when x = 2 in., 
if the springs are unstretched at = 0. 




fv 2.5 


lb 


ft/sec 


W = 20 1b 
Ks = 10 Ib/in 


Fig. 4-P-l. 


Fig. 4-P-2. 


4-2. The mass in Fig. 4—P-2 is initially pushed down 2 in. from its rest position 
and then released. The mass is firmly attached to the spring. Find the equation 
of motion for the mass. 

4—3. Fig. 4—P-3 shows a mechanical system that is initially at rest. The force, 
F{t) = 10 lbs, is applied to mass Mi as shown at f = 0. Solve the system for X 2 is) 
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Fig. 4-P-3. 


and then use the final-value theorem of Chapter 2 to find the steady-state position 
of mass 71^2- 

4-4. The mechanical system of Fig. 4—P—4 has = ^ 2 ( 0 ) in. when a sinus¬ 
oidal force, F{t) = Fm sin a)t is applied. Find the steady-state transfer function 
X 2 {jo))IF{j(D). What limitations exist on the validity of the system equations? 



radian/sec 


Fig. 4-P-4. 


Fig. 4-P-5. 


4-5. Fig. 4--P—5 shows a rotational system in which viscous friction exists at the 
two bearings. A torque of 1 Ib-in. is applied at ^ = 0 when the body is at rest. 

(a) . Find the equation for the angular velocity of the body. Show that the re¬ 
sponse due to a unit impulse of torque is the derivative of the response due to the 
unit-step function applied torque. 

(b) For a unit-step applied torque find the power dissipated as heat at the bearings 
after steady state has been reached. What kinetic energy is stored in the rotating 



4-6. Fig. 4—P-6 shows a rotational system which is initially at rest. Viscous 
friction at all bearings as well as at the coupling between bodies Ji and Jg. Write the 
system differential equations and find the transfer function 02 (s)IT{s), 
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4—7. Find the angular velocity equation for body J 2 in Fig. 4-P—7, if body Ji is 
suddenly given a velocity of radians/sec. The system is initially at rest. What 
form (step function, impulses, doublets, etc.) of torque is needed to set body Ji m 
motion as stated above. 

^ 8 . Find the effective inertia at shaft 61 and determine the angular acceleration 
of bodies J 2 and J 3 in Fig. 4-P-8 if a torque T = 10 oz-in. is applied. The gears have 
negligible inertia and friction. Bodies Jz and J 3 are each aluminium cylinders 2 in. 
long and 4 in. in diameter. 



ns = -^ = 100 
n2 = / = 50 


] Wi 

r 



'Jm 


, 

^"3 


e} 


i' 


I 




Fig. 4-P-9. 


4—9. Find the transfer functions Q 2 (s)IT{s) and Qq{s)IT{s) for the rotational 
system of Fig. 4-P—9. Draw a block diagram representation of this system showing 
both ^^2 and 1^3 as outputs and T as the input. Draw an 5 -plane pole-zero plot for 
each transfer function above and describe the natural response modes of this system. 
Do decaying exponentials, constants, etc., result from impulse excitation ? What 
average power is dissipated as heat in D in the steady state when a sinusoidal torque, 
T — Tm sin cot is applied ? 


Rg = 10 ohms 



Fig. 4-P-10. 


L = 10 henrys 
R = 10 ohms 


4—10. (a) The field of an ordinary d-c generator has Rf — 120 ohms, L/ — 20 h, 
and Kf = 240 v/amp (ohms). Draw a block diagram of this generator with open- 
circuit generated voltage, eg, as the output and field voltage, ef, as the input. Sketch 
an 5 -plane pole-zero pattern for this unloaded generator. 
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(b) The generator of part (a) is loaded by the circuit of Fig. 4-P~10. The 
generator has an armature resistance of 10 ohms and negligible inductance. Deter¬ 
mine the block diagram that relates the open circuit generated voltage to the output 
voltage, ^ 0 - Plot an over-all pole-zero pattern. 

4-H. A step function field voltage — 120 v is suddenly applied to the generator 
of Prob. 4~10b. Plot the voltage eo(f) and relate its characteristics to the pole-zero 
plot of Prob. 4-1 Ob. 

4—12. In steady-state operation an amplidyne with rated control field voltage 
of 28 vd-c applied provides an open-circuit output voltage of 350 v. The control 
field time constant, LcflRc/y is 0.1 sec while the quadrature field time constant is 
0.2 sec. Determine the transfer function which relates open-circuit output to con¬ 
trol field voltage. Sketch the 5 -plane pole-zero pattern for this amplidyne and 
describe the natural response modes (impulse response terms). 

4—13. An armature controlled d-c motor has an effective load moment of inertia 
of 9 X 10~® Ib-in^. and negligible load viscous friction. The no-load speed with 
rated voltage applied is 12,000 rpm while the other rated characteristics are: 

Speed == 10,000 rpm 

Torque = 0.05 lb-in. 

Armature voltage = 6 v. 

Assume a straight line torque vs. speed curve. Find the transfer function which 
relates armature speed to armature voltage. 

4—14. The d-c motor of Ex. 4-11-1 has rated voltage applied. Find the steady- 
state angular velocity by using the final-value theorem. Plot a steady-state load 
torque curve (T == Deo) on a graph of motor torque v. speed and determine the 
steady-state speed from this graph. 

4—15. A synchro generator or transmitter is connected to a control transformer 
as shown in Fig. 4-10-3. The rotor of the control transformer is held fixed at 0o = 0 ° 
while the generator shaft is turned at a constant angular velocity, cos. The supply 
line frequency is ca^. Write an expression for the actual instantaneous voltage 
between the control transformer rotor terminals if the generator rotor angle, 0^, is zero 
at ? = 0. Determine the frequencies present in this voltage. What has happened 
to the original frequency eos^ 



Fig. 4-P-I6. 


4-16. An amplidyne with a rated output voltage of 115 V at a load current of 
0.4 amp is driven by a current source. A step input current of 0.05 amp causes the 
open-circuit response shown in Fig. 4—P~16. Determine the transfer function 
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which relates open-circuit output voltage to input control field current. Find the 
resistance m the output circuit. 

4”17. The amplidyne of Prob. 4—16 is used to drive an armature controlled d-c 
motor. The inductance of the motor armature and the amplidyne output circuit 
can be neglected. In steady state an amplidyne field current of 0.05 amp causes a 
motor speed of 16,000 rpm with a load torque of 0.1 Ib-in. The motor delivers a 
stall torque of 0.5 Ib-in. for the 0.05 amp amplidyne input. If a straight line torque 
vs. speed curve is assumed for the motor, can the motor transfer function be found ? 
If so, find it; if not, find as much of it as possible and determine an additional test 
to complete the transfer function. 

4-18. Plot the response of the field control d-c motor of Ex. 4-12-1 to a unit 
impulse. What property of the motor is indicated by constant steady-state position 
with no input? What would be changed in the motor response if a current source 
were used to provide the field input? 



4-19. A 115 V rms. 400 cps two-phase a-c servomotor has the rated torque vs. 
speed curve of Fig. 4-P-l 9. The rotor moment of inertia is 3 gm-cm‘^ An additional 
load Jl = 2 X 10"^ ozin.^ and = 4x10^ oz-in.-sec is coupled to the motor. 
Find the envelope transfer function which relates motor speed to control field voltage. 
Assume a 90° phase angle between field voltages. 

4-20, If the control field voltage for the motor of Prob. 4—19 has a sinusoidal 
envelope ecf{t) = 115V2 sin 60^ and if rated fixed field voltage is applied, find the 
motor speed in the steady state. 









5 

HYDRAULIC AND PNEUMATIC SYSTEMS 

5—1. Introduction. Many control systems have components that use 
hydraulic and pneumatic principles. Certain advantages may be gained 
by using these components whenever the cost and complexity of a hydraulic 
fluid or an air supply are justified. For high power actuators, hydraulic 
components give a larger output power to size ratio than do electrical 
components. Air systems have three principal advantages. First, shock 
waves are not transmitted; second, the used air can generally be exhausted 
to the atmosphere; third, there is little danger of fire or explosion. 

This chapter discusses the various parameters and variables of hydrau¬ 
lic and pneumatic components and develops approximate transfer func¬ 
tions for a few such devices. The fact that the transfer functions are based 
on linear operation greatly reduces their accuracy. This is due to the 
fact that the basic flow relations are nonlinear. A really accurate study 
of hydraulic and pneumatic devices would require either a computer set-up 
which accounts for the various nonlinear flow relations, saturation effects, 
and limits on variables or an actual physical mock-up of the device being 
studied. 

5-2. Hydraulic and Pneumatic System Parameters and Vari¬ 
ables. Most of the basic hydraulic system parameters seem to fall into 
a different category from that of the mechanical and electrical parameters. 
No particular symbols represent such items as density, viscosity, com¬ 
pressibility, specific heat, specific gravity, specific weight, and system 
dimensions which are in reality the parameters of hydraulic and pneumatic 
systems. Generally a schematic of some kind shows the system layout 
and indicates the system variables—that is, pressures (heads), volume or 
weight flow rates, and temperatures plus possibly some system dimensions. 
Most of the above parameters and variables need no discussion since they 
are introduced in basic physics. However the parameters, viscosity and 
compressibility, are reviewed in the following paragraphs. 

The term viscosity is used to represent the resistance-to-flow property 
of a fluid. When adjacent layers of a fluid move with different velocities, 
a shearing stress exists between these layers because of the molecular 
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properties of the fluid. The shearing rate for two surfaces of area A and 
separation / when moving with a relative velocity v is vjl. If a shearing 
force F is required to establish this relative motion in a fluid, the shearing 
stress is FjA, For fluids the ratio of shearing stress to shearing rate is 
called the absolute viscosity [i. 




FjA 

vjl 


(5-2-1) 


The absolute viscosity is also a function of temperature and pressure. In 
the English system of units the dimensions of are pound-seconds/foot“ 
or ounce-seconds/inch^. In the cgs system the dimensions of fjL are dyne- 
seconds/centimeters^, termed a poise. In some cases a kinematic viscosity 
is used. It is equal to the absolute viscosity, /z, divided by the fluid den¬ 
sity. The kinematic viscosity has dimensions such as feet^/second or 
centimeters ^/second, termed a stoke. Viscosity appears again in the flow 
equations. 

While liquids are normally considered incompressible, the high pressures 
of some hydraulic systems make the compressibility of the fluid an im¬ 
portant factor. A positive increment in pressure Ap in a fluid causes a 
negative increment in volume per unit volume that is proportional to the 
increase in pressure. A term called the bulk modulus, B, is used to 
account for this effect, thus 


B = — lim 

Ap ->0 


A. 

Avol/vol 


(5-2-2) 


A typical value of B for hydraulic fluids is 2.5 X 10® psi. 

The auxiliary concept of laminar and nonlaminar flow in hydraulic 
systems determines the flow equation that applies. At relatively low 
velocities, fluid flow occurs in well-defined streamlines with no turbulence 
or swirling motion. This is called laminar flow. A critical region of 
velocity and pressure is reached in which the flow changes to nonlaminar 
or turbulent flow. A dimensionless factor called the Reynolds number 
is used to determine the type of flow. Reynolds numbers from about 
2,400 to 3,000 generally denote the beginning of turbulent flow. For 
circular pipe the Reynolds number is defined as 


Reynolds number = 


(Average velocity) (Pipe diameter) 
Kinematic viscosity 


(5-2-3) 


5-3. Fluid Flow Laws. The first relation that is needed in the study 
of fluid flow is an equation for nonlaminar flow through restrictions and 
orifices. The volume flow rate g, for such conditions is 


q = CaAV2gih^ -h~) (5-3-1) 

in which A is the cross-sectional area of the restriction, g is the acceleration 
of gravity, hi — h^, is the drop in head, and Ca is a discharge coefficient. 
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Eq. 5—3—1 is a nonlinear relation between the variable, drop in head and 
volume flow rate. 

For laminar flow in pipes the volume flow rate equation takes the form 
given by Eq. 5-3—2. 


— h2)Q 


(5-3-2) 


In this equation D is the pipe diameter, L is pipe length, q is fluid specific 
weight, and pi is the absolute viscosity of the fluid. As long as the Reynolds 
number is below the range given in Art. 5—2, Eq. 5—3—2 can be used to 
calculate volume flow rates. 

Before proceeding to various applications, hydraulic work and energy 
relations are reviewed. Since work is equal to force times linear dis¬ 
placement or torque times angular displacement, work in hydraulic 
systems is given by 


W == (pu4)(Distance) = ^(Volume) (5-3-3) 


Constant pressure is assumed in Eq. 5—3—3 so that integration of incre¬ 
ments is not required. Power is found for such a case as 


Power = 


Work 

Time 




(Volume) 

t 


= P(1 


(5-3-4) 


The average torque output of a hydraulic motor can be found by consider¬ 
ing that the work done in one revolution of the motor is 

2nT = Work done in one revolution (5—3—5) 

= (Drop in pressure)(Volume displaced in one revolution) ^ (5-3-6) 

^ _ (A/))(Displacement in one revolution) 

- 2 ^ ( 5 - 3 - 7 ) 


5—4. Hydraulic Resistance and Capacitance.^ Two auxiliary hy¬ 
draulic parameters are useful in analyzing general fluid handling systems. 
The first of these parameters is hydraulic resistance, which is defined as 


Rn 


d{hx ~ hz) 
dq 


(5-4-1) 


Hydraulic resistance thus relates increments in flow rate to increments 
in the drop in head for flow through an orifice or restriction. The 
hydraulic resistance, is the slope of the drop in head vs. flow curve. 
For flow Eq. 5-3-1 


J_ =_ ^ _= CgAVl^ _ q 

Rn d{h, -h^) 2(/ii l{h, -h,) 

^ Donald P. Eckman, Automatic Process Control, John Wiley & Sons, Inc,, New York, 
1958, Chapter 2. 
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Generally Rn varies as q and hi — changes. If Rn is evaluated at the 
normal operating values of flow rate and drop in head, it may be considered 
to be constant for relatively small increments in q and hi ~ h^. An 
approximate linear equation can then be written for flow rate increments, 
and drop in head increments, /^ia ~ /z 2 a- 

Aia — ^2A = Rh^lb. (5-4-3) 

Total values of q and (/zj — h^ are found by adding the increments to the 
normal operating values. If normal operation occurs at zero flow rate 
and zero drop in head for an orifice, jR/^ is zero. This result is useless and 
some additional knowledge of the maximum expected flow rate is needed 
in order to determine an average hydraulic resistance throughout the 



operating range. Fig. 5-4—1 illustrates a suitable choice of R^ for such a 
case. For laminar flow through pipes the hydraulic resistance is found 
from Eq. 5—3—2. 


Q 128/zT hi — ^2 /c 

This resistance is constant since the laminar flow equation is linear. 
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Example 5-4-1. Fig. 5-4-2 shows a flow vs. drop in head curve for an orifice 
with a discharge coefficient of 0.7 and a cross sectional area of 0.75 in.^. The hydrau¬ 
lic resistance of this orifice is to be found first for an operating point Oi of 6 ft. 
differential head and second for O 2 of zero head but with maximum expected 
variations up to 10 ft differential head. For Oi 

2(/zi - /Z 2 ) 2x6 ft 

~ q ~ 0.0718 ftVsec 
- 167 sec/ft^ 

For O 2 a suitable average is found as 

^ _ 108 sec/ft= (5^7) 

^ max 

This is actually the incremental resistance at an operating point oi hi — ho = 2.5 ft. 

The second auxiliary parameter, hydraulic capacitance is defined for tanks 
as 


(5-4-5) 

(5-4-6) 


C. 


fi?(Volume of fluid) 
dh 


(5-4-8) 


Thus Cji relates increments in fluid volume to increments in head in a tank. For 
tanks of constant cross-sectional area Cn is the cross sectional area of the tank. 


^1 


Ch 


qio = Qgo = normal operating volume flow rote 
and qg^ = increment from q,Q and q^o 
h|o = normal operating head 
h|^ = increment from normal head 


h| = h,o+ h|A 


^2 ”^20"^‘^2A 


R h h 2 = 0 

Fig. 5-4-3. 


Example 5-4-2. As an example of the use of the concepts of incremental 
hydraulic resistance and capacitance, the fluid-handling system of Fig. 5-4-3 is 
analyzed to obtain a transfer function between and qi^^. From volume considera¬ 
tions and the definition of Cn 


d'(Volume) _ <f(Volume) dhi 
dt dhx dt 


For ^10 = ^2 0 and for hio equal to a constant 


^ 2 A — 


, dhii, 

^ dt 


(5-4-9) 


(5-4-10) 


The hydraulic resistance, is used as follows 

hiA 0 == Rhqz. 


(5-4-11) 
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dhi^ ^lA /r A i ON 

The Laplace transform of Eq. 5^1—12 for zero initial conditions, 

[q,^(0) = 0, h,^(0) = 0], is 

+ -^^iTiA(^) — OiaW (5-4-13) 

The desired transfer function is 



Fig. 5-4^. 


Example 5-4-3. Fig. 5-4-4 shows a second fluid-handling system. This 
system is to be analyzed to obtain the transfer function H 2 i^{s)IQi^(s). 

For the first tank 


giA — C;^ 


(5^15) 


The following relation can be written at restriction Rh i 

hiA ^2A ~ ^h\^2A 

For the second tank and restriction, the equations are 


(5-4-16) 


q2A — Qza 


{5-^17) 


h^A 0 — ^ftg^SA 

Eqs. 5-4-15 through 5-4-18 can be combined to give 


(5-^-18) 


h^A — ^hiQlA 

(5-4-19) 
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The desired transfer function is now written by inspection. 

\ _ hi. 

^ ~ ~ Rh.RkiCh^ay + {Rh^Ch^ + a, + Ch^Rj,)s + 1 

(5-4-20) 

5—5. Hydraulic Valves and Actuators. Various specific hydraulic 
components are introduced in this article and linearized equations are 
developed to describe their performance. Since such components operate 
at higher pressures and with smaller volumes than the general systems of 
Art. 5~4, hydraulic valves, pistons, motors, and pumps require different 
analysis methods. These methods are introduced m the examples that 
follow. 



Ps 


Fig. 5-5-1. 

Example 5-5-1. The pilot-valve-operated linear actuator illustrated in Fig. 
5-5—1 is analyzed to obtain a very approximate transfer function in this example. 
Movement of the pilot valve admits high pressure fluid to one side of the actuator 
piston. The other side of the actuator piston is simultaneously opened to the low 
pressure reservoir. The various pilot valve openings are orifices and from Art. 5-3 
the volume flow rate, q, through an orifice is 

q = CaA (S-5-1) 

Ideally the pilot valve orifice openings are proportional to the displacement :x;i. 
Also as a first approximation, the pressure drops ps — pi ondpz — 0 are considered 
constant and equal. Finally, if leakage and compression effects are neglected, the 
input and output flow rates are proportional to Xi . 

(5-5-2) 

This input flow must move the actuator piston with a certain velocity as indicated 
in Eq. 5—5—3 in which Ap is actuator piston area. 
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_ Ap dx^ 

~ dt 

and the desired transfer function is 

X^{s) _ K,\Ap 

X,(s) s 


(5-5-4) 


(5-5-5) 


The velocity of the actuator piston depends on the input displacement. If the 
position is the output of the system that is being studied, an integration takes place 
between input and output. This is indicated in Eq. 5—5—5 by the pole at the origin 
of the Laplace ^-plane. The pilot-valve-controlled piston therefore behaves some¬ 
what similarly to the armature controlled d-c motor and the a-c servomotor of Chap¬ 
ter 4 in that they all give an integration between the input and output positions. 



Fig. 5-5-2. 



(b) 


Example 5-5-2. In some cases a mechanical feedback link is added to the system 
of Fig. 5-5-1. This link is shown in Fig. 5-5~2a and b which illustrate the second 
hydraulic valvepiston example. A transfer function relating the output position 
^2 to input position x^ is to be found. The assumptions concerning fluid flow which 
are made in Ex. 5-5-1 are repeated here. Only small movements are considered. Eq. 
5-5-4 is still valid. However Xi, X 2 , and x^ are all related now according to Eqs. 
5-5—6 and 5—5—7 which can be written from Fig. 5—5—2b if only small movements are 


considered. 



(5-5-6) 


(5-5-7) 


The differential equation relating input and output displacements is obtained by 
eliminating Xi between Eq. 5-5-4 and Eq. 5-5—7. 
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[ll ^2\ dx2 I /C QN 

The desired transfer function can now be written by inspection. 

X^is) _ (K.Mp)[(/x + /,)//,] 

The output is no longer the integral of the input. Instead a single time constant 
response is characteristic of the system. The integration is lost because the move¬ 
ment of the actuator piston cancels out the initial movement of the pilot valve caused 
by a movement of the input x^. Flow to the actuator is thus stopped and the actuator 
stops. Further investigation of this system is left as Prob. 5-4. 

Example 5-5-3. A more detailed analysis of the valve operated actuator of Fig. 
5-5-1 is made in this example. While the assumption of negligible compressibility 
used in Ex. 5—5—1 may be valid because of the small volume of fluid under compres¬ 
sion, the other assumptions made in that example lead to appreciable errors. The 
input flow rate should be related to the drop in pressure across the input valve 
opening. Eq. 5-5-10 


= K^x, VPs ~ Pi (5-5-10) 

gives this relationship if it is assumed that the valve opening is proportional to 
valve displacement, Xi. The supply pressure, ps, is constant while the pressure pi 
on the high pressure side of the piston is a variable. Eq. 5—5—10 is nonlinear since 
both a product of variables and a square root are involved. Nevertheless this does 
not make further approximate linear analysis impossible. There must be a relation 
between the load force, F the actuator piston area, Apy and the drop in pressure, 
(pi ~ p 2 .) — pL> across the actuator piston. This relation is given in Eq. 5—5—11 as 

F L — Ap(pi — P 2 ) == ApP i, (5—5—11) 

It is also possible to relate the valve orifice pressure drops, (pg — Pi) and (p^ — 0), 
to the load pressure drop, pi — p^ ~ p l, and the supply pressure, p^. 

Total orifice drops = ps — pL (5—5—12) 

With ps fixed, the orifice pressure drops become functions of p l, and becomes 
a function of the input displacement and the load pressure drop p i/. 

-AxuPl) (5-5-13) 

The incremental approach of Chapter 3 is useful. The total differential of input 
flow rate is 

■is,.-tf 

If the partial derivatives are considered to be constant over the operating range of 
Xi and pL about a selected operating point, Eq. 5-5-14 is a linear relationship for 
increments. Since normal operating points are = 0 and ^ = 0, the increments 
are actually total values of the variables. As long as only small values of Xi and p are 
used, Eq. 5—5—14 can be written as 


^ -^ 1^1 + K.2p 


(5-5-15) 
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In this equation 


K, 


Hu 

dxi 


p, = 0 


K, 



constant 0 


(5-5-16) 

(5-5-17) 


The constant is numerically negative since input flow rate decreases for an in¬ 
crease in load pressure at a constant valve opening. 

The effect of a leakage flow rate can be found as follows. In general leakage 
depends on load pressure and experiments indicate that a leakage flow rate term, qi, 
directly proportional to p is suitable. This relationship can be expressed as 


qi =K,Pr. (5-5-18) 

The flow rate established by movement of the actuator is 

5. = (5-5-19) 

Finally the input flow rate must equal the sum of qa and qi^ 

= K,x, +K,p^= Kpr, + ^ (5-5-20) 


Before Eq, 5-5-20 can be altered to relate only Xi and X 2 , a relationship between 
and the actuator displacement, X 2 , must be written. This depends on the type of 
load on the actuator. For a viscous friction and mass load 

„ „ d^X2 , ^ dx2 

AppL = Fl — M 

Eqs. 5—5—20 and 5—5—21 can be combined and simplified as follows, 

K.>. - w ^ K.) [a, + (X, - X) A] ^ 

A transfer function can now be written as 

X2{s) K,AJM{K, - K 2 ) 

X^(s) s {s -f [Ap^lMiK, - K 2 ) + f.lM] } 

The effect of compressibility is still not included in the transfer function of Eq. 
5—5—23. However the approximate effects of load pressure and leakage on the input 
flow rate are added to the simplified analysis of Ex. 5—5—1. 


(5-5-21) 

(5-5-22) 

(5-5-23) 


Constont 

speed 

drive 



Motor 



Variable 

speed 

output 


Fig, 5-5-3. 
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Example 5—5—4. The hydraulic pump controlled motor of Fig. 5—5—3 is a slightly 
different hydraulic actuator system that gives rotary motion as an output. This 
system provides a final example for obtaining a hydraulic system transfer function. 
The pump used in this combination is a variable stroke piston pump that uses a 
tiltable plate to control the stroke of the pistons.^ The tilt plate position is used 
as the input; however, it is convenient to use the fraction of maximum tilt plate 
displacement as the actual input variable. The hydraulic motor that is used has a 
fixed displacement; therefore variation of fluid flow through the motor causes a 
direct variation in motor speed. 

A reasonably detailed analysis of the hydraulic pump controlled motor can be 
made by finding the flow rate through the pump and equating this to the sum of 
actual motor flow rate, leakage flow rate, and compression flow rate. The flow rate 
through the pump, must be directly proportional to the piston stroke. Since 
pump piston stroke is proportional to tilt plate position, 

= K^rj (5-5-24) 

where rj is the input expressed as a fraction of maximum tilt plate angle. The actual 
volume of fluid flowing through the motor and causing rotation depends on the 
fixed piston displacement, the number of pistons, and the number of strokes. Since 
there is generally one stroke of each piston per shaft revolution, the volume of flow 
through the motor is proportional to motor shaft angle and the motor flow rate, qm, 
is proportional to motor velocity, 

J (5-5-25) 

The leakage flow rate for the system which is being considered is taken as proportional 
to the drop in pressure, pi, across the motor, 

qi == K,pi (5-5-26) 

The final flow rate to be considered is that due to compression effects. From the 
definition of the bulk modulus of fluids in Art. 5-2 it is possible to establish a com¬ 
pression flow rate. The approach used here follows that of Gibson and Tuteur.^ 
For a blocked motor and equal pressures in two equal volume lines, the effect of 
pumping of fluid, Q, from one line to another raises the pressure in one line by Ap 
and lowers the pressure in other line by the same amount. The relationship between 
0, Ap, and B is 

Q = (5-5-27) 

where V is the total volume of fluid in the system. After the fluid has been pumped 
from one line to another, the difference in pressure between lines is 2Ap — pi. 
Therefore 


Q = ^Pl (5-5-28) 

^ John E. Gibson and Franz B. Tuteur, Control System Components, McGraw-Hill Book 
Co., New York, Chapter 10. 

^ Ibid, 
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dt 4B dt ~ ^ dt 


(5-5-29) 


There is no compression flow rate unless the load pressure is changing. The pump 
flow rate can now be equated to the sum of the three flow rate components, qu 
and qc as follows. 

K^r) = + + (5-5-30) 


In order to continue the development of an over-all transfer function, a load pressure- 
to-developed torque equation plus an output torque to output angular displacement 
equation must be obtained. The developed torque is proportional to the drop in 
pressure across the motor. 

To =KmPL (5-5-31) 

The constant Km here is the same as that in Eq. 5—5—25. This fact is obtained by 
equating hydraulic and mechanical forms for power. 

Hydraulic power = qmpL ~ Km -^P l (5-5-32) 

at 

Mechanical power = 2^ ^ = K^orquoP l ^ (5-5-33) 


K,orqu. = (5-5-34) 

For a general load torque equation which accounts for moment of inertia, viscous 
friction, and a spring. 

= + D^ + = Tjy (5-5-35) 

By combining Eqs. 5—5—31 and 5—5—35 

Finally Eq. 5-5-36 can be substituted into Eq. 5-5-30 to obtain the desired differen¬ 
tial equation, 


K-mK-pYj 


(KJ) 5 + iKJ + KcD) 




+ + K,D + K.. 


dd^ 


+ (KKs)e, (5-5-37) 


The system transfer function is 
O 2(^) 


G(s) 


KmKpIKJ 


r)(s) 


, /Ki 



, K,D , 


, , K,K, 




j-;—u 

J J 

l'+ KJ 


(5-5-38) 

The complexity of this transfer function prevents much general discussion of the 
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system characteristics. However, application of the final-value theorem for a unit- 
step input gives a final output angle, 

(5-5-39) 

For this condition the pump flow rate is Kp, and the output torque is ^ 2 ss ^6 which 
requires a load pressure 02 s sKJKm • Since the motor is blocked and the load pressure 
is constant, all of the motor flow must be leakage flow. This is shown by rearranging 
Eq. 5-5-39 as follows and by using the expressions for pump flow and load pressure, 

= K, (5-S-^0) 

This equation may not be valid since it may not be possible to obtain the load pressure 
pLss with practical components. The supply lines might rupture, the pump might 
stall, etc. Thus equations do not tell everything. They must be used with care and 
judgment. In fact, the load pressure variation as well as the output position should 
be checked in each problem to indicate excessive pressure. Furthermore, if the 
spring load in absent, the system becomes an integrating device. A fixed input 
stroke causes a fixed output rate of change. 


5-6. General Pneumatic System Relations. The basic para¬ 
meters and variables used in air systems are the same as those used in 
regular hydraulic systems. However certain additional factors must be 
considered. First among these is the role played by compressibility. In 
many low pressure, small volume hydraulic systems compressibility can 
be neglected; however compression of air is an important factor in pneu¬ 
matic systems. The type of expansion or compression in air systems is a 
second important factor which is not considered in hydraulic systems. In 
most cases the air process is intermediate between an adiabatic (no heat 
exchange) and an isothermal process. A third new factor commonly 
encountered in air systems is supersonic flow through orifices and restric¬ 
tions. This condition occurs when the pressure drop across an orifice or 
restriction exceeds 47 per cent of the upstream pressure. The flow rate 
is independent of the downstream pressure under such conditions. 

Three basic flow equations are needed for air systems—one for subsonic 
flow through orifices, one for supersonic flow through orifices, and one 
for smooth flow through tubes and capillaries. The first of the required 
equations is 


w — 



(5-6-1) 


which assumes that the input velocity can be neglected compared to the 
velocity through the restriction. In Eq. 5-6-1 the symbols have the 
following meanings: 

w = weight flow rate — Ibs/sec 
Ca = discharge coefficient 
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A 2 — area of orifice of restriction — in^. 

Vi & V 2 = upstream and downstream specific volumes respectively 
—in.^/ib 

pi^p 2 = Upstream and downstream pressures, respectively —Ibs/in^ 
n = polytropic process exponent (1.4 for adiabatic, 1.0 for iso¬ 
thermal) 

g = acceleration of gravity —in./sec^ 

By using a binomial expansion of the factor [1 — the follow¬ 

ing simplication is possible. 



(n-lyn 

\ = 1 - 

'l pi 

(5-6-2) 

\p\} 

= 1 - 


' Pl ' 

(5-6-3) 

^ ( 


(5-6-4) 


Flow eq. 5—6—1 can therefore be approximated as 

^ —pi) (5-6-5) 

Vi 

as long as the orifice pressure drop is a small percentage of the input 
pressure. Eq. 5—6—1 gives a maximum value for adiabatic flow at 


p2 = O.SZpi (5-6-6) 

This leads to the second pneumatic flow equation. For p 2 < 0.53 pi 
supersonic flow exists through orifices and 


0,53CaA2pi 


(5-6-7) 


where Ti is the temperature of input air in degrees Rankine. The weight 
flow rate is independent of the drop in pressure under these conditions. 
The third flow equation is for smooth flow through tubes. This equation 
is 


nP^ipl -pl) 

2S6ijlvipi 


(5-6-8) 


in which D is tube diameter, fjL is absolute viscosity of air, and I is tube 
length. For small drops in pressure 
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— P2) j 
nsfiiv, \ 


(5-6-9) 


7 tD*(pi — P2) 

^ 1 2Sjuhi 


(5-6-10) 


Eq. 5—6—10 is a linear equation but is subject to considerable error if pz 
is much smaller than jpi. All of the original flow relations above are highly 
nonlinear. Thus a linear approximation approach must be used to 
simplify the analyses that follow. 

5-7. Pneumatic Resistance and Capacitance. The concepts of 
pneumatic resistance and capacitance can be used in a manner somewhat 
similar to hydraulic resistance and capacitance. Incremental pneumatic 
resistance is defined as 


Rp 


d(pi ~-p2) 
dw 


(5-7-1) 


It is therefore the slope of the curve relating pressure drop to weight flow 
rate. For flow orifices when the drop in pressure is small, Eq. 5—6—5 
can be used in an approximate manner (v^ and Vi considered constant at 
operating values) to give 


Rp 


— 5 — 


J? — — Pz) 

■tV-p 


(5-7-2) 

(5-7-3) 


This resistance can be evaluated at the operating values of w and (pi — p 2 ) 
and treated as a constant for small variations from the operating point. If 
the normal operating point is zero flow and zero pressure drop, Rp is 
zero and no useful result is obtained. In such a case an average Rp 
determined by the maximum excursion of — p 2 and zv should be used. 
Fig. 5—7—1 illustrates such a choice. 


Maximum volues of 



Fig. 5 - 7 - 1 . 
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Example 5-7-1. The air resistance for a 0.1 in. diameter orifice with a discharge 
coefficient of 0.62 is to be found assuming a small pressure drop and 

pi = 15 psig^ 

p 2 =10 psig ^operating values 


Ti = 68° F. J 

p = i = 0.0753 Ibs/ft’ at 68° F. and 14.7 psia 

The operating weight flow rate determination requires Vi and For an approxi¬ 
mately isothermal process 

piVi = constant = p^v^ = (pt^)i 4 7 psia 


Therefore 


- - (i4:^)(oi53) - 

= (6.48)(1728) = 1.12 x 10" in.’/lb 

®2 


■"(nWioXoilj)- 

At the operating point Eq. 5-6-5 is 


(5-7-4) 

(5-7-5) 

(5-7-6) 

(5-7-7) 


(0.62)(:^ X 10 -““) V(2)(32.2 x 12 )(1.12 x 10")(15 - 10) (5-7-8) 
(4)(1.365 X 10") 


Wq = 2.35 X 10 ^ Ib/sec 


The pneumatic resistance is obtained from Eq. 5-7-3 as 




2(15 - 10) 
2.35 X 10“" 


= 4.26 X 10® sec/in.® 


(5-7-9) 


(5-7-10) 


Example 5—7—2. In this example a suitable pneumatic resistance of the orifice 
of Ex. 5—7—1 is to be found when the operating weight flow rate is zero. However, 
pressure drop variations up to 5 psia are expected. The pressure pi is assumed to be 
constant at 15 psig. Eq. 5—7—2 reduces to zero in this case. The actual weight flow 



rate curve is shown in Fig. 5-7-2. The pneumatic resistance can be taken as shown 
in Fig. 5-7-1. 

P ^ (^1 -f>2)m.v ^ 


Wmax 


2.35 X 10- 


= 2.13 X lO’sec/in.^ (5-7-11) 
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For cases in which air flows through capillary tubes in a system, Eq. 5—6--8 is 
generally applicable. However the form of this equation makes it difficult to find 
jRp. Eq. 5—6--10 provides a suitable approximation for determining Rp in such 


cases. 




nsfiivt 


(5-7-12) 


Example 5-7-3. Eq. 5-7-12 can be used to find the pneumatic resistance of a 
0.05 in. diameter capillary tube 4 in. long at 68° F as follows. For air // = 2.5 X 10 ^ 
(r/273)^^^ Ibs-sec/in.^ (T in degrees Kelvin). An input pressure of 20 psig is 
assumed. The following quantities must be determined first. 





= 2.64 X 10"Mb-sec/in.^ 
= 9.71 X 10" m."/lb 


(5-7-13) 

(5-7-14) 


Rp can now be found as 

Rp 


(128)(2.64 X 10-")(4)(9.71 x 10") 
jr(5 X 10-")^ 


662 sec/in." 


(5-7-15) 

(5-7-16) 


The difficulty encountered in evaluating Rp 2 it pi p 2 = 0 in Ex. S-1—1 is not 
present when using Eq. 5-7-12. 


The concept of pneumatic capacitance is similar to that of hydraulic 
capacitance in Art. 5-4. However, for pressurized vessels pneumatic 
capacitance depends on the type of expansion process involved. Pneu¬ 
matic capacitance is defined by 


dp 


(5-7-17) 


where PFtotai is the total weight of air in a pressurized volume. Since 
total weight is total volume times specific weight, Cp for essentially con¬ 
stant volumes can be written as 


Cp = (volume) ^ (5-7-18) 

in which q is specific weight. From thermodynamics 

pv"^ —PIq^ = constant (5-7-19) 

pz; =. Pig = T (5-7-20) 

The term i2gas is the universal gas constant. can now be found by 
differentiating Eq. 5—7—19 and substituting from Eq. 5—7—20. 


C p 


Volume 

nRg.sT 


(5-7-21) 
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Example 5-7-4. To illustrate pneumatic resistance and capacitance, the 
capillary-volume system of Fig. 5—7—3 is analyzed to obtain the transfer function 
which relates increments in supply pressure to increments in pressure 7)i a in the 



Volume = 8 in 3 
I = 3 m 

Ts = 68°F = T, 

Ps = 10 psig = p, 

D = 0.02 in 
n = I (Isothermal) 


Operating 
f" values 


Fig. 5-7-3. 


vessel. The pneumatic resistance, of the capillary is determined as follows 
according to the procedure of Ex. 5—7—3 from which example fi — 2.64 X 10"® Ib- 
sec/in. From Eq. 5-7-5, Vi = 1.365 X 10^ in.®/lb 

„ _ (128)(2.64 X 10-®)(3)(1.365 x 10^) 

^(2)4(10-8) P 

^ 276 x 10^ sec/in." (5-7-23) 

Q =_?_ (' 5 _ 7 _ 24 ) 

^ (1)(53.3)(526)(12) (ft/°Rankine)(°Rankine)(in./ft) 

= 2.37 X 10-" in.2 (5-7-25) 


The equation relating the increment in weight flow rate through the capillary 
to the difference in increments of pressure />«a ~ Pia is 

psA — PiA = (5-7-26) 

The relation between the time variation of increments of pressure, pi a, in the vessel 
and the weight flow rate increment is 

C ^ (5-7-27) 

at 


In reconciling Eqs. 5—7—17 and 5—7—27 it should be noted that za is a rate of flow 
and not a total weight. Eqs. 5-7-26 and 5-7—27 can be combined to give 

^ (5-7-28) 

(276 X 10“)(2.37 X 10-) ^ = p,^ (5-7-29) 


^PlA , PlA _ PsA 

dt ^ 65.4 “ 65.4 


(5-7-30) 


The desired transfer function can be written by inspection as 

rr ^ _ 1.53 x 10"^ 

P.a(s) s + 0.0153 


(5-7-31) 


The system which is being considered is characterized by a single pole at 5 = —0.0153. 
Thus the impulse response has a single time constant of 65.4 sec. This long time 
constant is typical of some pneumatic components. 
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Example 5-7-5. The simple capillary-bellows system of Fig. 5-7-4 is another 
example of pneumatic components. A transfer function relation between the posi¬ 



tion Xi and increments in is needed. The position Xi is chosen as zero when 
is at normal operating pressure. The bellows acts as a spring so that 

Force = KgXi ~ Api^ (5-7-32) 

The term A is the effective bellows area upon which pressure acts to elongate the 
bellows. The volume of expansion of the bellows is assumed small so that Cp is 
essentially constant. 

From Ex. 5-7-4 


PUs) ^ lIRyCp 
Psa(s) s + IjRpCp 


Eq. 5-7—32 can be transformed to give 


X^is) 

PiAis) 


A 

Ks 


(5-7-33) 


(5-7-34) 


Eqs. 5-7-33 and 5—7—34 are then combined to give the desired transfer function. 

^i(^) _ AlKsRpCp 

P,^(s) s + lIRpCp 


5-^, The General Incremental Analysis of Pneumatic Systems. 

Many pneunnatic problems require more than just Rp and Cp. The 
general incremental approach of Chapter 3 must be applied. Since this 
method is best illustrated by example, its development is made in the 
example that follows. 



Fig. 5-8-1. 


Example 5-8-1. Fig. 5-8-1 illustrates a nozzle, baffle plate, bellows, restriction, 
and constant supply pressure ps> A transfer function is to be found for Xi(s)IO(s), 
The bellows and nozzle are assumed to have a constant capacity Cp. The restriction 
has a resistance Rp. Other assumptions are that supersonic flow occurs through 
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the nozzle and that only small variations from normal operating valves exist. The 
variables x and 6 are chosen as zero at normal operating valves of W 2 and pi. Since 
supersonic flow through the nozzle is assumed to exist 

^2=MPi) (5-8-1) 

= + (5-8-2) 

The partial derivatives are evaluated at the operating values of Wz, 0, and pi and then 
considered to be constants for the small excursions that occur in operation. 


Ki 

K 2 


dw2 



dw2 

^Pi 0 = 0 


Eq. 5-8-2 can now be written as 

W2A = KiO + K2P1A 


(5-8-3) 

(5-8^) 

(5-8-5) 


The choice of the position for 6 = 0 means that increments from the normal position 
are actually equal to the total value of 6. From Ex. 5-7-4 and 5—7—5 and the con¬ 
servation of weight of air 

psA —piA ~ Rp^iA (5-8-6) 

c, ^ (5-8-7) 

KgXi = ApiA. (5—8—8) 

Eqs. 5-8—5, 5-8-6, and 5-8-7 can be combined to eliminate Wia and W 2 a^ 


C 


dpiA 
^ dt 


Rp 


ipsA — Pia) — {Kid + K2P1A) 


^PlA I / 1 1 ^ 2 \ 

dt 


PsA _ Ki ^ 


RpC p C*p 


The pressure pi a is now eliminated to give 


dxi 

dt 




A 


~ PsA 


AKi 


(5-8-9) 

(5-8-10) 


(5-8-11) 


For the constant supply pressure assumed originally, psA — 0 and the transfer func 
tion can be written as 


Ki(s) 

0{s) 


-AKi/KsCp 



(5-8-12) 


The presence of the minus sign in Eq. 5-8-12 indicates that positive values of 6 
lead to a decrease in :x;i. This is caused by an increase in W 2 and Wi which in turn 
causes a greater drop in pressure across Rp. The effect of an increment in ps can 
be seen by studying Eq. 5-8-11. Positive increments in ps lead to positive increments 
in Xi through a single time constant relationship. 
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5-9. Conclusion. This chapter reviews hydraulic and pneumatic 
equations and introduces various methods of analyzing such systems. Be¬ 
cause of the nonlinearities involved, the use of the incremental method pre¬ 
dominates. Even its accuracy is questionable in many cases. The con¬ 
cepts of hydraulic and pneumatic resistance and capacitance are introduced 
to aid in formulating system equations. In reality they are analogous to 
electrical resistance and capacitance. This analogy was not stressed since 
a later chapter deals with analog methods and since it would introduce 
more material, possibly detracting from the immediate analysis problems. 
The s-plane pole-zero plots for transfer functions have not been drawn 
for systems in this chapter; however, they should not be forgotten as they 
provide a common point for comparing the dynamic characteristics of 
hydraulic and pneumatic systems with mechanical and electrical systems. 
Later chapters tend to overlook the actual physical origin of the 5-plane 
pole-zero plots and study the characteristics of forms of transfer functions. 
A knowledge of the transfer functions of various systems and components 
is a very useful aid in visualizing what happens physically. 

PROBLEMS 

5-1. Calculate the laminar hydraulic resistance of a 1 in. diameter pipe 10 ft 
long for water flow at 68°F. 



5—2. For the system of Fig. 5—P—2 determine the response in /? to a step change 
in qi of 1 /80 ft®/sec from its operating value. The normal steady operating head is 
4 ft and the normal operating value of = 1 /8 ft^/sec. The vessel is cylindrical 

and 6 ft^ in cross-sectional area. Assume Rn is the resistance of an orifice. 



Fig. 5-P-3. 
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5—3. Determine the ^-plane pole-zero pattern for the system of Fig. 5—P-3 if 
qi is considered the input and is the output. Tank no. 1 is cylindrical and 2 ft in 
diameter while tank no. 2 is rectangular in cross section with sides 1 ft by 2 ft. Restric¬ 
tion no. 1 is 0.7 in.^ in area and has a discharge coefficient of 0.65. Restriction no. 2 
is 0.8 m.^ in area and has a discharge coefficient of 0.65. The operating head in 
tank no. 2 is 2 ft. Other operating values are such as to maintain a steady value of 
head in tank no. 1. 

5-4. Discuss the effect of the ratio I 1 II 2 on the response of the idealized valve 
operated piston of Ex. 5—5—2. 

5—5. Determine the time varying pressure drop across the idealized piston of 
Ex. 5-5-2 if a load of — 200 Ib-sec/ft and = 100 Ib/in, is moved horizontally 
due to a 0.2 in. step input x^. The piston effective area is 2 in.^ A 0.1 in. input 
movement gives a 2 in. output with 63.2°/o of the change accomplished in 0.4 sec. 

5-6. Reanalyze the valve operated piston system of Ex. 5—5—3 by including a 
compression flow rate, Qc = Kc dp ^Idt. 

5—7. Obtain a transfer function which relates actuator piston output position 
to pilot valve input position assuming that the pilot valve is an ideal flow control 
valve = Kxi). Include compressibility and leakage effects if they don’t drop out 
automatically. 

5-8. Repeat Prob. 5-7 for an ideal pressure control valve (p^ = Kx^^). What 
happens to compression and leakage effects ? 

5-9, A pilot valve actuated piston as shown in Fig. 5-5-1 has the following 
characteristics: 

Actuator piston area — 0.96 in.^ 

,, ,, stroke = 4 in. 

,, ,, load weight = 140 lbs 

,, ,, load damping =10 Ibs-sec/in. 

,, ,, spring load = 2000 Ibs/in. 

Leakage flow versus load pressure with a blocked actuator is shown in Fig. 5-P—9. 
The supply pressure is 3,000 psi. The rate of change of input flow rate vs. pilot 



Fig. 5-P-9. 


valve position at constant load pressure is 4000 (in.®/sec)/in. The rate of change of 
input flow rate vs. load pressure for constant input position is —4 X lO""^ in.®/(lb- 
sec). Determine the transfer function Eq. 5—5—21 for this combination neglecting 
compressibility. 

5-10. The valve-piston system of Prob. 5—9 has an over-all tubing, manifold, 
and piston volume of 16 in.®. Assume a bulk modulus for the hydraulic fluid of 2.25 
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X 10® psi. A 10®/o expansion in tubing is to be allowed for by a change m the bulk 
modulus. Using in addition, information in Prob. 5-6 and 5—9 and the equation 
5-5-9, find the transfer function for the valve-piston system. 

5-11. Find the steady-state response of the valve-piston system of Prob. 5-10 to 
an input 

Xi = 0.001 sin 300^ in. 

5-12. Determine an expression which relates the leakage coefficient of the pump 
controlled hydraulic motor of Ex. 5—5-4 to steady-state change in output rpm divided 
by the torque increment required to cause the speed change. Note that an increase 
in torque causes a decrease in speed due to the diversion of fluid thru leakage paths. 

5-13. A piston-type hydraulic pump with a tilt plate has the following ratings: 

Displacement = 1 in.^/rev max 
Speed = 4,000 rpm 
Rated pressure == 3,000 psi 

A motor identical to the pump except for a fixed displacement of 1 in.®/rev is driven 
by the pump. The total leakage is proportional to load pressure and is 15®/o of the 
actual motor flow at rated pressure of 3,000 psi. The pump and motor are connected 
by 1/2 in. diameter tubing and they are 25 ft apart. Allow a 15°/o increase in the 
compressibility coefficient to account for tubing expansion. Assume B == 2.5 X 
10® psi. The motor is loaded by a weight of 25 lbs which has a radius of gyration of 
2 in. Additionally, viscous friction D = 1.75 in.-lb-sec exists. Neglect line pressure 
drops. Determine the transfer function which relates motor speed to percentage 
tilt plate motion. 

5-14. Find the transfer function which relates the load pressure, Pls to the 
percentage input tilt plate motion for the pump-controlled motor of Prob. 5—13. 
Find the steady-state load pressure for full 100®/© tilt plate movement. 

5-15. Calculate the air resistance of a 0.08 in. diameter orifice with a discharge 
coefficient of 0.65 for 

pi = 10 psigl 

p 2 ~ 8 psig operating values 

T, = Ti = 100" F J 


5-16. Plot a curve of the pneumatic resistance of a capillary tube 6 in. long and 
10 mils in diameter for temperatures from 0"F to 200°F. Assume no change in 
diameter due to temperature. Assume an isothermal process. Use semilog graph 
paper with temperature on the log scale. 

5-17. Plot the pneumatic capacitance for a 2 in.® volume vs. temperature from 
0" to 200"F for an adiabatic process. Repeat for an isothermal process. Use semilog 
graph paper with temperature on the log scale. 

5-18. Plot the isothermal pneumatic time constant, RpCp, vs. temperature for 
0" < T < 200"F for the of Prob. 5-15 and Cp of Prob. 5-17. Use semilog graph 
paper with temperature on the log scale. 

5-19. The system of Fig. 5-8-1 has the following characteristics. 


Rp — 600 sec/in.® 
Cp = 2 X 10”® in. 
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At a normal operating value of pi = 10 psig a change of 0.2 degrees in B causes an 
increase of 3 X 10™^ Ib/sec in W 2 ^ At 6 0 an increase m pi of 1 psi causes an 

increase of 1 X 10“^ Ib/sec in zi; 2 . The bellows has an effective cross sectional area 
of 20 in.^ and an effective spring constant of 500 Ibs/in. Find the approximate 
transfer function Xi{s)lO{s). 
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ANALYSIS OF SIMPLE CONTROL SYSTEMS 

6—1. Introduction. This chapter applies the mathematical proce¬ 
dures developed in Chapters 2, 3, 4, and 5 to simple control systems. The 
first part of this analysis is concerned with the transient response, the 
second determines the steady-state response when a sinusoidal input is 
applied to the system. 

If the input to a control system is changed to a new function, the system 
goes through a transient period and if the system is so designed, settles 
into a steady-state response. Nevertheless, the variations during the 
transient period may be quite pronounced and therefore need to be invest¬ 
igated. The transient analysis of control systems determines the complete 
response of the system to some designated input in that this solution con¬ 
tains both the particular and the complementary component of the solu¬ 
tions. 

Steady-state sinusoidal analysis of control systems assumes that a 
sinusoidal function is applied to the input and is maintained long enough 
for the transient (or complementary) component of the solution to decay 
leaving only the steady-state (or particular) component of the solution. 
This analysis is analogous to a-c circuit theory as discussed in Chapter 3. 

6—2. Types of Input Signals. Because of the wide variety of inputs 
that control systems may be expected to follow, it may be impossible to 
analyze a system under actual input conditions. However, the actual 
input can usually be interpreted so that test inputs can be applied and, if 
the system response is satisfactory, the system response to the actual input 
is also satisfactory. 

The problem of test inputs is not unique with control systems and a 
review of a more familiar situation may be reassuring. For example, an 
audio amplifier can be connected to the output of an AM tuner and the 
input signal to the amplifier originates from whatever program the radio 
station is broadcasting at the moment. This amplifier was not tested with 
this exact signal. However, in all likelihood, a sinusoidal test input of 
varying frequency was applied to the amplifier. If it passed a certain band 
of frequencies, it was assumed to be satisfactory. 
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The control system designer can examine the genera! nature of the 
input to which the system is to respond. He can then choose a test input 
more severe than the expected input. The impulse family of functions 
discussed in Chapter 2 has proved very useful as test imputs. The unit- 
step function represents a sudden change in the input and places rather 
severe demands on the system. A unit-ramp function represents the type 
of input followed by a sweep-radar and similar systems. In other situa¬ 
tions other members of this family may be useful. If the response of the 
system to these test inputs is satisfactory, the system will certainly handle 
the expected input. 

The other type of input function in common use is the sinusoid. As 
mentioned previously, the calculation of the steady-state response to a 
sinusoid of varying frequency is analogous to calculation of the frequency 
response curve for an amplifier. 



Fig. 6-3-1. 

6—3. Nomenclature for Step Function Response. Certain no¬ 
menclature exists concerning a system’s response to a unit-step function. 
A typical response is shown in Fig. 6—3—1 as the c{t) curve. Much of the 
information contained in this curve can be summarized by 5 terms: 

1. The overshoot is the maximum value by which the output exceeds the input 
and is usually given as a percentage of the final value. 

2. The time required for c{t) to reach its maximum value is denoted by T^. 

3. The time required for the output c{t) to rise from 10^Io to 90°/o of the final 
value is called the rise time and is denoted by Tr- 

4. The time required for the output c(t) to reach 50®/o of the final value is called 
delay time and is denoted by 

5. The time required for the output c{t) to settle and remain within ib5°/o of 
its final value is called settling time and is denoted by T^. In order to have 
a continuously variable settling time for design purposes, it is more con¬ 
venient to consider the envelope instead of the actual curve. 
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In some cases different percentage values are used for rise time and for 
settling time. For example, ± 2®/o of the final value is sometimes used 
for settling time. However, even though the percent may be different, the 
terms mean the same thing. 

6-4. Nomenclature for Sinusoidal Steady State Response. 
Certain nomenclature exists concerning a system’s steady-state response 
to an input that is a sinusoid of varying frequency. The magnitude M 
of a typical output response |C(/co)| when the magnitude of the input is 
unity is shown in Fig. 6-4-1. As discussed later, when co = 0 the typical 
output is of unit magnitude. Much of the information contained in this 
curve can be summarized by 3 terms: 



1. The maximum value reached by the magnitude of the output is denoted 
by Mm.- 

2. The value of co at which the output reaches its maximum value Mm is denoted 
by com- 

3. The value of co at which the output reaches 0.707 of the input is called the 
bandwidth and is denoted by co . 

6-5. Block Diagram Transformations. In Chapters 3, 4, and 5, 
the transfer function and its associated block diagram are introduced. 
Since the block diagram method of analyzing control systems is extremely 
useful, the manipulation of more elaborate diagrams is helpful. By the 
use of transformation rules, a complicated diagram can be reduced to a 
single block. Several of these rules are developed in this article and a few 
of those developed in Chapter 3 are reviewed. 

Two transfer functions connected in tandem can be multiplied to 
yield the transfer function of the combination. This concept is discussed 



(b) 

Fig. 6-5-1. 
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in Chapter 3 and is shown in Fig. 6—5—1 for review. The arrows show the 
direction of signal flow. The transfer function is defined as the ratio of 
the Laplace transform of the output to the Laplace of the input. In Fig. 
6-5-la, the signal F 2 is) can be written as 

F^is) = G^(s)F^(s) (6-5-1) 

The signal Fs(s) is 

FM - G2is)F2is) - Gr(s)G2(s)F,(s) (6-5-2) 

In Fig. 6-5-lb, the signal Fz(s) can be written as 

Fs(s) = G,(s)G2(s)F,(s) (6-5-3) 

a comparison of Eg 6-5-2 and 6-5-3 shows the two block diagrams to be 
equivalent. 

A summing point is a point in a system where two or more signals 
combine. Fig. 6—5—2a indicates that the signals Fi{s) and F^is) combine 



Fig. 6-5-2. 

to yield ^ 3 ( 5 ). The plus sign for Fi{s) indicates that Fi(s) goes through 
the summing point with a plus sign whereas the minus sign on F 2 (s) 
indicates that ^ 2 ( 5 ) goes through the summing point with a minus sign 
as given by the equation 

F,(s) - F^is) = F,{s) (6-5^) 

Fig. 6-5-2b shows two plus signs indicating the signals combine as 

F^(s) -h F^is) - F^is) (6-5-5) 



Fig. 6-5-3. 

Summing points in tandem can be combined as indicated in Fig. 6—5—3. 
For the system of Fig. 6-5-3 a, the output of the first summing point 
Fz{s) is given by 

F,(s) == F,(s) - F^is) (6-5-6) 

The output of the second summing point is 

Fsis) = Fsis) + 2 ^ 4 ( 5 ) == Fi(s) — F 2 (s) + F4(s) (6-5-7) 
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The output of the system of Fig. 6—5—3b is also given by this equation and 
therefore the systems of Fig. 6—5—3a and 6—5~3b are equivalent. 

In certain situations, it may be convenient to divide one summing 
point with a number of incoming signals into two or more summing points 
in tandem. Fig. 6—5-3 demonstrates this when considered in the reverse 
direction. 

A pick-off point is a point in a system at which the signal proceeds along 
several different paths without being affected by the presence of these 
paths. A pick-off point is indicated in Fig, 6“5-4. 


F(s) 

F(S) 

F(s) 


'f(s) 


Fig. 6-5-4. 

The basic block diagram for a closed-loop system is shown in Fig. 
6—5—5a and the equivalent single block that replaces the closed-loop 



system is shown in Fig. 6—5~5b. The equivalence of these two systems 
is shown in the following development. In Fig. 6—5—5 a, G(s) is the transfer 
function of the forward portion of the system and H(s) is the transfer func¬ 
tion of the feedback portion of the system. In reality, as discussed in Art. 
6—7 these blocks may be a combination of many sub-blocks which are 
necessary in analyzing the original system. 

The input signal to the closed-loop system is r(t) and its Laplace 
transform is R{s). The output signal is c(t) which has a transform C(s). 
The actuating signal and its transform are e{t) and E{s) respectively. The 
primary feedback signal and its transform are b{t) and B(s) respectively. 

The equations that describe the system are 

E(s) - Ris) - B(s) 

C(s) = G(s)E(s) (6-5-8) 

B(s) = H(s)C(s) 

The first of these equations describes the summing point; the others 
result from the definition of a transfer function. The equivalent transfer 
function of Fig. 6—5—5b is obtained by eliminating E(s) and B(s) from these 
equations. The first two equations are combined as 

C(s) = G(s)[R(s) ^ B(s)] 


(6-5-9) 
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and B{s) in the resulting equation is replaced by the third equation 

C{s) - Gis)[R{s) - H(s)C{s)] (6-5-10) 

This equation can be rewritten as 

C(s)[l + ms)G{s)] = Gis)R{s) 

which can be solved for the transfer function of the closed-loop system as 


C(s) ^ G(s) 

R(s) 1 T H(s)Gis) 


(6-5-11) 


If B(s) goes through the summing point with a plus sign instead of the 
minus sign of Fig. 6-5-5a, the transfer function for the closed-loop 
system becomes 


R(s) 1 ~His)G(s) 


(6-5-12) 


This transfer function should be compared with the corresponding well- 
known equation from feedback amplifier theory 


Ku^ _ K 
Vn \ 


To obtain this equation, the voltage feedback in the amplifier passes 
through the summing point with a plus sign. 

In order to derive the transfer function E{s)IR(s), C(s) in Eq. 6—5—11 
can be replaced by G(s)E(s) and the G(s) canceled in both sides of the 
equation, resulting in 

E(s) 1 

R{s) 1 + ms)G{s) 


(6-5-13) 


Eqs. 6—5—11 and 6—5—13 should be memorized as they are used often 
in the remainder of the book. 



(a) Fig. 6-5-6. 


A group of transfer functions connected in parallel can be combined as 
shown in Fig. 6-5-6. For the system of Fig. 6—5-6a, the output of the 
summing points is 

F,is) 4- F,(s) - F,(s) = F,(s) (6-5-14) 


This equation can be rewritten as 

F^(s)G,(s) + Fi(s)G2(s) - F,is)Gs{s) = FM 


(6-5-15) 
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or as 


Fr(s)[Gds) + G 2 W - Gs(s)] = F,(s) (6-5-16) 

Since the system of Fig. 6-5-6b is also described by the equation, the 
systems of Fig. 6-5—6a and b are equivalent systems. 



A transfer function block can be moved ahead of a summing point as 
shown in Fig. 6-5-7. For the system of Fig. 6-5-7a, the output of the 
summing point is 

F^(s) = F,(s) - F,(s) (6-5-17) 

The output of the entire system is 

F,(s) = G(s)Fs(s) = G(s)F^(s) - G(s)F,(s) (6-5-18) 

For the system of Fig. 6-5-7b, the output of the summing point is 

F,(s) = F,(s) - Fe(s) (6-5-19) 

which can be written as 

F,(s) = G(s)F^(s) - G{s)F2(s) (6-5-20) 

Since Eqs. 6-5-18 und 6-5-20 are identical, the systems of Fig. 6-5-7a 
and b are equivalent. 



Fig. 6-5^. 


A transfer function block can be moved ahead of a pick-off point as 
shown in Fig. 6—5—8. The proof of this procedure is left as Prob. 6—3. 



(a) (b) 

Fig. 6-5^9. 
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A transfer function block can be moved behind a summing point as 
shown in Fig. 6—5—9. The proof of this procedure is left as Prob. 6—4. 



A transfer function block can be moved behind a pick-off point as 
shown in Fig. 6—5—10. The proof of this procedure is left as Prob. 6—5. 



(c) 


Fig. 6-6-1. 


6-6. Examples Using Block Diagram Transformations. The 

following examples demonstrate the procedure of the previous article. 


Example 6-6-1. The system of Fig. 6—6-la is to be reduced to a single block. 
Each of the two minor loops can be replaced by a single block as shown in Fig. 6-6-1 b. 
The three blocks in the forward portion of the system can be combined into a single 
G(5) as 


1 A H2(5)Gi(5) 


• G.W 


GaG) 

1 + HMGz{s) 


( 6 - 6 - 1 ) 


The closed-loop of Fig. 6-6-lb can be replaced by a single block which upon 
simplification yields the results shown in Fig. 6-6-1 c. 
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Example 6-6—2. The system of Fig. 6-6—2a is to be reduced to a single block. 
The systems of Fig. 6~-6-2a is transformed into the system of Fig. 6-6-2b. The 
Gz{s) block is moved ahead of the pick-off point and the Gi{s) block is moved behind 
the summing point. The equivalent transfer function G(s) for the forward loop of 
Fig. 6-6—2b is 

G{s) = G,{s)G^{s)G^G) (6-6-2) 



(a) 



(b) 


R(s) 

G |(s) GgCs) GgCs) 

C(s) 


1 + e|(s)G2(5)63(3) + G|(s) 62(3) H3 (s) + 62(3)63(3) HgU) 



(c) 

Fig. 6-6-2. 

The three elements in the feedback path are in parallel and the equivalent H{s) is 

+ + ( 6 ^ 3 ) 

When H{s) and G{s) are combined and simplified, the resulting single transfer 
function is given in Fig. 6—6—2c. 

It is interesting to compare the final result of Fig. 6-6-2c with the original 
system of Fig. 6—6—2a. The forward portion is made up of the blocks Gi( 5 ), G 2 (^) 
and Gz{s) and the product of these three transfer functions appears in the numerator 
of Fig. 6—6—2c. The denominator is made up of 1 plus the sum of the transfer 
functions around the various loops. The product Gi{s)G 2 {s)Gz{s)Hi{s) can be 
identified with one loop, the product Gi{s)G 2 (s)Hz{s) with a second loop and the 
product of G 2 {s)Gz{s)H 2 {s) with the third loop. 
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The concepts discussed in the last paragraph cannot be pressed too far 
as can be seen by inspection of the system of Fig. 6—6--1 which contains 
an extra term in the denominator of Fig. 6-6—Ic as compared with the 
number of loops in Fig. 6—6—la. A discussion of why the extra term 
appears in one system and not in the other is left as Prob. 6—14. 

6-7. Obtaining Block Diagrams for Simple Systems. Several of 
the following articles analyze simple systems based on a block diagram. 
Although a certain nomenclature is used, the block diagram can represent 
any one of many systems. In this article two systems are reduced to block 
diagrams of the same form to indicate the method. 



Fig. 6-7~l. 

Example 6-7—1. The rotational mechanical system shown schematically in 
Fig. 6-7-1 is the first example. 

The mechanical differential can be replaced by a synchro system if the input 
shaft r(t) and output shaft c{t) are at remote locations. For present purposes the 
mechanical differential is essentially a summing point defined by 

e{t) = r{t) — c{t) (6-7-1) 

The transducer is any device yielding an output voltage which depends in 
magnitude and sense upon the rotation of the e{t) shaft. One such device is that of 



■¥ 

v,(t) = K„e{t) 


Fig. 6-7-2. 

Fig. 6—7—2. The e{t) shaft moves the wiper arm on a potentiometer. Two equal 
d-c voltages of magnitude E are placed across the potentiometer with the center 
tap brought out as one of the two output leads. The other output lead is connected 
to the wiper arm. If the e(t) shaft is in its neutral position, the wiper arm is at its 
central position and the output voltage ?;i(0 is zero. If e{t) is turned in the positive 
or negative direction, is proportional to e(f) and has the same sign as given by 

v,{t) = K,e{t) (6-7-2) 

Some potentiometers are made in the form of a helix so that the e{t) shaft can rotate 
through several turns. An analysis of the coefficient Ka in terms of quantities 
shown in Fig. 6—7—2 is left as Prob. 6-46. 
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Since the usual frequency range of a control system is limited to relatively low 
frequencies, the d-c amplifier can be assumed to have a constant gain as given by 

vM - K,vM ( 6 - 7 - 3 ) 

The voltage V 2 it) is applied to the armature of a d-c motor which has a separately 
excited field. This analysis is similar to that of Chapter 4 Art. 4—11. In this analysis, 
the time constants of the electrical portion of the system are neglected. In many 
cases this is possible because the time constants of the mechanical portion of the 
system are so much larger than the electrical time constants. Therefore the total 
response of the system is determined almost entirely by its mechanical portion. 
If in a particular situation the electrical time constants cannot be ignored, they 
can be added in a straightforward manner although the order of the differential 
equation is increased. 

In this analysis, the voltage V 2 (t) is applied to a motor with an armature current 
lay an armature resistance Ra and a back emf constant and these terms are 
related by 

VM = RJ.it) + K,, (^7-4) 

The torque constant of the motor is Kt and the torque output t(t) of the motor 
is given by 

t(t) == Kriait) (6-7-5) 


This torque is applied to the rotational system. In terms of the motor shaft, all of 
the rotational moments of inertia such as armature of the motor, shafts, gear train 
and the load are labelled Similarly, all the components of viscous friction are 
added and in terms of the motor shaft are labelled The equation relating the 

torque t(t) and the rotation system is 


t(t) = + D: 


dCm(t) 

^"dT' 


(6-7-6) 


Finally the gear train is such that the motor shaft Cm (t) rotates n times for each 
revolution of the output shaft c(t). 



Fig. 6-7-3. 


The preceding equations are transformed and the system block diagram is 
indicated in Fig. 6-7-3. The transforms of Eq. 6-7-2 and 6-7-3 yield the blocks 
labeled Ka and respectively. 

The summing point with input voltages Vzis) and Vz{s) needs to be examined. 
In Eq. 6-7-4, the voltage component Raia(t) is labeled tbe component i^av 
dcm{t)ldt is labeled Vz{t) and the equation can be written as 

== Vzit) — vz(t) 

The transform of this equation describes the summing point. 


(6-7-7) 
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The voltage equation 


is transformed as 


vsit) = K'a 


V,is) - K^^sCmis) 


(6-7-8) 


(6-7-9) 


and is represented by a signal being fed back from the Cmis) shaft. 

The voltage equation 

v,{t) - RJM (6-7-10) 

transforms to yield the 1 jRa block and Eq. 6—7—5 yields the block. Eq. 6—7—6 
repeated as 


_ j ^ I dc-mif) 

tKt) - Jm ^^2 T 


(6-7-11) 


transforms as 

ns) = UmS^ -h I>mS]C^(s) (6-7-12) 

and the block relating Cm(s) to T(^) results. 

Finally, the action of the gear train produces the Ijn block. 

The minor-loop can be replaced by a single transfer function 

KrliR-alJmS^ -h 7)^^]) _ _ KrpjRg _ 

, , K.^KrS ~ r 2 , Ir. , ^avi^T\ ^ ^ 

^ Ra[JmS^ + D„S] + r” + Ra f 

When this transfer function is multiplied by the other transfer functions of the 
forward loop, the total G{s) becomes 

i KaKbi^T\ 

G(s) =- . (6-7-U) 

+ [D^ + 


KrlRg 

^ I K z,y,KT\ 

'T p 

-tVa ) 


(6-7-12) 


(6-7-13) 


(6-7-14) 


The numerator and denominator of this G(5) are multiplied by n to aid in the follow¬ 
ing discussion. 

If the C{s) shaft is blocked and the E{s) shaft turned through one radian, the 
factor KaKbKTiRa represents the torque output of the motor in terms of the motor 
shaft. When this factor is multiplied by n, the torque is given in terms of the output 
shaft and this factor is replaced by K. 


(KaKbKr\ 

I Ra r 


(6-7-15) 


The term Jm is the total moment of inertia expressed in terms of the motor shaft. 
When this term is multiplied by the total moment of inertia expressed in terms 
of the output shaft results and is denoted by 

J = Jmn^ (6-7-16) 

Examination of the term 

Dm + (6-7-17) 

J\a 

shows that the back emf of the motor acting around the minor loop effectively 
increases the magnitude of viscous friction. When this term is multiplied by n^, 
the effective viscous friction in terms of the output shaft is obtained and is called 

D = (Dm+ (6-7-18) 


(6-7-17) 


(6-7-18) 
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With the introduction of the new nomenclature, the transfer function of the 
forward loop becomes 



- * 4 - 5 : 


Fig. 6—7-4. equivalent block diagram for the 

closed-loop system is shown in Fig. 6-7-4. 

Example 6-7—2. A closed-loop control system of a different type is shown in 
Fig. 6—7—5. In this system a hydraulic pilot valve controls an actuator piston which 



Fig. 6-7-5. 


positions a mass M whose motion is opposed by viscous friction, The piston 
also moves a wiper arm of a linear motion potentiometer on one side of an error 
measuring bridge. The input position is applied to the wiper arm of the potentio¬ 
meter on the other side of the error bridge. When the input and output positions 
are the same no error voltage exists and there is no input to the error amplifier. 
When an error voltage, Vx{t)y exists the amplifier causes one of the output currents 
iiit) or * 2(0 to increase and the other to decrease. This current difference causes 
the pilot valve to open and the high pressure fluid moves the mass and tends to 
rebalance the bridge. 

The analysis of the valve-piston combination parallels that of Chapter 5; how¬ 
ever, the equations are repeated here in order to allow easy comparison with the 
block diagram of Fig. 6-7-6. The output voltage of the error bridge, is 

related to the position error, e{t)y by 

v^{t) = Kae{t) (6-7-20) 

Similarly the amplifier is assumed to produce a linear proportional relation between 
its input, Vi{t)y and the output difference current, Ai*(0 = ii{t) — 4(^), 


Az(0 = 


(6-7-21) 





(C) 

Fig. 6-7-6. 


This equation ignores the solenoid inductances. As a next step, the valve move¬ 
ment, IS assumed to be proportional to 

xi(t) = KcM{t) (6-7-22) 

The actual input flow rate is established by using the incremental approach of 
Chapter 5 as follows. The input flow rate depends on the valve opening, Xi{t), 
and on the load pressure drop across the actuator piston, p £.(0* small variations 
as discussed in Chapter 5 

qjt) = Kax.it) - K,pUt) (6-7-23) 

Eq. 6-7~23 leads to summing point 2 in Fig. 6-7-6a. The input flow rate is equal 
to the load flow rate to the actuator piston, Apdc{t)ldt, plus the leakage flow, KlPl- 
This relationship is depicted at summing point 3 in fig. 6-7-6a. 

- 9p.s,o„ = 9leak (6-7-24) 

(6-7-25) 

The remaining equations result from Newton^s second law. 

Force = Appj^(t) = M -h / 


(6-7-26) 
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The transforms of Eqs. 6-7—20 through 6—7—26 allow the determination of all blocks 
in Fig. 6—7—6a. The problem then becomes one of reducing blocks. The first 
step is that of combining gams Ka^ Kb, Kc, Ka into K^. Next, summing points 
2 and 3 are combined and the minor loop consisting of 1 /Kl and is reduced to 
-h iCs) by using G{s)l[\ -f G(s)H{s)\. Fig. 6-7-6b shows the results of this 
reduction. The last step requires reducing the remaining minor loop to give 
Fig. 6—7-6c in which the substitution 

K = (6-7-27) 

■^L ~r -^2 

has been made. Thus the hydraulic system of this example can be reduced to a 
block diagram of form exactly like the armature controlled motor of Ex. 6—7—1. 


6-8. Transient Analysis of a Simple System. The closed-loop 
system to be analyzed is that of Fig. 6-7-4. The closed-loop transfer 


function is 


C{s) G(s) KI(Js^ + Ds) 

R(s) “ 1 + G(s) 1 + KI(Js^ + Ds) 

K KjJ 

Js^ + Ds + K + (DIJ)s + KjJ 


( 6 - 8 - 1 ) 


As discussed in the previous article, this form of the block diagram and 
the resulting closed-loop transfer function can represent one of many 
systems even though the nomenclature used is that of a rotational mechan¬ 
ical system. The following analysis is completely general for any system 
which has a closed-loop transfer function containing two poles and no 
finite zeros. 

Since the system has unity feedback, the actuating signal becomes the 
error signal. The transfer function which is the ratio of E(s) to R{s) is 


given by 


1 


E(s) _ 

R{s) 1 + Gis) s^ + {DIJ)s + KjJ 


+ (DIJ)s 


( 6 - 8 - 2 ) 


In the following articles, the output and error functions are investigated 
for various inputs. 


6-9. Unit-Impulse Input. The first input to be considered is the 
unit-impulse function. It may seem unrealistic to consider applying an 
impulse to a physical system as the concept implies an infinite magnitude 
for zero time. However, as a practical matter a finite input R can be applied 
for a short length of time Ti. The time Ti must be chosen so that it is 
small compared with the response time of the system. A method of 
testing to determine whether Ti is sufficiently small is to apply an input 
2R for a time T'i/2. If the original and the new response are essentially 
the same, Ti is sufficiently small. 

For present purposes, this type of input is used because of the con¬ 
venience offered by such a function. When r{t) = Uo(t), R(s) = 1, and 
C(s) can be found from Eq. 6—8—1 as 

'-'W ^2 + (DjJ)s + KjJ 


(^9-1) 
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The system response may be oscillatory, critically damped or over¬ 
damped depending on the relationship among Z), J and K, For the first 
portion of this analysis, the oscillatory case is assumed and the denominator 
is written as 

C{s) =-(6-9-2) 

is + D12J)^ + [VKjJ - D^IArp] 


For convenience in writing, two letters are defined as 


and C{s) becomes 


^ ~ 27 ^ 


C{s) = 


_ \/K __ ^ 

~ y J Ajp- 

KjJ 


(s + ar + 

Item 13 in the Transform Table in the Appendix is used as 

^/a= ^ 

yielding 


Jo) 


K 

= T" sin cot 
Jco 


(6-9-3) 

(6-9-4) 


(^9-5) 

(6-9-6) 


The condition that the system is oscillatory demands that 

PI. K 

472 J 

D <2 s/KJ (6-9-7) 


For analytical purposes, K. and J are considered fixed and D is varied 
from zero and increased until the overdamped case is reached. 

When D is equal to zero, the system oscillates at an co which is labeled 
a)n and is called the undamped natural radian frequency of the system 
as given by 


(On = 



(6-9-8) 


Under these conditions, the equation for the output is 


K . 

c{t) = -7 -sin (Ont = (On SlU COnt 

J (Ofi 


(6-9-9) 


As D increases, Eq. 6—9—6 describes the output until D reaches a value 
Dc called critical damping as given by 

Da = 2VKJ (6-9-10) 

For this critically damped case co is equal to zero and Eq. 6—9—6 
becomes 

c(t) == cOn^e~‘°'^ lim - - = 


CO 


(6-9-11) 
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For D greater than co becomes imaginary and a letter h is defined as 


so that 



CO =7*6 


K 

J 


(6-9-12) 

(6-9-13) 


Under these conditions, the output as obtained from Eq. 6—9—6 becomes 
c{t) = ^4- sin jht = -4- sinh ht (6-9-14) 

JO 0 

6—10. Generalized Equations. An examination of the system equa¬ 
tions developed in the previous article indicates that each equation can be 
expressed in more general form in terms of con and the ratio of the damping 
present to the value of critical damping- By definition the letter C is 
used to express this ratio, 

{ - 


The other coefficients can be expressed in terms of C and a)„ as 


D _ 

2J 2J 



( 6 - 10 - 2 ) 


CO = |/j = Vcol - C^col = co„ VI - (h-10-3) 

b = |/^ -y = (6-10^) 

The equation for the oscillatory system as developed in the previous 
article for the response of the system to a unit-impulse can be written as 

c{t) = sin (Dt =-—— sin y/l ^ cont (6-10-5) 

vr^ 


This equation is not yet in the best form for plotting as a different curve 
results for each value of con- However, if c{t) is divided by o)n and the 
ratio is plotted versus (x>nt, only one curve results for each value of C- The 
final forms for the equations are 
Oscillatory Case 


c{t) 


1 


■Koint 


sin 


Vl - (»nt (6-10-6) 


Vl - c 

Critically Damped Case 

c{t) _ 


(0„tS 


— (Ont 


( 6 - 10 - 7 ) 
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Overdamped Case 

c{i) ^ 1 

"" Vf" -1 


sinh — 1 (Ont 


This family of curves is plotted in Fig. 6-10-1. 


( 6 - 10 - 8 ) 



The equations for e{t) can be determined from E{s) which in turn can 
be found from Eq. 6—8—2 by letting R{s) — 1 


E{s) = 


+ iDIJ)s 
+ {DIJ)s + KjJ 


KIJ 

+ {DIJ)s + KIJ 


(6-10-9) 


This equation displays the fact that e(t) has an impulse at i = 0 and is 
thereafter the negative of c{t). This result is apparent from 

e(t) = r(t) — c{t) = Uo(t) — c{t) (6—10-10) 

Generalized curves of e{t)lm„ are shown in Fig. 6-10-2. 



Fig. 6-10-2. 
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6—11. Unit-Step Function Input. The response of a system to a 
unit-step function is the integral of the response of the system to a unit- 
impulse function. However, for the present purposes, Eqs. 6—8—1 and 
6—8—2 are solved by C(s) and E(s) respectively with R(s) = 11s. 

KIJ 


as) 

Eis) = 


s[s^ -1- (DIJ)s -H KIJ] 
+ (DIJ)s 


-1- (DIJ)s -f KIJ] 

These equations can be expressed in terms of (o„ and C as 

C(r) = 


E(s) = 


-+• 2l;a>„S + U>n^] 

_ -|- 2^0}nS _ 

2^WnS COk] 


(6-11-1) 

( 6 - 11 - 2 ) 

(6-11-3) 
(6-11--!) 


_ 1__= i _ C(^) 

s -f 2Co)nS + cu„2] ^ 

As soon as c(t) is determined, e(t) can be written as 

e(t) = M_i(t) — c(t) (6-11-5) 

Item 19 in the Transform Table in the Appendix is used to find c(t) as 

?] 


c(t) = 1 -f- 


1 


VT 


sin [\/ 


1 — (Ont — tan 


..VT 


-f 
( 6 - 11 - 6 ) 


s-plane 



"n 


This equation assumes that 0 < t < 1 • The 
pole-zero pattern for C(5) is pictured in Fig. 
6—11—1. Except for a multiplying constant, 
the pole-zero configuration completely de¬ 
scribes the system’s behavior. This concept 
is discussed in the following paragraphs and 
at several other points in the book. The pole 
at the origin results from R(s) — l/s. When 
C = 0, the poles originating in the closed-loop 
transfer function are on thejm axis at iijcon- 
The product of the two poles in equal to con^ and is independent of f; 
therefore as f increases, these conjugate poles move along the circular path 
of radius 

The poles are located at 

—,^1 and — ^2 = — Ccon ±7 Vl — f ^ con (6-11—7) 
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and a pair of poles is indicated in Fig. 6—11—1. The angle from the nega¬ 
tive real axis to the radial line from the origin to the pole at —, is defined 
as ip. Cos tp is given by 

cos yj — " = C (6—11—8) 

0)n 

From this sin yj and tan yj are found as 

sin y} = -x/l — cos^ip = '\/l — (6—11—9) 


tan y) — 


c 


( 6 - 11 - 10 ) 


With these identities, Eq. 6—11—6 can be written as 


Oscillatory Case 
c(t) 


- sin sin y) y>\ 


sin y) 


( 6 - 11 - 11 ) 


where 0 < C < 1 • 

When C = 1, the two poles meet on the negative real axis and Eq. 
6 —11—3 can be written as 


Cis) = ( 6 - 11 - 12 ) 

SKS + (On) 

and c{t) is 

Critically Damped Case 

c{t) = 1 - (1 -I- cont)e~^^^ (6-11-13) 

For C > the two poles stay on the negative real axis but separate, 
one going to the left and the other to the right so that their product remains 
(On^, The form for c{t) becomes 

Overdamped Case 

C{t) = 1 — j^COSh — 1 (Ont — 2" 3 — 1 (Ont^ 

(6-11-14) 


Again if the equations for any of the three cases are plotted versus co„^, 
only one curve results for each value of C- A family of such curves is given 
in Fig. 6-11-2. Because of Eq. 6-11-5 repeated as 


e{t) = u.^it) ~c(t) (6-11-15) 


the curves for e{t) can be obtained from the c(t) curve as also shown in 
Fig. 6-11-2. 
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One additional generalized curve available fronri the step function 
response for this system is the relationship between maximum overshoot 
and the damping ratio. Eq. 6-11-11 is differentiated with respect to 
time and this value of time is substituted into the equation yielding 

Cr^At) = 1 + e (6-11-16) 



0 2 4 6 8 10 


Fig. 6~11-2. Fig. 6-11-3. 

This equation can be rewritten to display the percent overshoot as 

100 [w(i) - 1] = 100 e (6-11-17) 

The percent overshoot is plotted in Fig. 6—11—3. 


6-12. Unit-Ramp Function Input. The response of a system to a 
unit-ramp function is the integral of the response of the system to a unit- 
step function. In order to use the Transform Table in the Appendix 
rather than integral tables, C(s) and E(s) from Eqs. 6—11—3 and 6-11-4 
respectively are divided by Sy giving 



( 6 - 12 - 1 ) 


( 6 - 12 - 2 ) 



where 0 < f < 1. 
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The error e{t) is now 

e(t) = —--sin [VI - oint + 2 cos" ‘ C] (6-12-4) 

a>n V 1 — C 

where 0 ^ f < 1. 

These equations must be rearranged slightly in order to be plotted in a 
generalized form. 

Oscillatory Case 


(OnC{t) = (i)nt — 2C H-sin [vT— + 2 cos 




(6-12-5) 


= 2f-sin [Vl — 2 cos^^ t] (6-12-6) 


Critically Damped Case 

o^nc{t) = ca„/ + (jonte — 2 + 2£ (6-12-7) 

(One{t) = 2-26 (6-12-8) 

Overdamped Case 
(^nC{t) = C0„^ — 2C 

^ [ y.-VL sinh VC" - i + 2C cosh VC" - 

VC" - 1 ^ 

(6-12-9) 

(Une{t) = 2C — £ j^-^^l=== sinh VC" — 1 

(6-12-10) 

+ 2(^ cosh VC" — 1 



Fig. 6-12-1. 


Fig. 6-12-2. 
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For various values of the family of curves for c{t) is shown in Fig. 
6—12—1 and for e{t) in Fig. 6—12—2. 

6—13. Discussion of the Set of Generalized Curves. The discus¬ 
sion in the previous article of the simple system has been presented in some 
detail because an understanding of this system is a key to understanding 
more complicated systems even though their response functions cannot 
be presented in terms of generalized curves. However, in many cases, 
certain aspects of the response of these systems can be deduced from the 
response curves for the simple system with two poles and no finite zeros. 
The discussion of the more complicated system is not attempted at this 
point; however, the generalized curves of the previous articles are reviewed 
with some of these later discussion in mind. 

When C — the closed-loop poles are on the/co-axis at i jcon and the 
system response oscillates indefinitely regardless of the driving function. 
This type of response is certainly undesirable because any disturbance 
will cause the system to oscillate indefinitely. 

If £), the effective viscous friction, could become negative in a system 
of this sort, f would also be negative, and the complex poles would move 
into the right half ^-plane. In this case the oscillations would build up 
until some portion of the system saturates and the system becomes non¬ 
linear or in some cases until it is damaged. This type of system is said to 
be absolutely unstable. When D takes on a positive value, C is also positive 
and the poles move into the left half s-plane. In this case the oscillations 
to any type of input die away and the system is said to be absolutely stable. 

The term relative stability is used to distinguish between two systems 
that are absolutely stable. The closer the complex conjugate pair of poles 
are to thejco-axis, the more pronounced are the oscillations and the longer 
the time it takes for them to die away. To verify this statement, the system 
response to any of the input signals for C = 0.1 and C = 0.7 should be 
compared. 

For the system being discussed, f is a measure of relative stability. It 
is extremely difficult to generalize about the desirable range of values for 
C because circumstances can alter cases so completely. However, in most 
cases, a system with a value of f — 2 has no advantage over a system with 
C=l. Forf = 2, the system response to any input moves smoothly into 
its steady-state value with no oscillation. For f = 1, the system response 
does likewise but does so more rapidly. Therefore in most cases a system 
with a C > 1 offers no advantage over a system with a f = 1. Furthermore, 
in a large majority of cases a certain amount of oscillations can be tolerated 
because the resulting system responds more rapidly. For these reasons 
an often-used “rule-of-thumb” is to design the system for a f approxi¬ 
mately equal to 0.5. An immediate exception comes to mind. An auto¬ 
matically controlled elevator should certainly stop at each floor level as 
an overdamped or critically damped system. The occupants would find 
it unnleasant if the elevator were to oscillate at each stop. 
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If C = 0.5 the angle y is equal to ^ = cos~^ 0.5 = 60°. In Fig. 6—13—la, 
is assigned the value of unity and the pole-zero plot of C(5) for a step 
function input is shown. The corresponding time function can be 



Fig. 6-13-1. 


obtained from Fig. 6—11—2 by letting co„ = 1. The resulting response is 
shown in Fig. 6—10-1 d. 

In Fig, 6-13—lb, oin is assigned a value of 0.5. The abscissa of Fig. 
6 —11—2 is CO which in this case must be multiplied by 2 to yield the corres¬ 
ponding time function of Fig. 6—13—Id. In Fig. 6—13—Ic, co^ is assigned 
the value of 2. The co^^ abscissa of Fig. 6—11—2 must be multiplied by 0.5 
to yield the corresponding time function of Fig. 6—13—Id. 

The three systems of Fig. 6—13—Id have the same overshoot, the same 
oscillatory pattern and are said to have the same relative stability. 

This discussion can be generalized to closed-loop pole-zero configura¬ 
tions of any complexity. As the locations of the poles and zeros are 
stretched (or contracted) radially by a factor K in the complex .y-plane, the 
corresponding points on the time function occur at a new time which is the 
original time multiplied by a factor 11K. 

It is also informative to examine the response curves for the inputs 
Uo{t)y U-.i{t) and U-. 2 (t) as the integral of the previous set of curves. The 
e{t) curves for f = 1 are taken as a specific example. When the input is 
Uo(t), Fig. 6—10-2 shows that e(t) contains a unit impulse at the origin and 
is negative thereafter. The integral of this curve is the response to U-i(t) 
and is contained in Fig. 6—11—2. The integral of the impulse at ^ = 0 
yields an e(t) with a unit value at ^ = 0 and the area under the negative 
portion of the original curve just equals the area of the impulse so that the 
integral yields an e(t) that approaches zero as t approaches infinity. 

When the e(t) curve is integrated again, the result is the response to 
u^ 2 {t) and is shown in Fig. 6—12—2. The new integral approaches a con¬ 
stant value as t approaches infinity. If this last e{t) curve were integrated 
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again, the result would go to infinity as t approaches infinity. Thus the 
error in steady-state for this particular system is infinite when the input 
is The general subject of steady-state errors is taken up in another 

article. 

6—14. Examples. The following examples illustrate the methods of 
the previous article. 

Example 6—14—1. The system of Fig. 6—7—3 has the following constants 

=5.18 X 10-" in.-lb-sec" 

^motor = 1.44 X 10-^ in.-lb-sec^ 

Aoad = 1.^ X 10“^ in.-lb-sec 
f)motor= 0.07 X 10"^ in.-lb-sec 

Ka = 0.796 volt/radian (6-14-1) 

Kb = 20 volts/volt 
jRa = 10 ohms 

Kt = 9.08 X 10“® in.-lb/amp 
Kav= 2.4 X 10~^ volt-sec/radian 
n = 100 

From these constants, the following values are calculated 
J = Ji-\- Jmn^ = 1.445 in.-lb-sec2 
D = Di + = 0.289 in.-lb-sec 

K = « = 1.448 in.-lb/radian (6-14-2) 

a)n = 's/KjJ ^ 1 radian/sec 



2a/^ 


If the system is at rest and the input shaft is suddenly turned through an angle 
of 6i radians, the output and actuating signal can be obtained from Fig. 6—11—2. 
Since in this example = 1 the horizontal scale need not be changed. However 
the vertical scale must be multiplied by Bi. The equation for c{t) can be found from 
Eq. 6-11-11 as 

c{t) = 0, [1 - sin (0.995t + 84.27)] (6-14-3) 

If the system is at rest and the input shaft is suddenly turned at a constant 
angular velocity wi the output and the actuating signal can be obtained from Fig. 
6-12—1 and Fig. 6—12—2 respectively. Again, because con = 1, the horizontal scale 
need not be changed. However the vertical scale must be multiplied by = wi. 

Because of the low value of C, the system response to any type of input is highly 
oscillatory. This example points out the fact that the designer must be able to 
vary at least some of the system parameters in order to improve the response. This 
discussion is carried on into the next example. 

Example 6-14—2. The system of Ex. 6-14—1 is to be redesigned so that the 
relative stability is improved. It is decided that a value of C — 0.5 yields a satisfactory 
relative stability. However, the redesigned system should have the same steady- 
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state error when a unit-ramp function is applied to the input. Of the three parame¬ 
ters, /, jD, and K, J is generally not easily variable and is assumed fixed but the other 
two are the variables. 

From the generalized equation, the steady-state error with a unit-ramp input 
for the system of Ex. 6—1^1 is 

^(Oss = —^ = 0.2 radian (6-14-4) 

(On 1 

The redesigned system is to maintain this same steady-state error but with a C = 0.5 
«(f)ss = — = = 0.2 radian (6-14-5) 

(On (On 

which yields 

ct>„ = 5 radians/sec (6-14-6) 

The defining equation for is solved for K as 

K = = 36.1 in.-lb radian (6-14-7) 

and D is determined from 

D = 2fA/K7 = 7.23 m.-lb-sec (&-14-8) 

Both the new K and D are 25 times their original values. One factor that goes 
to make up K is the gain of the amplifier. Without considering the effects on 
the motor, etc., caused by increasing the gain, it seems reasonable that the gain of 
the amplifier can be increased even though a new stage of amplification may be 
required. However, the increase in D is not a simple matter and is discussed in the 
next article. 


6-15, Damping Increased by Using Feedback from Output Shaft. 

As discussed in the previous example, it may be desired to vary jD as a 
design parameter. One possibility is to increase the actual viscous friction 
by using a device such as a dash pot. When D is made up entirely of 
viscous friction the pow^er dissipated in the form of heat is 

dc\^ 

Power = (Torque) X (Angular velocity) = ^ (6—15—1) 

any increase in D will produce a corresponding power loss and is un¬ 
desirable. 

The equation for D for the system of Fig. 6—7—3 is that of Eq. 6—7—18 
repeated as 

£> = (6-15-2) 

This equation suggests that D can be increased by an increase in one of 
the jK?s of the second term. Since Kt affects both D and it is desirable 
to increase . This is done by placing a tachometer on the motor shaft 
and feeding the voltage back as shown in the block-diagram of Fig. 6—15—1 



Fig. 6-15-1. 


with Ke the constant of proportionality between motor shaft angular 
velocity and the voltage v^{t). Since the feedback path of the minor loops 
are in parallel, the transfer functions can be added 

(i^av +Ke)s (6-15-3) 

Therefore the of the original system is increased to due 

to the tachometer and D is also increased as 


c = [c. + 


(6-15-4) 


The advantage of increasing D is that a large value of t can be obtained 

^ — (6-15-5) 

2 Via 

but the disadvantages is that the steady-state error to a unit-ramp input also 
increases 


^(Oss 


(6-15-6) 








Fig. 6-16-1. 


6-16. Error Rate Damping. The system shown in Fig. 6-16-1 is a 
modification of the system of the previous article. The signal Vi (s) divides 
along two parallel paths which have a combined transfer function 

+ KfS (6-16-1) 

The equations developed in Ex. 6-7-1 hold if Kb is replaced by Kb + KfS, 
The equations for D and J do not contain Kb and are unaffected by the 
change; however, K from Eq. 6—7—15 repeated as 


^ KaKbK>r 
K = — —~n 


(6-16-2) 
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+ Kfs)K^ __ KaK,Kr .. . KaK^Kr _ 

n — n 

The factor multiplying s is replaced by Kx 

^ KaKfKr 
Ki =-^- n 


(6-16-3) 


(6-16-4) 



Fig. 6-16-2. 


yielding 


K + Kxs 


(6-16-5) 


The block diagram of Fig. 6-7-4 can be replaced by one in which K is 
replaced by X + KiS as shown in Fig. 6—16—2. 

The voltage VQ{t) can be obtained by differentiating Vi{t). Another 
rather crude method of obtaining VQ{t) is the output voltage from a tacho¬ 
meter placed on the error shaft. As explained in Chapter 8, this type of 
voltage in practice is approximated by the output from a differentiating 
(lead) network. 

The closed-loop transfer function is 


C{s) K + Kxs 

R(s) Js^ + (D + Kx)s + K 

and the ratio of E{s) to R(s) is 


(6-16-6) 


E(s) _ Js^ H- Ds 

~ Js^ + (D + Kx)s + K 


(6-16-7) 


When the input to the system is a unit-ramp function, E{s) becomes 

Js + D 


s[Js^ + (£> + K,)s + K\ 
and the final-value theorem yields for 


e(t)s 


D 

K 


whereas C is now given by 


t = 


D + Kr 

2 a/K7 


(6-16-8) 


(6-16-9) 


(6-16-10) 


In other words, the designer can now control C by varying Ki without 
affecting the ratio of DjK. 
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Example 6-16-1. The requirements of Ex. 6-1^2 are used to design a system 
with error rate damping. The e(t)ss of Eq. 6—16—9 is to equal 0.2 and the D and K 
from Ex. 6-14-1 satisfy this requirement without change 



0.289 

1.448 


(6-16-11) 


The value of C = 0.5 is attained by adding the necessary Ki to D as 
. _ Q , ^ D + K, 0.289 + K, 

2VSJ 2 Vl.448 X -1.445 (6-16-12) 

from which Ki is found as 

^ 1.156 (6-16-13) 

In Ex. 6-14-2, both K and D are increased by a factor of 25 and by a factor 
of 5. In this example, K, D, and <On are unchanged. 

The system with error rate damping is still a relatively simple system and yet 
the possibility of plotting generalized curves is remote. An examination of Eq. 
6-16-10, repeated as, 

f ^ + (6-16-14) 

2VKJ 

indicates the problem. For each value of C an entire family of curves results depend¬ 
ing on how much of D + is made up of D(or of Ki). 

In terms of poles and zeros, the closed-loop transfer function for this system has 
two poles and one finite zero. For any fixed location of the poles, an entire family 
of curves result depending on the location of the zero. 


6-17. Other Derivative Compensation Schemes. It is also pos¬ 
sible to take the derivative of the input-signal r(t) and introduce it into the 
input to the amplifier with either a positive or negative polarity. Such a 
procedure does not alter the damping ratio, C; however, it is possible 
to eliminate the steady-state error to ramp inputs if the positive polarity 
is used. This analysis is left as Prob. 6-47. 

It is theoretically possible to alter the system performance by using 
the second derivatives of signals. Such procedure would affect the inertia 
(or mass) terms in the equations. However, these methods are not of 
sufficient importance to warrant further consideration in this book. 



Fig. 6 - 18 - 1 . 
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6-18. Integral Compensation. The previous articles outline a few 
of the methods available to the designer for manipulating system para¬ 
meters. The method of varying the damping by using error rate com¬ 
pensation is superior to the other methods considered because the designer 
can increase C without increasing DfK the steady-state error to a unit¬ 
ramp input. Even though this method does not increase DjK, it also does 
not decrease this ratio. The system of Fig. 6—18—1 is a modification of the 
system of the previous articles. The signal Vi(s) divides along two parallel 
paths which have a combined transfer function 

(6-18-1) 

s 

The equations developed in Ex. 6-7-1 hold if Kf, is replaced by + 
Kg Is, The equations for D and J do not contain Ku and are unaffected by 
the change: however K from Eq. 6—7—5 repeated as 

^ ^ KaKt,KT ^ g_2^ 

■^a 

becomes 


Ka(K, + KglsWrn _ KaK^Krn , KaKgKrn 


(6-18-3) 


The factor multiplying 1 js is replaced by 

_ KgKgK'rTt 

~ Ra 

yielding 

R(s) Ks+K^ ^ C(s) 

VV ^ Js5+Ds2 "T The block 


(6-18-4) 


(6-18-5) 


Js5+Ds2 The block diagram of Fig. 6-7-4 can 

I be replaced by one in which K is re- 

^ ^ ^ placed by + K 2 IS as shown in 

Fig. 6-18-2. Fig. 6-18-2. 

The voltage v^{t) is obtained by integrating Vi(t). As explained in 
Chapter 8, this type of voltage in practice is approximated by the output 
of an integrating (lag) network. 

The closed-loop transfer function is 

C(s)_ Ks + K, 


R(s) Js^ + Ds^ + Ks + K 2 


and the ratio of E(s) to R(s) is 


Eis) + Ds^ 

Ris) Js^ + Ds^ + Ks + 


(6-18-6) 


(6-18-7) 


When the input to the system is a unit-ramp function, E(s) becomes 


Js -f" D 

Js^ -h Ds^ + Ks + Ki 


(6-18-8) 
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and the final-value theorem yields 

e(t)ss = 0 (6-18-9) 

The use of this theorem assumes that none of the poles of Eq. 6—18—8 
are in the right half s-plane or on the/co-axis, that is, it assumes stability 
of the closed-loop system. The possibility of producing an unstable 
system is the price paid for reducing the steady-state error to zero with 
a ramp input. It is shown in Chapter 7 that the closed-loop system is 
stable if 

KD > K,J (6-18-10) 

This means that if K 2 is made larger than KDjJ, the system becomes 
unstable. Also as discussed in Chapters 7 and 8, even though K 2 is main¬ 
tained below the limit of absolute stability any increase in produces a 
system of lower relative stability. 

Error rate damping and integral compensation can be combined in a 
single system. The development of the system equation is left as Prob. 
6-27. 

Example 6—18—1. The following parameters are assumed for a system with 
integral compensation 

J = 0.4 in.-lb-sec^ 

D — 6 in.-lb-sec 

iS: = 41.6 in.-lb/radian ^) 

Kz — 124.8 in.-lb-sec/radian 


Before examining the system as specified, the simpler second-order system with 
K 2 set equal to zero is first explored in order to compare results. The C(s) for a 
unit-step input is given by 


C{s) 


104 


104 


' 4- 15^ 


„r/.. I n c \2 




(6-18-12) 


Item 19 in the Transform Table is used to find €{t) as 


c(t) - 1 - 1.477£-^ sin (6.9U + 42.7°) 
When K 2 is added, C(^) becomes 

C(.) 


(6-18-13) 


(6-18-14) 


s[s^ + 15s^ 4- 104^ + 312] 

The denominator can be factored by methods discussed in the next article and 
C(s) is written as 

1045 4- 312 


+ 6.36][(i + 4.32)^ + (5.51)='] 
Item 25 in the Transform Table yields 


(6-18-15) 


dt) = 1 + 1.588£-«'^«^ H- sin (5.5U - 94.3°) (6-18-16) 
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The pole-zero pattern for the system with K 2 — 0 is shown in Fig. 6—18~3a and 
for the system with K 2 = 1 24.8 in Fig. 6-18-3lb. The two time functions are shown 
in Fig. 6-18-4. An examination of these time functions reveals that the system 

1.4 

I 2 

" 06 
0.4 
0.2 
0 

0 0 2 04 0.6 0.8 10 12 Fig. 6-ia-4. 

with integral compensation has a higher overshoot, more pronounced oscillations 
and in general a lower relative stability than the system with K 2 = 0. In terms of 
poles and zeros, the integral compensation adds a pole and a zero to the closed-loop 
transfer function in addition to the original pair of poles. The zero is inside the 
pole (closer to the origin) and produces a greater overshoot as discussed in Chapter 
10. In addition to this the complex pair of poles is moved closer to thejw-axis 
and the angle from one of the complex poles to the negative real axis has also increased. 

As Kz is increased above the value of 124.8, the complex pair of poles moves 
closer and closer to the jco axis and when Kz = KDjJ = 624 the pair of poles lies on 
the j<o-‘dxis at i j 10.2 and system oscillates indefinitely. If Kz is increased above 
this value, the poles move into the right half s-plane, the system becomes unstable 
and the oscillations build up until some component of the system saturates or in 
some cases is damaged. 




6-19. Transient Response of Higher-Order Systems. The char¬ 
acteristic polynomial for most practical systems is of fairly high order. 
This means that determining the transient response to any kind of an 
input is a laborious task. One of the difficulties is that the characteristic 
polynomial must be factored- There are no known methods of factoring 
polynomials of higher than the 5th degree by formula. However, there 
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are a number of methods for approximating the zeros of polynomials. 
Lin's method is featured here because of its basic simplicity. The 
procedure is demonstrated by an example. 

Example 6—19—1. The C{$) for a system with a step-function input is given by 

._ 32,400 _ 

T -f 2,2445® + 14,0585® + 44,2805 T 32,400] ^ 

The denominator is a polynomial of the 5th degree and can be partially factored 
into two quadratic terms and a linear term. The quadratic formula can be used 
on the quadratic terms even though the zeros are complex. Lin’s method starts 
by obtaining a trial divisor and after a division process a second trial divisor is 
obtained and the process is repeated until a desired degree of accuracy is achieved. 

In this example, since the degree of the polynomial is odd, the first trial divisor 
is a linear term obtained from the last two terms of the polynomial as 

44,2805 4- 32,400 = 44,280 (5 + 0.73) (6-19-2) 

and the division is carried out as 

5^" 4- 66.275® -f 2,1965® T 12,4505 + 35,170 
5 4- 0.73 1 5 ® 4- 675" + 2,2445® 4- 14,0585® 4- 44,2505 + 32,400 “ 

5^ + 0.735'" 

66.275'" + 2,2445® 

66.275^ 4- 48.55® 

2,1965® 4- 14,0585® (6-19-3) 

2,1965® 4- 1,6085® 

12,4505® -f 44,2805 
12,4505® -h 9,1105 

Second trial divisor: 35,1705 + 32,400 
35,1705 4- 25,700 
Remainder: 6,700 


If the trial divisor were exact, the remainder would be zero instead of 6,700. A 
rough indication of the accuracy of the 5 4- 0.73 term is obtained by comparing the 
remainder 6,700 with the coefficients 32,400 and 25,700 from which it is obtained. 
Since the remainder is approximately 20®/o of these terms, a second trial divisor is 
obtained from the location indicated 

35,1705 4- 32,400 = 35,170(5 4- 0.92) (6-19-4) 

The term 5 + 0.92 is used and the division process repeated. Generally the 
remainder decreases and the trial and error process converges. In the present 
example after four divisions the polynomial is factored as 

(5 4- 1)(5^ -f 665 ® -f 2 , 1785 ® 4- 11,8805 + 32,400) (6-19-5) 

If the quartic polynomial has four complex roots, a division by a linear term 
cannot possibly load to any useful results. Therefore the last three terms are used 
to form a quadratic trial divisor and the following division is carried out 
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-f" 60.Si" “f* 1,830 

+ 5.5^ + 15 [? + 66.0? 4 - 2,1785^ -f ll,880ir + 32,400 
+ 5 . 5 ^^ + 15^2 

60.5<r" + 2,163^2 4- 11,880^ 

60.5<>^ + 333^^ -h 9075 

Second trial divisor: 1,830^^ -f 10,9735 + 32,400 
1,8305" + 10,0735 + 27,400 

Remainder: 9005 + 5,000 
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(6-19-6) 


The new trial divisor is now formed as before and the process repeated. After three 
division processes, the equation is factored as 

(5 4- 1 )( 5 " 4- 65 4- 18)(5" 4- 605 4- 1,800) (6-19-7) 


The quadratic terms are factored by using the quadratic formula and C( 5 ) put in 
the form 

- 32,400 rfi 10 ox 

5[5 4- 1][(^ 4- 3 )" 4- ( 3)"][(5 4- 30)" + (30)"] ^ 


In some cases, the process of repeated trial divisors will not converge to a solu¬ 
tion or in other cases the process converges so slowly other methods of factoring 
must be used. An alternate method of factoring is explained in Chapter 7. How¬ 
ever for the situation in which Lin’s method converges rapidly, it is probably the 
best method. Therefore it is advisable to try Lin’s method before attempting other 
methods. 

Even though the Transform Table in the Appendix is relatively extensive, the 
transform of Eq. 6—19—8 is not included. This example points out the fact that 
regardless of the inclusiveness of a table there will still be occasions when the de¬ 
signer must return to partial fraction expansion or some variation of it. The time 
function corresponding to C( 5 ) is ground out as 

c{t) = 1 - 1.43£-^ 4- 0.4325-"' sin (3t - 264,5°) 4- 0.000375£-""' sin (30t - 173.2°) 

(6-19-9) 

The pole-zero pattern for this system is shown in Fig. 6—19—1. By analogy to 
the second order system each pair of complex conjugate poles can be assigned a 
damping ratio and a natural radian frequency of oscillation determined geometrically 

as before. The pole pair at 5 = —3 443 has 


s- plone 


4^ 


■4-T 


= cos 45° = 0.707 
= 3 V 2 = 4.242 


X- 


+ j3 



and the pole pair at 5 


-—30 4 430 has 


X- 


j3 


4 ^ 

i-4- 


-j30 


C 2 = cos 45° = 0.707 
(w„2 = 30 V 2 = 42.42 


(6-19-10) 

(6-19-11) 


(6-19-12) 

(6-19-13) 


Fig. 6-19-1 


This process is used more as a rough analogy to the 
second-order system than as an exact method of analysis. 
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This example is reviewed again as an introduction to the concept of dominant 
poles, a subject that is discussed in more detail in this and other chapters. An 
examination of Eq. 6-19—9 indicates that the term due to the pole pair at 5 — —30 
ibj'30 does not contribute a great deal to the response as the 0.000375 coefficient is 
small compared with 0.432 and also because this term decays more rapidly than 
does the other term. In relation to the pole-zero pattern, this pole pair is far removed 
from the other poles. If the poles at ^ — —30 ± j30 are dropped from C{s) of 
Eq. 6-19-8 and the gain of the system reset so that the final value of c(t) is unity, 
C(s) becomes 


C(s) = 


18 

s[s + 1][(. + 3)^ + (3)^] 


(6-19-14) 


and the resulting c{t) is 

c(t) ^ 1 - 1.3856-' + 0.3916-^' sm {3t - 258.7°) (6-19-15) 

The c(t) of Eq. 6—19—9 and the approximation to this response as given by Eq. 
6—19—15 are plotted in Fig. 6—19—2. 



Fig. 6-19-2. 


6-20, Static Error Coefficients. Constants that are called static 
error coefficients are defined for the unity feedback system in the following 
way. The position constant is defined as 


the velocity constant as 


Kp = lim G(s) 

s-^o 

Ky ~ lim sG(s) 

s-^O 


( 6 - 20 - 1 ) 

( 6 - 20 - 2 ) 


and the acceleration constant Ka as 

Ka ~ lim s'^Gis) 

S^O 

The transform for the error signal is 


E(s) = 


1 + Gis) 


(6-20-3) 

(6-20-4) 
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When r(t) = U-i(t), E(s) becomes 

41 + GW] 


(6-20-5) 


and the steady-state error can be found usin.^ the final-value theorem as 


[iVgw] “ TT^ 

When r(t) ~ u-. 2 {t), E{s) becomes 

1 

s 41 + G(4] 

and the steady-state error is 

When r(t) = E{s) becomes 

1 

= 4[1 + G(s)] 

and the steady-state error is 


( 6 - 20 - 6 ) 


(6-20-7) 


( 6 - 20 - 8 ) 


(6-20-9) 


( 6 - 20 - 10 ) 


The valid use of the final-value theorem, in each case depends upon 
the system’s being stable in order that each limit exist. These constants 
are discussed after another set of definitions is introduced in the next 
article. 

Another set of constants called the dynamic error coefficients are 
explained in Chapter 10. 


6-21. Type Numbers for Control Systems. The forward loop of 
a unity feedback system has a transfer function of the following form 


. _ K(S + .3-1) ... (^ -I- 

s^(s +p,)...{s+ p,) 


( 6 - 21 - 1 ) 


TABLE 6-21-1 


Value of N 

System type number 

0 

Type 0 

iV= 1 

Type 1 

N = 2 

Type 2 

AT = 3 

Type 3 
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The explicit numbers of z and p terms are not pertinent to the present 
discussion which is concerned only with N. The type numbers correspond 
with N as given in Table 6—21—1. 

With regard to nomenclature, the table can be carried farther. Howev¬ 
er, as explained in Chapter 7, it is difficult to achieve a Type 3 or higher 
system that is stable. 


TABLE 6-21-2 



Type 0 

Type 1 

Type 2 


Kp (finite) 

00 

00 

K, 

0 

(finite) 

00 

Ka 

0 

0 

Ka (finite) 


The static error coefficients for systems of various type numbers are 
shown in Table 6-21-2. For a given type number, each error coefficient 
is either infinite, finite (the value depends on the actual system involved). 


or zero. 

The static error coefficients of Table 6-21-2 are combined with Eq. 
6-20-6, 6—20—7 and 6—20—8 which relate the steady-state error and the 
error coefficients. The result is shown in Table 6-21-3. 


TABLE 6-21-3 


Input 


Steady-state error 


function 

Type 0 

Type 1 

Type 2 

u-l(t) 

1 

1 + 

0 

0 


00 

1 

K, 

0 

u-zit) 

00 

00 

1 

Ka 


Table 6—21—3 is examined by rows. The important point in this 
discussion is that G(s) has an 5^ factor in the denominator which corre¬ 
sponds to N integrations in the time domain. 

The first row in this table is for the input r(t) = u.i(t). A Type 0 
system does not integrate the error signal. Therefore, for the output to 
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maintain a constant value, e(t)ss must also have a constant value. A type 

1 system integrates the error signal. Therefore, the output can maintain 
a constant value if the integral of e(t) is equal to a constant. For the integral 
of e(t) to be a constant, ^(^)ss must equal zero. The same type of reasoning 
shows that e(t)ss is also zero for a Type 2 system. 

The second row of Table 6—21—3 is for r(t) = For the output 

of a Type 0 system to be increasing at a constant rate, the e{t) signal must 
also be increasing at a constant rate and ^(Oss is therefore equal to infinity. 
A Type 1 system integrates e{t) and the integral of e{t) in steady state can 
increase at a uniform rate as long as e{t)ss is equal to a constant. A T3rpe 

2 system integrates e{t) two times and the double integral of e{t) can increase 
in steady state at a uniform rate with ^(Oss equal to zero. 

The third row of Table 6—21—3 is for r{t) = w-sCO* the output 

of a Type 0 system to be increasing with a constant acceleration, the e(t) 
signal must also be increasing with a constant acceleration and ^(^)ss is 
therefore equal to infinity. The e(t) signal for a Type 1 system must 
increase at a constant rate for the output to have a constant acceleration. 
Therefore is equal to infinity. A Type 2 system integrates e(t) 

two times; and if e(t)ss is equal to a constant, the double integral of this 
in steady state yields the desired output. 

This table can be extended to systems with higher type numbers and 
to inputs such as etc. The finite steady-state error term appears 

on the diagonal with zeros above the diagonal and infinites below. 

6-22. Discussion of Transient Analysis. If a specific system is 
given and the complete response to a given input is desired, the transient 
method of analysis may be laborious, but it is straight forward. The 
difficulty with the transient method arises when the problem is design 
rather than analysis. This difficulty in turn is a result of the devious 
relationship between coefficients of a high degres polynomial and the 
location of its zeros. An example may help explain this situation. A 
designer is working with a control system which has an unsatisfactory 
response to a unit-step function. The designer faces the problem of 
changing some of the system parameters in order to improve the response. 
Without augmenting the transient approach by other methods, about 
the best he can do is to change one or more of the parameters and recalculate 
the response, repeating the process on a trial-and-error basis until the 
desired response is obtained. 

It was for these reasons that sinusoidal steady-state methods were 
developed in which the frequency is varied. Chapters 7, 8, and 9 examine 
these methods in terms of the Nyquist and Bode plots and how these plots 
can be used in control system design. These frequency response methods 
themselves suffer limitations and other methods of design are explained 
in later chapters. An introduction to some of the frequency response 
concepts is given in the following articles. 
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6-23. Sinusoidal Steady-State Response. If a sinusoidal input is 
applied to a system, the steady-state response can be found by methods 
similar to those explained in Chapter 3. In these methods, the input and 
the output are replaced by phasors and is replaced byjco throughout the 
reaminder of the expression. 

This procedure is followed for the two pole system with the transfer 
function given by 


C(s) ^ 

R(s) + 2Cci>nS + (On^ 


(6-23-1) 


in which ^ is replaced by jco 
Cija,) . 


oy-n 


(6-23-2) 


Rijoj) Cx)n^ — oy^ “h j2CcOn(yy 

In order to put this equation in generalized form, the numerator and 
denominator are divided by 


C(jay) 

Rijoy) 


1 


1 -(—) +i2c(—) 

V ify^J \(yy Ti I 

The ratio of co to con is denoted by y as 


(6-23-3) 


a» 



and the equation can be written as 


C(jy) 


1 

1 — +i2?7 


= M/a 


(6-23-4) 


(6-23-5) 


In the literature, there is some confusion in nomenclature concerning the 
ratio of Ciiy) over Rijy) but for present purposes the magnitude of Eq. 
6—23—5 is labeled M and the angle a. 

Curves of M for various values of f are shown in Fig. 6—23—1. When 
C is below 0.707, the M curve increases to a maximum and then decreases. 
The maximum value of M is denoted Mm and the radian frequency at 
which maximum occurs is denoted 

If the magnitude of Eq. 6—23—5 is differentiated with respect to y 
and set equal to zero, oym is obtained as 


- CO, Vi “2C" (6-23-6) 

and upon substiuLtion of com in the equation for M the equation for Mm 
becomes 

=- - - (6-23-7) 

2cVt - 


This equation is plotted in Fig. 6—23—2. 
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Fig. ^23-1. 



Fig. 6-23-2. 


or more complicated systems, it is virtually impossible to plot 
ralized curves for the same reasons as given in the discussion of 
ient resoonse. 
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Example 6—23—1. The control system of Ex. 6-14-1 is driven by the input 
function r{t) until steady-state conditions are reached. 

rip) - 2.5 sin (0.5i - 55°) - 1.25 cos {t + 60°) (6-23-8) 

It is desired to find the equation for the output. The system constants are repeated 
as 


D - 0.289, K - 1.448, - 1 and C == 0.1 


Table 6-23—1 is set up 


TABLE 6-23-1 




1 

0) 

y 

1 - y" +i2f7 

0.5 

0.5 

0,75 '+m - 

1 

1 



The output response is 

c{t) = 1.33 X 2.5 sin (0.5t - 55° - 7.6°) - 1.25 X 5 cos {t + 60° - 90°) 


or 


dt) = 3.32 sin (0.5? - 62.6°) - 6.25 cos it - 30°) (6-23-9) 

Example 6-23—2. A control system has an unknown J and D but tests are made on 
the controller and the constant K is found to be 2.5. A sinusoidal input of varying 
frequency is applied and it is found that Mm is 1.5 and com is 1.25 cps. From Fig. 
6-23-2, an Mm of 1.5 corresponds to a C == 0.35. Eq. 6-23-6 can be solved for cu„ 
as (i)n = 1.44. Jand D are found as / = Kfcon^ — 1.2 and D = 2t,'\/KJ ~ 1.21. 

6-24. Transient Response Determined by Poles and Zeros. 

Both the transient and frequency response methods stem from the same 
closed-loop transfer function. 


Cis) Gis) 
R{s) 1 + Gis) 


(6-24-1) 


This transfer function is completely specified in terms of its poles and 
zeros except for a gain factor. If the control system is of a Type 1 or higher 
type, the gain is also determined. For example, the following pole-zero 
pattern is assumed: 


Cjs) _ Kjs + 

R(s) {s + Pi){s + pi)is + Pa) 


(6-24-2) 


If the input is a unit-step function, R{s) = 1/s and Eq. 6—24—2 can be 
solved for C(s). For a Type 1 system, it is known that the steady-state 
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error is zero when a unit-step function is the input. Therefore c{t) in 
steady state must equal unity which yields 

c(t)ss = lim sCis) = = 1 (6-24-3) 

s-*0 Plp2p3 

Upon solving for K, the equation for C{s) becomes 

__ Pip2p3(s + Zi) _ (^24-4) 

- z^s(s + p,)(s + p,){s +Ps) ^ ^ 

Another factor s p 4 added to the denominator requires a p^ in the 
numerator whereas a factor 5 + 2(2 added to the numerator requires a 
in the denominator, etc. 

The partial fraction expansion of C(5) is 


(6-24-3) 


(6-24-4) 


(6-24-5) 


ds) = L + (6-24-5) 

5 S + pi S + p2 ^ + P3 

where the K^s are the residues. The inverse transform of C(5) yields c{t). 

c(t) = 1 -i- K + K^pR~p^^ (6-24-6) 


c{t) = \ K .p,e -p^^ + K^p,s~p^t + K. 



Fig. 6-24-1. 

One possible pole-zero configuration is shown in Fig. 6—24—la. Since 
pi and p 2 are assumed to be complex conjugates Oi dz Jcdu the equation 
for c(t) can be written as 

c{t) = 1 + sin {coit + y^) + K^p.e-P^^ (6—24—7) 

The effects of the pole locations on this response can be seen in a 
qualitative way. The smaller 0 * 1 , the closer the complex poles are to the 
/co-axis and the longer it takes the damped sinusoidal component to die 
away. The larger coi, the farther the complex poles are from the real 
axis and the higher the frequency of oscillation of this component. The 
farther —ps is to the left, the more rapidly the term K p, 6 ~^p^^ dies away. 

The effects of the zero location in Eq. 6-24-7 are not evident; however, 
each residue is determined in part by the location of the zero. For example, 
is given by 
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_ Plp2pz{^l Pz) 

^i( P^)(Pi Ps)(p2 ~ 


(6-24-8) 


The term Zi ~~ pz can by visualized as a phasor from —Zi to as 

indicated in Fig. 6—2^1b. Likewise the term pi ~ ps is a phasor from 
—pi to ~pZ‘ In general, each residue is composed of a group of phasor 
products in the numerator divided by a group of phasor products in the 
denominator. For this specific example, the phasor from to ~pz 
is in the numerator. As the zero is moved closer to —pz^ the K term 
becomes smaller. If the zero and pole coincide, the pole is said to be 
canceled by the zero. Complete cancellation is not necessary for the pole 
to have little effect because if the zero is near the pole, the residue is small. 

Another situation exists in which a pole (or poles) has little effect on 
the system response. This situation occurs when the pole is far removed 
from the other poles and zeros. The system response to a step function 
is used as an example: 


C{s) - 


10 

s{s^ + 5 + 1 )(^ + 10 ) 


(6-24-9) 


The complex pair of poles is at —0.5 ± yO.866. The inverse transform 
is 


c{t) = 1 + 1.2l£-‘'-"^ sin (0.866^ ~ 125.2^") - O.OIL"^''' (6-24-10) 

An examination shows that the pole at —10 does not contribute a great 
great deal to the response as the residue —0.011 is small when compared 
with 1. If the pole at —10 is dropped, the C{s) becomes 


C(5) 


1 

sis^ +5 + 1) 


(6-24-11) 


and the resulting c{t) is 


c{t) = 1 + \ sin (0.866^ — 120°) (6-24-12) 



Rtr. 6-24-2. 
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The c{t) of Eq. 6-24-10 and the approximation to this response as given 
by Eq. 6—2^12 are plotted in Fig. 6-24-2. 

The pole-zero pattern and the geometrical interpretation of evaluating 
the residues are helpful in visualizing the reasons the pole at —10 has a 
small residue. The residue in the pole at the origin is unity, and therefore 
the three phasors showTi in Fig. 6—24-3a must have a product equal to 10. 
The phasors in Fig. 6—24-3b determine the residue in the pole at —10. In 


s - plane 




Fig. 6-24-3a the phasors from the complex poles have a magnitude of 1 
whereas in Fig. 6—2^3b they have a magnitude of approximately 9.5. 
Therefore, the product of the three phasors in Fig. 6—24-3b is approx¬ 
imately equal to (10)(9.5)^. If the pole at —10 were farther removed, 
or if there were additional poles in the vicinity of the unit circle, the 
residue would be even smaller. 

This article introduces the effect of the location of poles and zeros on 
transient response in a qualitative way. In Chapter 10, this same subject 
is discussed again in more quantitative terms. 

6-25. Sinusoidal Steady-State Response Determined by Poles 
and Zeros. Not only do the poles and zeros of a transfer function 
completely determine the transient response, but they also determine the 
sinusoidal steady-state response. The system described by Eq. 6-24-4 
is used again in this discussion. 


R{s) 


pxpzpzis + ari) 


(6-25-1) 


Ziis + pi)is + p2)is + pz) 

The input and output are replaced by phasors and r is replaced by jco 
throughout the remainder of the expression 

C(/a)) __ pip2pz(j(^ -^i) _ ^^_25_2) 

R(jco) Ziijo) + pi)(jo} + p2)(jo> + ps) 

The quantity JCO locates one point on the jco-axis in the 5-plane and 
each of the termsjco + piyjco 4 Zi, etc. is a phasor from a pole (or a zero) 
to this point on thejco-axis. One suchjco point and the resulting phasors 
are shown in Fig. 6—25—1. vVhen co is equal to zero, C{jw)jR(jo)) is equal 
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Fig. 6-25-1. 

to unity; and as co varies from zero to infinity, the variations of C(jaj)IR(jm) 
can be visualized by observing the changes that take place in these phasors. 

If the complex pair of poles —pi and -~p 2 is close to the/co-axis, the 
frequency response curve is highly peaked. This can be made clear by 
visualizing —pi and —p 2 close to the jay-axis and observing the phasor 
from —^1 to jCO as jay takes on values in the neighborhood ofjcoi. The 
phasors from the other poles and zeros do not change very rapidly in this 
neighborhood, but the phasor from —pi decreases rapidly and then in¬ 
creases as j CO moves pastycui. Since this phasor is in the denominator, 
the magnitude of the frequency response increases and then decreases. 
In general, the peak of this curve does not occur at coi but near a>i. 

If — 2^1 is near —ps, the phasors jo) + zi and jco + ps are almost 
identical. Since one phasor is in the numerator and the other in the 
denominator, it can be seen that a pole and zero close together have little 
effect on the frequency response. 

In the previous article, it is pointed out that a complex pair of poles 
near the j co-axis produces a highly oscillatory transient response and in 
this article it is shown that this pair of poles produces a highly peaked 
frequency response. Stated in reverse, if the frequency response is not 
highly peaked, the pole-zero pattern does not have a pair of complex 
poles near the ^ca-axis and in turn the transient response will not be 
highly oscillatory. 

For many years a ‘‘rule of thumb” has been used to the effect that if 
Mm (the maximum value of the frequency response curve) is between 
1.2 and 1.4, the transient response of the system will be satisfactory. 
The above discussion qualitatively justifies this “rule of thumb”. 

Chapter 10 discusses the relationship between transient and frequency 
response in a more quantitative way. 

If the pole-zero pattern is stretched (or contracted) radially by a factor 
K in the complex ^-plane, the corresponding frequency response curve 
takes on the same set of values but at an co which is K times the original co. 
For example, if the original frequency response curve is obtained from 

C(jay) ^ _ pip 2 pz(jco + ^i) _ 

Rijco) {zi)(jco 4* p2)(ja> + ps) 



(6-25-3) 
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Cjjo)) ^ (Kpi)(Kp2)(Kpz)(ja) + Kzi) 

R(jco) {Kz,)(jo> + KpMw + Kp 2 )(joj + Kps) ^ ^ 

The original curve has a certain magnitude M for a given co. The new 
curve has the same magnitude M at an angular frequency Kco. 

This result should be contrasted with the corresponding effect on the 
transient response. If the pole-zero pattern is stretched by a factor 
the corresponding points on the time function occur at a new time which 
is the original time multiplied by a factor IjK. Therefore, the more 
spread out the frequency response curve, the more contracted is the 
corresponding transient response curve and vice versa. 


6-26. Transient Response with Initial Conditions. Transfer func¬ 
tions are derived under the assumption that the system is initially at rest. 
The initial conditions can be added to control systems by use of the 
impulse family of functions in a manner similar to that discussed in Arts. 
3—10 and 3—11. However for this discussion, the more fundamental 
approach of returning to the differential equation is used. The remainder 
of the discussion is carried out through examples. 

Example 6—26—1. The system of Ex. 6-14-1 used again with J = 1.44-5, D = 
0.289 and K == 1.448. The input is driven at a constant angular velocity of 2.5 
radians/sec. until the system reaches steady state and at i = 0 the input is arbitrarily 
stopped at r(t) = 0. The transfer function that describes the closed-loop system is 


C(s) K 

R(s) Js^ -j- Ds + K 


(6-26-1) 


This cannot be used as such since the system con tarns stored energy at ^ — 0; 
however, the transformed equation can be written as 

Js^C(s) + DsC(s) + KC(s) = KR(s) (6-26-2) 

and the differential equation described by this is 

J ^ + Kcit) = Kr(t) (6-26-3) 


In this example r(t) is equal to zero by choice. Before t = 0, the system has a steady- 
state error 

= 2.5 ^ = 0.5 (6-26-4) 


From e(t) = r(t) — c(t)y it can be seen that c(0) = —0.5. At i = 0, dc(0)ldt — 2.5. 
The transform of the equation with the initial conditions is 

J[s^C(s) + 5(0.5) - 2.5] + D[sC{s) -f 0.5] + KCis) - 0 (6-26-5) 

This can be solved for C(s) as 

, -0.55 4- 2.4 -0.55 4- 2.4 

5^ 4- 0.25 4- 1 "" (5 4- 0.1)^ 4- (0.995)^ 


(6-26-6) 
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The inverse transform is 


c(t) - 2.5l£“^ sin (0.995t - 11.5°) (6-26-7) 


Example 6-26-2. The system of Ex. 6-18-1 is used again with J = 0.4, D = 6, 
= 41.6 and K^. ~ 124.8. The input is driven at a constant angular velocity of 
2.5 radians/sec until the sys^^m reaches steady state and at i = 0 the input is arbitrarily 
stopped at r{t) = 0. The transfer function that describes the closed-loop system is 
obtained from Eq. 6—18—14 as 


C{s) 104^ + 312 

R{s) ” + 15^^ + 1045 + 312 

The transform of the equation can be written as 

s^C{s) 4- 155"C(5) + 1045C(5) 4- 312C(5) - 104sR(s) + 312i?(5) 

and the corresponding differential equation is 

4- 15 4- 104 ^ + 312c(t) = 104 ^ 4- 312r{t) 


(6-26-8) 


(6-26-9) 


(6-26-10) 


At ^ = 0, the input is stopped so that r(0) = 0 and after / = 0, the derivative of r{t) 
is also zero. Eq. 6-26—10 becomes 


+ 15 + 104 ^ + 312c(i) = 0 (6-26-11) 

dr dt dt 


Because of the integral compensation, the output and input are in alignment before 
t == 0 and the output is turning at the same angular velocity as the input as given by 
dc(0)ldt ~ 2.5. Also before i = 0 the second and third derivative of c(t) with respect 
to time are equal to zero. Since Eq. 6—26—11 is true for all positive values of time, 
it IS also true at t = 0. If any of the derivatives of c{t) with respect to time change 
magnitudes at i = 0, the next higher-order derivative must contain an impulse. 
Since Eq. 6—26—11 does not contain an impulse at t = 0 the only derivative that can 
change is d^c{t)jdf. Therefore at f = 0 


c(0) = 0, 


dc{0) 

dt 


2.5 and 


dh{0) 

dt^ 


(6-26-12) 


When these are substituted into Eq. 6-26-11 it becomes 

4^ + 0 + (104)(2.5) + 0 = 0 


(6-26-13) 


which can be solved as 


J"c(0) 

dt^ 


-(2.5)(104) 


(6-26-14) 


The transform of Eq. 6-26-11 is 

[s^ds) - 0 - 2.55 4- 0] -h 15[5^C(5) ~ 0 - 2.5] + 104[5C(5) ~ 0] 

-f 312C(5) - 0 


from which C{s) is obtained as 


(6-26-15) 


C(^) = 


2.55 -h 37.5 

5^ 4- 155^ 4- 1045 4- 312 


(6-26-16) 
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C(.) = 


2.5s + 37.5 

(5 -f 6.36)[(5 -h 4.32)^ + (5.5)^] 


and c(t) is found as 


€(l) = 0.935e-" sin (5.5? - 42.4°) T 0.632£--^ 


(6-26-17) 


(6-26-18) 


These two examples demonstrate the manner in which initial conditions 
can be handled by simply returning to the differential equations and by 
incorporating the initial conditions in the transformed equation. An 
inspection of these examples shows that the initial condition terms all 
appear in the numerator of C(s) and that the denominator is unaffected. 
Therefore, these initial conditions can in no way affect the absolute 
stability of a system. 

Since a given system can be driven before ? = 0 so as to yield an infinite 
number of different sets of initial conditions, the value of this effort must 
be viewed with skepticism. Therefore, from the standpoint of design, 
it is much better to interpret the specifications in terms of a system initially 
at rest and to avoid the problem of initial conditions entirely. If in a 
special case, the response to a certain set of initial conditions must be 
found, the procedure is straightforward. 


PROBLEMS 


6-1. Replace the three summing points in tandem in Fig. 6—P—1 by a single 
summing point. Write the necessary equation to show the equivalence of the two 
systems. 



Fig. 6-P-l. 



6—2. Given the system of Fig. 6—P—2, write the necessary equations and derive 
the transfer functions 

C(s) ^ G(s) Ejs) ^ 1 

Ris) 1 -H{s)Gis) Ris) 1 -His)Gis) 

6-3. Write the necessary equations to demonstrate that the systems of Fig. 
6—5—8a and b yield the same results. 

6—4. Repeat Prob. 6—3 except use Fig. 6—5—9. 

6-5. Repeat Prob. 6—3 excent use Fig. 6—5—li3. 

6 - 6 . Ex. 6-6-1 reduces the block diagram of Fig. 6-6-la to a single block by 
using block diagram transformations. Verify the results obtained in Fig. 6-6-1 c 
by writing a sufficient number of equations relating the variables in Fig. 6—6—la, and 
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eliminate all the variables except C{s) and Ris). That is, the result is to be verified by 
algebraic methods that do not use any of the transformations already derived. 

6—7. Repeat Prob. 6-6 except use the systems of Ex. 6-6—2. 



Fig. 6~P-«. 


6-8. Given the system of Fig. 6-P~8, reduce this system to a single block diagram 
transformations. 

6-9. Repeat Prob. 6—8. by using algebraic elimination in a manner similar to 



Fig. 6-P-IO 


6-10. Given the system of Fig. 6~P-10. Reduce this system to a single block 
by using block diagram transformations. 

6-11. Repeat Prob. 6—10 by using algebraic elimination in a manner similar to 
that suggested in Prob. 6—6. 



Fig. 6-P-I2. 


6-12. Given the system of Fig. 6—P—12, reduce this system to a single block by 
using block diagram transformations. 

6-13. Repeat Prob. 6—12 by using algebraic elimination in a manner similar to 
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6~14. In Ex. 6-6-2 the denominator is made up of 1 plus the sum of the transfer 
functions around the various loops; however, in Ex. 6—6—1 an extra term is present. 
Discuss the situation in general as to when this extra term (or terms) will be present 
and when it will not be present. 

6-15. The closed-loop system of Fig. 6—8—1 has the following constants. 

J = 10 X 10"®slug-ft® 

D = 2.0 X lO""^ ft“lb/(radians/sec) 

K = 3.S X 10-^ ft-lb/radian 


The input is given a value of 10 for 0.01 sec and then returned to zero. For purposes 
of analysis, this input is approximated by an impulse which has an area equal to the 
area under the square pulse. Find c(t) and e(t) and draw rough sketches. 

6-16. The system of Prob. 6—15 is initially at rest and the input is suddenly 
turned through n radians at i = 0. Find c{t) and e{t) and draw” rough sketches of 
both functions. 

6-17. The system of Prob. 6-15 is initially at rest and the input is suddenly given 
a constant angular velocity of 3 radians/sec. Find elf) and e{t) and draw rough 
sketches of both functions. 

6-18. The closed-loop system of Fig. 6-8-1 has 7= 1.445 in. -lb-sec^ but D 
and K are variables. Find D and K so that the system has an co„ = 2.0 and an over¬ 
shoot to a unit-step function equal to 30°/o. Find c{t) and e{t) when r{t) = u-ft) 
and draw rough sketches of both functions. 

6-19. The closed-loop system of Fig. 6-8-1 has 7 = 1.445 in.-lb-sec^ but D 
and K are variables. It is desired to have the system operate with a relative stability 
as determined by C = 0.5. The system is initially at rest and is driven with a con¬ 
stant angular velocity of 3 radians/sec. The error in steady state is to be 0.5 radian. 
Find c{t) and €{t) and draw rough sketches of both functions. 

6-20. The control system of Ex. 6—14—1 is redesigned in Ex. 6—1^2. This is 
done by increasing K and D. K is increased by an increase in Kjj. Find the new 
value of Kb required. D is increased by using feedback from the output shaft as 
shown in Fig. 6—15—1. Find the value of Kg required. 

6-21. A control system is designed as discussed in Prob. 6—20. However the 
signal F 5 (^) is inadvertantly connected so that it passes through the summing point 
with a plus sign instead of the minus sign shown in Fig. 6—15—1. Calculate the step 
function response of the resulting system. 

6-22. The control system of Prob. 6-21. is left so that FsC^) passes through the 
summing point with a plus sign; however. Kg is set so that D — 0. Find the value 
of Kg to do this. The resulting system is driven with r{t) = and the maximum 

error is not to exceed 0.3 radian. Determine the maximum horsepower necessary 
to drive this load. 

6-23. The control system of Ex. 6-14—1 is redesigned in Ex. 6-16-1. This is 
done by using error rate damping as shown in Fig. 6—16—1. Find the value of Kf to 
do this. 

6—24. A control system is designed as discussed in Prob. 6—23. However the 
signal Vq(s) is inadvertantly connected so that it passes through the summing point 
with a minus sign. Calculate the e(t) response of the resulting system with r{t) = 
W-2(^). 
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6—25. The control system of Fig. 6—16—2 has the following constants 

7-15 X 10-® slug-ft^ 

Z) = 1.1 X 10“^ ft-lb~sec 

Ki = 0.99 X 10"ft~lb/(radians/sec) 

E: = 4.0 X 10-" ft-lb/radian 

The system is at rest and the input is r{t) ~ Find e{t), 

6-26. The control system of Fig. 6-18-2 has the following constants: 

J = 15 X 10-® slug-ft^ 

D = 1.1 X 10-"^ ft-lb/rad/sec 
= 4.0 X 10-^ ft-lb/rad 
K 2 — 1 X 10-^ ft-lb sec/rad 

The system is at rest and the input is r(t) = Find e(t). Let K 2 be a variable. 

How large can K 2 become and have a stable system ? 

6—27. Error rate and integral compensation are combined in a single system. 
Find G{s), C{s)IR(s) and E(s)IR(s) for the resulting system. 

6-28. The C(s) for a system with a step-function input is 

C(.) =__ 

s[s‘' + 24s“ + 1,088^'' + 4,160s + 8,000] 

Find c(t). 

6-29. Approximate the transfer function for the system of Prob. 6-28 by its 
dominant pole pair and find the new c(t). Compare the result with the c(t) found in 
Prob. 6-28. 

6-30. The C(s) for a system with a step-function input is 
C(s) =_500_ 

sEs" + 21s^ + 521s" + 520s + 500] 

Find c{t). 

6-31. Approximate the transfer function for the system of Prob. 6—30 by its 
dominant polepair and find the new c(t). Compare the result with the c(t) found in 
Prob. 6-30. 

6—32. Extend Table 6—21—2 and Table 6—21—3 to the next higher type number. 
6-33. The system of Prob. 6—15 has the following function applied to the input 
until steady state is reached 

rit) - 1.5 sin (lOr -f 50°) ~ 0.8 cos (30^ - 20°) 

Find e(t)ss and c(t)ss- 

6-34. The system of Prob. 6—25 has the following function applied to the 
input steady state is reached 

r(t) = 2.5 cos (10^ - 45°) - 1.5 sin (30t + 58°) 

Find e(t)ss and c(t)ss> 

6-35. Repeat Prob. 6-34 for the system of Prob. 6—26. 

6-36. The system of Prob. 6-28 has the following function applied to the input 
until steady state is reached. 

r(t) = 2.5 sin (t - 30°) - 1.5 cos (2t + 50°) 


Find e(t)^^ and c{t)ss- 
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6—37. Repeat Prob. 6—36 for the system of Prol). 6—30. 

6-38. For the system of Ex. 6—19—1, draw the pole pattern to scale and use the 
geometrical interpretation of evaluating the residues in the poles at — 3 + j2 and 
at —30 +730. 

6-39. For the system of Prob. 6—28, draw the pole pattern to scale and use the 
geometrically interpretation of evaluating the residues on one of the complex poles 
near the origin and on one far away. 

6-40. Given a system described by 

C{s) _ 2(^ + 2.2) 

R{s) 2.2(s^ + 0.2s + 1)(5 + 2) 

Draw the pole-zero pattern to scale and use the geometrical interpretation of 
determining the frequence response curve for the values of co ~ 0.2, 0.6, 0.8, 1.0, 
1.2, 1.4, and 2.0. 

6-41. The system of Prob. 6—15 is driven at a constant angular velocity of 1.5 
radians/sec until steady state is reached and the input is stopped at i = 0. Find 
c{t) after i = 0. 

6-42. The system of Prob. 6—25 is driven at a constant angular velocity of 2.5 
radians/sec until steady state is reached and at i = 0 the input is changed to a con¬ 
stant angular velocity of 1.0. Find c(t) after t = 0. Arbitrarily choose r(0) = 0. 

6—43. Repeat Prob. 6-42 for the system of Prob. 6—26. 

6—44. The system of Prob. 6—25 is at rest when at ? = 0 a constant torque 
disturbance T i is applied to the output in sich a direction to tend to make c{t) positive. 
Find the equation for e{t) and c{t). 

6—45. Repeat Prob. 6—44 for the system of Prob. 6—26. Why is eit)ss. equal to 
zero in this problem but it is not in Prob. 6-44? 

6—46. The coefficient Ka of Eq. 6—7—2 is to be determined in terms of the 
quantities as shown in Fig. 6—7—2. The potentiometer is such that it can be turned 
through N revolutions. Each d-c voltage has a magnitude of £ as shown. 

6—47. In a system similar to that of Fig. 6—16—1, the signal Veit) is to be obtained 
by taking the derivative of the input signal r{t) instead of the Vi{t) signal as shown. 
The summing point is left unchanged. Analyze the resulting system. Find the 
value of Kf which yields zero steady-state error with a unit-ramp function input. 

6—48. In Chapter 3 initial conditions are moved into sources. Develop an 
analogous procedure for handling the initial conditions in closed-loop systems. 
Rework any of the examples or problems that involve initial condilions as assigned 
using the procedure developed. 



7 

STABILITY 

7—1. Introduction. A control system is designed to have the output 
follow the input as faithfully and as rapidly as possible. To achieve this 
a high gain around the closed loop is necessary. In most systems, how¬ 
ever, the gain cannot be increased indefinitely without the system be¬ 
coming unstable. 

It is of interest to explore in a qualitative manner the way in which a 
physical system can become unstable before attempting a more quantita¬ 
tive study. Passive networks consisting of Us, and C's connected in 
any arrangement are always stable since the transient portion of a given 
response always decays to zero. For the hypothetical case of a network 
made up of pure Us and C’s, the transient response never decays but in 
the practical situation, there is always resistance present. 

In a closed-loop system each component can be stable, and yet the 
closed-loop system can be unstable. The primary reasons for this are 
a gain of energy inside the loop and the fact that the signal traveling around 
the loop usually encounters several time delays. Energy is stored in 
electrical and mechanical components, etc., and since the energy cannot 
change instantaneously from one value to another, the signal encounters 
the time delays. 

The situation that can be explained in simple terms is the steady-state 
sinusoidal response. Under these conditions the gain and time delays 
effect a change in magnitude and phase of the signal. 

To explore this situation, the system with the loop opened as shown 
in Fig. 7—1—1 is examined. The input r(t) is given a value of zero and 
a sinusoidal signal of unit amplitude is applied at point E and is left long 
enough for the system to reach steady state. If the system is such that 
the feedback signal B is also of unit magnitude but is 180° out of phase 
with the signal E, then due to the action of the summing point, the signals 
E' and E are identical. Hence, the loop can be closed and the signal 
applied to the system at E removed with the result that the system continues 
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to oscillate indefinitely. Although the amplitude of the oscillations does 
not build up, the input to the system is no longer in control of the output 
and this system can be classified as absolutely unstable. 



Rg. 7-1-1. 


Because a control system must be stable before it can perform any of 
its functions, stability is a subject that should receive considerable atten¬ 
tion. Of the numerous methods for determining stability the following 
methods are considered: 


(1) The characteristic polynomial is factored for its zeros. 

(2) The Routh's criterion of stability is applied to the characteristic poly¬ 
nomial to determine whether it has any zeros in the right half ^-plane. 

(3) The frequency response of the open-loop system in plotted and the Ny- 
quist criterion of stability is used to determine whether the closed-loop 
system is stable. 

(4) The Bode diagram can be interpreted to yield information about stability. 

(5) The root-locus method indicates when a closed-loop system becomes 
unstable as the gain of the open-loop system is increased. 

(6) The analog computer can be used to determine system stability. 

Of these six methods, methods (1), (2), and (3) are explained in this 
chapter, method (4) in Chapter 9, method (5) in Chapter 11, and method 
(6) in Chapter 14. 

7—2. Determining the Zeros of the Characteristic Polynomial. 

The characteristic polynomial appears in the denominator of the closed- 
loop system. The absolute stability of the system can be determined 
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from the location of the zeros of the characteristic polynomial which in 
turn are the poles of the closed-loop transfer function. If the transfer 
function has poles on the jco-axis or in the right half ^-plane, the system 
is unstable. If all the poles are in the left half ^-plane, the system is stable. 

High-degree polynomials cannot be factored by formula and all known 
methods of factoring such polynomials involve some method of successive 
approximations. The Lin method as explained in Chapter 6 is typical 
of such methods. Not only do they demand a great deal of computational 
effort, but the devious relationship between the zeros and the coefficients 
of the polynomial obscure the engineer’s efforts at design. For example, 
the designer factors a certain characteristic polynomial and examines the 
resulting poles of the closed-loop transfer function. If the set of poles 
obtained is not satisfactory, he has no method of determining the changes 
that should be made in the coefficients of the polynomial to relocate the 
poles in a desired manner. About the best the designer can do is to adopt 
a trial and error procedure. 

For these reasons, other methods of design have been developed. 

7-3. Routh’s Test for Stability, Descartes’ rule of signs gives a 
method by which the maximum number of positive (or negative) real 
zeros of a polynomial can be determined. If a zero is complex, however, 
this rule gives no information about the sign of the real part of complex 
zeros, A necessary condition for all the zeros of a polynomial to be in 
the left half 5-plane is that all the coefficients of the polynomial be present 
and be positive. However, this is not a sufficient condition because under 
certain circumstances, all the coefficients may be present and positive 
and yet the polynomial may have zeros in the right half 5-plane. Under 
these conditions the zeros in the right half plane will be complex with 
positive real parts. For the remainder of this discussion it is assumed 
(unless otherwise stated) that all the coefficients of the polyi-amial being 
considered are present and are positive. 

A general method of writing a polynomial is 

p(s) = < 2,1 5” + an-i + • • * + ^2 5^ -f ^ + ^0 (7~3"1) 

The terms of the polynomial can be rearranged so that all even terms and 
odd terms are grouped separately- If, for example, n in Eq. 7—3—1 is 
even, then p{s) can be written as 

p(s) = (an s'^ + an-z + • * • + ^2 5^ + ao) 

+ + • • * + ^35^ + ais) (7-3-2) 

For convenience, the even part of p(s) is called m(s) and the odd part n(s). 
Therefore p(s) can be written as 

p(s) == m(s) + n(s) 


(7-3-3) 
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A polynomial that has all its zeros in the left half 5-plane is called a 
Hurwitz polynomial. If a polynomial is Hurwitz and the ratio of m{s) to 
n{s) is formed, 


'ip{s) = 


m(s) 

n(s) 


{7-3-A) 


the result is a reactance function. A reactance function is a driving point 
impedance (or admittance) of a network containing only Us and C’s. 
If Eq. 7-3-4 represents a reactance function, then lly)(s) ~ n(s)lm(s) also 
represents a reactance function. 

One method of testing a polynomial to determine whether it is Hurwitz, 
is to form the ratio of m(s) to n(s) and then test whether the resulting yj{s) 
can be synthesized as an L-C driving point impedance. If the y)(s) can 
be so synthesized, then p(s) is Hurwitz. The synthesis aspect of this 
procedure is explained in Chapter 12. 

Routh’s test is a mechanistic procedure whereby a ip(s) can be tested 
to see whether it is a reactance function. As explained in Chapter 12, 
if the y}(s) tests as a reactance function, an L-C network can be determined 
from the coefficients of the Routh table. 

The Routh table is formed by starting with the coefficients of m(s) on 
one row the coefficients of n(s) on another row. The coefficients of m{s) 
are placed in the first row if fn(s) is of higher degree than n{$) whereas the 
coefficients of n{s) are placed in the first row if n{s) is of higher degree 
than m(s). 

To be specific, the procedure is demonstrated on the polynomial 


aQS^ + + a2S^ + ciis + ao (7-3-5) 


The coefficients of the polynomial are placed in two rows as follows: 


<26 <24 <22 ( 2 o 


as az ai 


(7-3-6) 


The coefficients of the next row are formed from these two rows: 


64 

bo 


^5^4 a^a-z 

as 

asa% — a^ai 
as 

asOo — < 26 ( 0 ) 


(7-3-7) 


The zero in the equation for bo represents the blank space at the end of 
the second row in the array of Eq. 7—3—6. 



208 


CONTROL SYSTEM THEORY 


[Ch. 7 



The column to the left indicates the highest degree in s associated with the 
appropriate row. 

The Routh table for a polynomial of any degree is formed in the same 
manner. A polynomial of degree n has a table that contains n + I rows. 

If the polynomial being tested is Hurwitz, there are no changes of signs 
among the coefficients of the first column. If there are changes in signs 
in the first column, the polynomial is not Hurwitz. In addition to this, 
the Routh table yields the information that the number of changes in 
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signs in the first column is equal to the number of zeros of the polynomial 
in the right half s-plane. 

Additional comments are best made through the use of examples. 


Example 7—3—1. The polynomial to be tested is 

-h 4-s^ + 9s^ -h 44^" 4- 98^ -h 60 
The following Routh table is formed: 

1 9 98 

4 44 60 

-2 83 

210 60 

5 ' 83.57 

60 


(7-3-13) 

(7-3-14) 


Since there are two changes of signs in the first column, the polynomial of Eq. 
7-3-13 has two zeros in the right half ^-plane. 

It is interesting to note that if a polynomial is formed by adding the row to 
the row as 


4^^ - 2^* + 44s^ -f 83^ + 60 (7-3-15) 

that the resulting polynomial also has two zeros in the right half plane. This can 
be seen because if the first row of the table of Eq. 7—3—14 is removed the remainder 
of the table tests this polymonial. 

In a similar manner, the polynomial formed by adding the to the row as 

-2^^ + 210:?^ H- 83^ + 60 (7-3-16) 

has only one zero in the right half plane. The polynomial formed by adding rows 
and 


210^2 + 83.575 -h 60 
has no zeros in the right half plane. 

Example 7—3—2. The polynomial to be tested is 

5 ® -h 425^ -h 6 OI 5 " + 35525^ + 72205 -f 11,600 
A transformation of the variable 

5 = lOar 

yields coefficients which are easier to manipulate 

+ 4.2.^^ + 6.0U® + 3.552.a^ + 0.722^ 4- 0.116 
The following table is formed: 



1 6.01 


4.2 3.552 


5.16 0.694 


2.98 0.116 


0.49 


0.116 


(7-3-17) 


(7-3-18) 

(7-3-19) 

(7-3-20) 


0.722 

0.116 


(7-3-21) 
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Since there are no changes of signs in the first column, the polynomial of Eq. 7"3~“20 
(and also 7-3-18) has no zeros in the right half plane and is therefore Hurwitz. 

It is interesting to note that any two adjacent rows throughout this array may be 
added together and the result is a Hurwitz polynomial. For example, if the rows 
identified by and are added, yielding 

5.16^" + 2.98^2 + 0.694;^ -f 0.116 (7-3-22) 

the resulting polynomial can be seen to be Hurwitz because the table of Eq. 7-3-21 
from row down tests this polynomial. Since there are no changes of signs in the 
first column, the polynomial of Eq. 7-3-22 is Hurwitz. 


From this line of reasoning, it can be seen that if a polynomial is Hur* 
witz, all the coefficients in the corresponding Routh table must be positive. 
If a i:>olynomial is not Hurwitz, a negative sign that appears anywhere in 
the table will eventually work its way over to the first column as successive 
rows are formed. Therefore, if the designer of a control system is testing 
a polynomial only to determine whether it is Hurwitz, he may stop as 
soon as a negative sign appears anywhere in the Routh table, because the 
polynomial is not Hurwitz. However, if he wants to know the number of 
zeros in the right half 5-plane, the table should be completed so that the 
first column is available for inspection. 

Since the sum of any two adjacent rows produces a Hurwitz poly¬ 
nomial, the ratio of any two adjacent rows forms a reactance function. 
As explained in Chapter 12, a reactance function has simple poles and 
zeros on they’co-axis in the 5-plane and the poles and zeros are interlaced. 
This means that the zeros of any row of a Routh table obtained from a 
Hurwitz polynomial are interlaced with the zeros from the adjacent rows. 
Since any row can be multiplied by any constant without changing the 
location of its zeros, it can be seen that any row in the Routh table may 
be multiplied by any constant. Therefore, the division by (for example) 
as given by the relationships expressed in the array of Eq. 7—3-7, is not a 
necessity as any other number would do equally well. In general, the 
division by this number serves a useful purpose. For one thing this 
division keeps the coefficient of the Routh table from becoming unwieldy. 
Even more important, when the driving point impedance of a reactance 
functions is to be synthesized, the Routh table can be used directly if the 
table is formed in this manner. This procedure is explained in Chapter 12. 

Example 7—3—3. The polynomial to be tested is 

5 ® -H 25 " + 35^ -f 65 " + 45 + 5 (7-3-23) 

The following table is formed: 

5 ® 1 3 4 (7-3-24) 

5 " 2 6 5 

5 ^ 0 1.5 
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As soon as the third row is formed, a 2 ;ero appears. If the original polynomial 
were Hurwitz, then any two adjacent rows throughout the remainder of the table 
when added should form a Hurwitz polynomial- When a polynomial is formed 
by adding the second and third rows, a term is missing; therefore, this polynomial 
is not Hurwitz. Finally it can be reasoned that the original polynomial cannot be 
Hurwitz either. 

Whenever a zero appears in a row and the remaining coefficients of the row are 
not zero the original polynomial is not Hurwitz. If the designer wishes to determine 
the number of zeros of the polynomial that are in the right half 5-plane, he can 
proceed in one of several ways. One of the most convenient is to form a polynomial 
by making the substitution 



This substitution effectively reverses the arrangement of the coefficients and in 
this case yields the polynomial 

5^® + -h 3.^2 -h 2^ + 1 (7-3-26) 

Because of the substitution, the zeros of the polynomial of Eq. 7-3—26 are the 
reciprocals of the zeros of the polynomial of Eq. 7—3—23. Since the reciprocal of 
a zero with a positive real part also has a positive real part, the new polynomial has 
the same number of zeros in the right half plane as does the original. 

To test the new polynomial the table is formed: 

5 6 2 

4 3 1 

2.25 0.75 

1.66 1 

— 0,6 

1 

Therefore, the new and original polynomials have two zeros in the right half plane. 

In certain situations when the substitution 5 = 1 /jsr is made, the resulting table 
also has a zero in the first column. Therefore other procedures are required. 
One procedure is to replace the zero in the table of Eq. 7—3—24 by an arbitrarily 
small number and to finish the table. 

3 4 

6 5 

1.5 
5 




An examination of the first column shows there are two changes in signs regardless 
of whether e is assumed positive or negative. 
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Example 7~2-A. The polynomial to be tested is 

-f 35^ + + 6^" + 9^^ H- 15s + 10 


The following table is formed 


5 

s 

s 


6 

5 

4 

3 


14 9 10 

3 6 15 

2 4 10 

0 0 


(7-3-27) 

(7-3-28) 


The entire fourth row is composed of zeros. An examination of the manner in 
which the coefficients are formed indicates that the coefficients of the previous two 
rows are directly proportional. This in turn results from the fact that these two 
rows contain a common factor. To demonstrate this, the second and third row 
respectively are written as 

3^® + 6^" + 15^ = 3s(s^ + 2s^ -I- 5) (7-3-29) 

2s^ + 4^2 -f 10 - 2(s^ + 2s^ -f 5) (7-3-30) 

The common factor between the two rows is 

+ 25^ + 5 (7-3-31) 

This common factor is also found in the first and second rows and in the original 
polynomial as can be seen from the following development. The even function 
m(s) and the odd function n(5) which make up the original polynomial can be written 
as 


m{s) — mi(s)c($) 

n(s) = ni(s)c{s) (7-3-32) 

where c(^) is the common factor. The polynomial p{s) can be written as 

p(s) = mis) + nis) = miis)cis) + Wi(^)c(5) = [mi(s) -j~ Wi(^)]c(5) (7-3-33) 

In this specific example, the polynomial of Eq. 7-3-27 has the polynomial of Eq, 
7—3—31 as a factor and can be written as 

Pis) = is^ + 3s -f 2)(s" -h 2s" + 5) (7-3-34) 

The Routh table down to the row of zeros tests the mi(s) + Wi(s) factor which in 
this specific example is s" -f 3s + 2. Therefore, s" + 3s + 2 is Hurwitz since there 
are no changes of signs in the first column down to the zeros. However, the c(s) = 
^4 ^ 2s" 4" 5 factor remains to be tested. 

The common factor c(s) is always an even function which in general can be 
expressed as 

c(s) = c„s” + c„_ 2 s”~" 4 - ... 4 - cas" 4- Co (7-3-35) 

where n is even. To continue the discussion, the substitution 

.a = s" (7-3-36) 

is made, yielding 


ciz) = 4- 4- Co 


(7-3-37) 
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If ciz) has all of its zeros on the negative real axis, then c(5) has all of its zeros on the 
jco-axis. However, if c(z) has a complex pair of zeros 

Zi and Z2 = , re (7—3—38) 

then c{s) has four zeros 


^2, and ^4 = i (7—3—39) 

two of which are in the right half 5-plane and the other two in the left half 5-plane. 

In general, the zeros of c{s) occur in pairs located radially through the origin 
from each other with the result that the zero pattern is symmetrical with respect 
to the origin. The only possible way in which an even function such as c(5) can be 
classed as a Hurwitz polynomial is to extend the definition of the left half 5-plane 
so that it also includes they^-axis and to have a ^( 5 ) polynomial with all its zeros 
on theya)-axis. Therefore, when a row of zeros appears in the Routh table, the best 
result to be expected is for the zeros to be on theyco-axis. For control systems, the 
corresponding transfer function has poles on the jcD-axis and the system can be 
classified as unstable. However in certain situation it is desirable to complete the 
table and determine whether the zeros are on theyco-axis. For example, this techn¬ 
ique is used in the next article. 

What is needed to complete the table of Eq. 7—3—28 is a procedure for testing an 
even polynomial to determine whether its zeros are on theyco-axis. 



Fig. 7-3-1. 

If an even polynomial has its zeros on they co-axis, c(;co) vs. co will plot as indicated 
in Fig. 7—3—1. The derivative of this function has zeros that are interlaced with 
those of cijco). Therefore 

cW + ;|c(s) (7-3-40) 

forms a Hurwitz polynomial and can be tested by the Routh table. 

In the particular example being considered, the common factor is 

c(s) = 5 ^ + 25^ + 5 (7-3-^l) 


and its derivative is 


^ = 4 .* + 4 . 
as 


(7-3-42) 
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The* coefficients from these polynomials are entered as the first two rows of a Routh 
table and the table is completed. The coefficients of the poly nomial of Eq. 7-3-42 
are divided by 4 for convenience before entering the coefficients in the second row. 

1 2 5 

1 1 (7-~3-^3) 

1 5 

4 

5 

Since there are two changes of signs in the first column, the polynomial of Eq. 
7-3-41 and also the original polynomial of Eq. 7-3-27 have two zeros in the right 
half plane. 

Example 7-3—5. The polynomial to be tested is 

-f- 3^" -4 6^" + 12^^ 4- 11^" + 9^ + 6 (7-3-44) 

The following table is formed 

1 6 11 6 

3 12 9 (7-3^5) 

2 8 6 

0 0 

1 2 

4 6 
0.5 

6 

The table proceeds in the usual manner until a row of zeros is encountered in the 
fourth row. The common factor is determined from the third row as 

c(s) = 5" + 4^^ 4- 3 (7-3-46) 

The derivative of this is 

(7-3-47) 

as 

These coefficients are divided by 4 and are substituted for the row of zeros. The 
table again proceeds in the usual manner. 

The fact that there is no change of signs in the first column down to the row of 
zeros indicates that the polynomial that multiplies -4 4^^ 4- 3, to complete the 
original polynomial, is Hurwitz, The fact that there is no change of signs in the 
remainder of the first column indicates that the even polynomial has all its zeros 
on the yci)-axis. 

Example 7-3-6. This example is added to demonstrate a method of testing a 
polynomial to determine whether it has all negative real zeros. The polynomial 
used for this purpose is 

4- Is^ 4- 14s + 8 (7-3-48) 

The substitution 




s ^ z‘ 


(7-3-49) 
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+ 14^2 + 8 (7-3-50) 

If the polynomial in z has all its zeros on theycu-axis, the polynomial in ^ has all its 
zeros on the negative real axis. To test the polynomial in z^ it is differentiated and 
divided by 2 as 

3;^^ -f 14;^" -f 14;^ (7-3-51) 

The polynomials of Eqs. 7—3—50 and 7—3—51 form the first two rows of a Routh table 

7 14 8 

14 14 

9.33 8 

3.71 

^ (7-3-52) 


Since there are no changes of signs in the first column, the polynomial is z has all 
Its zeros on the/oi-axis and the original polynomial in ^ has all its zeros on the negative 
real axis. 

Example 7—3—7. In Art. 6—18, integral compensation is discussed and the charac¬ 
teristic polynomial for the system is 

Js^ + Ds^ Ks ^ (7-3-53) 

The corresponding Routh table is 

J K (7-3-54) 

D 

DK - JKt 
D 
K, 

The first column of this table is positive as long as 

DK > JK^ (7-3-55) 

This relationship is used in Chapter 6 as Eq. 6—18—10. 

7-4. Routh’s Test Used to Determine Relative Stability. In a 

control system, Routh’s test is usually applied to the characteristic poly¬ 
nomial which appears in the denominator of the closed-loop transfer 
function. The result is that the closed-loop system is tested for the 
existence of poles in the right half ^-plane. Routh’s criterion in its simple 
form tests only for absolute stability and yields no information about 
relative stability. 

If the Routh criterion is combined with a technique of shifting the 
yco-axis, much more information can be determined. This procedure is 
similar to the manner in which Homer's method is used to find a real zero. 
Routh's test is first applied to the characteristic polynomial as given. 



z 

z^ 

z^ 

z^ 

z^ 


1 

3 

2.33 

2 

5 

0.51 

8 
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If no change of signs occurs in the first column, theycf>~axis is shifted to 
the left and the Routh test is repeated. If there are still no changes of 
sign in the first column, the j co-axis is again shifted to the left. After a 
few tries, the zeros of the polynomial farthest to the right can be located 
in a vertical strip in the 5-plane. By dividing this strip into substrips the 
real part of the complex zeros can be found to any desired degree of 
accuracy. 

To illustrate the method, the polynomial used in Ex. 7—3—2 is again 
considered. This polynomial is 

5 " + 425" + 6 OI 5 " + 35525^ + 72205 + 11,600 (7~^1) 

Again the change of variables 

5-10^ (7-4--2) 

is made yielding the polynomial in 

+ 4.2;^" + 6.01j^^ + 3.552;^^ + 0.722;^ + 0.116 (7-^3) 

The polynomial as given is tested in the table of Eq. 7—3—21 and is found 
to be Hurwitz. Therefore the j-axis is to be shifted to the left and the 
test repeated. After a few tries, the j-axis is finally shifted to —0.1. 
The new polynomial is found by the technique used in Horner’s method as 


1 4,2 6.01 3.552 0.722 0.116 

-0,1 -0.41 -0.560 -0.2992 -0.04228 

1 4.1 5.60 2.992 0.4228 0.07372* 

-0.1 -0.4 -0.52 -0.2472 

1 4.0 5.2 2.472 0.1756* 

-0.1 -0.39 -0.418 

1 3.9 4.81 1.991* 

-0.1 -0.38 

1 3.8 4.43* 

- 0.1 

1* 3.7* 



(7-4-4) 


The new polynomial is obtained from the coefficients marked by the 
asterisk as: 

+ 3.7.^" + 4.43.^^ + 1.991;^" + 0.1756^ + 0.07372 (7-4-5) 

This polynomial is tested by the following Routh table. 


1 

4.43 

0.1756 

3.7 

1.991 

0.07372 

3.892 

0.1557 


1.843 

0.07372 


0 




(7-4-6) 
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1.843^2 + 0.07372 (7-~4™7) 

is a factor of the polynomial of Eq. 7-^—5. From this, the zeros 

Zi and 5 r 2 — d:j0.2 (7-4—8) 

are determined. Therefore, two of the zeros of the original polynomial 
in sr (before the axis is shifted) are 

Zi and ; 2:2 — ~ 0.1 it jO.2 ( 7 - 4 _ 9 ) 

and two of the zeros of the original polynomial in 5 are 

and S 2 = ~~1 ± j2 (7-4-10) 

As a by-product of this procedure, the designer has available another 
method of factoring a polynomial. From the zeros in Eq. 7-^10, it can 
be seen that the polynomial 

+ 25 + 5 (7-4-11) 

is a factor of the original polynomial in s. After a division process, this 
polynomial can be written as 

(s^ + 25 + 5)(s^ + 405^ + 5165 + 2320) (7-4-12) 

and the polynomial 

53 40^2 -4-516^ + 2320 (7-4-13) 

can now be factored in a similar manner. After a few tries, the/co-axis 
is shifted to — 10 . 

1 40 516 2320 |-10 

-10 -300 -2160 

1 30 216 160 

-10 -200 

1 20 16 

-10 

1 10 (7-4-14) 

The new polynomial is 

5 " + IO 5 " + 16s + 160 (7-4-15) 

This polynomial is tested by the following Routh table 

1 16 

10 160 

0 (7-4-16) 

All the coefficients of the third row are zero, therefore 



105" + 160 


(7-4-17) 
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must be a factor of the polynomial of Eq. 7-^15. From this the zeros 

Si and S 2 — ib 7*4 (7-4-18) 

are determined. The zeros of the polynomial of Eq. 7-4-13 are 

and ^2 = —10 ibi4 19 ) 

From these zeros it can be seen that the polynomial 

+ 20^ + 116 (7-^20) 

is a factor of the polynomial of Eq. 7-^13 which after a division process 
can be written as 

(s^ + 20s 4- 116)(^ -f 20) (7-4-21) 

The original polynomial in ir has now been factored into the following zeros 

Si and S 2 = —1 ±y2 

S 3 and S 4 = —10 i y4 

S 5 = -20 (7-4-22) 

Although this technique adds to the usefulness of Routh's criterion, 
it does not overcome the devious relationship between the coefficients of 
a polynomial and the zeros of this polynomial. Therefore Routh’s test is 
a useful tool but the designer must supplement it by other procedures. 

7—5. Conformal Mapping. The Nyquist criterion of stability es¬ 
sentially invokes mapping. Before beginning an examination of Nyquist’s 
methods some of the more elementary aspects of mapping are considered. 
The functional relationship 

3 ; =^f(x) = (7-5-1) 

can be displayed graphically on one curve if is allowed to take on only 
real values. Such a graph is shown in Fig. 7—5—1. 

When the variable is complex such as 

s — (7 + jo) (7—5—2) 



Fig. 7-5-1. 



Art. 7-5] STABILITY 

the function of the complex variable is also complex as 


219 


F{s) — f/(cr, co) +yF(cf, a>) (7 5 3) 

Where C7(a, a>) and F(<r, co) are real functions of cr and a;. It is not possible 
to display this functional relationship by a single curve as is done for the 
real variable in Fig. 7-5-1. However, this relationship can be displayed 
by using two separate planes. The 5-plane displays the values over which 
5 is to range. Corresponding to each point (o', co) in the 5 -plane there is 



Fig. 7-5-2. 



220 


CONTROL SYSTEM THEORY 


[Ch. 7 


a point {U,V) in the F{s) plane. The function F{s) is said to map points 
from the s-plane to the F{s) plane. Usually more information is conveyed 
if curves or regions in the s-plane are mapped into the F{s) plane. If the 
mapping function is analytic, then the term conformal mapping is used. 
The properties of conformal mapping are explained as the discussion 
proceeds. 

The functional relationship 

F{s) = (7-5-4) 

is used as an example. The ;?-plane is shown in Fig. 7—5—2a and the F{s) 
plane is shown in Fig. 7-5-2b. The point s = I + jO in the 5-plane maps 
upon the F(s) plane as F(s) = (14- jOy = 14- jO. The point 5 = 2 -f jO 
maps as F{s) = (2 4- jO)^ = 4 4- jO. In general, the real axis a in the 
5-plane maps upon the F(s) plane as F(s) = (cy -f jOy = cy^ 4- jO which 
is a curve on the positive real axis in the F(s) plane. 

The line 5 = 1 4- in the 5-plane maps upon the F{s) plane as F(s) 
= (1 + ja)y = 1 — 4- j2co. The line 5 = 3 4- maps as F(s) — 

(3 4- jcoy = 9 — co^ + j6a}. The line 5 = or + yi maps as F(s) ~ (a + jiy 
= 0 *^ — 1 4- j2a. The line 5 = or 4- 7*2 maps as jP(5) = (a + j2)^ = — 4 

4- y4ar. Other lines can be mapped in a similar manner. 

In the following discussion, it is assumed a line li in the 5 -plane maps 
as a line Li in the F(5) plane and a line 4 maps as Z/ 2 . The two lines li 
and I 2 intersect at a point So in the 5-plane. If the mapping is such that 
the lines Li and L 2 intersect in the F(5) plane so that the angle in both 
magnitude and sense between Li and L 2 is the same as the angle between 
li and I 2 , the mapping is said to be conformal at the point. For the map¬ 
ping to be conformal this preservation of angle must be true for every 
pair of lines that intersect at the point So- 

Mapping is conformal at each point where F{s) is analytic and where 
F'{s) does not equal zero. A point at which F'{s) = 0 is called a critical 
point. The mapping function F{s) = 5 ^ is analytic at every point in the 

5 - plane; however, the derivative is equal to zero at 5 = 0. Therefore 
mapping by this function is conformal at every point in the 5-plane except 
at 5 = 0. 

These concepts are explored by examining Fig. 7—5—2. In the 5 -plane, 
a point pi is located at the intersection of the two lines 5 = 2 jco and 
s — a + jl. The point pi is approached from left to right along the 
5 = (X -f yi line and is left by turning to the right through 90® along the 
s = 2 + jo) line. This path is indicated by arrows in Fig. 7—5—2a. In 
the jP( 5 )-plane shown in Fig. 7—5—2b the mapping of pi is labeled Pi and 
the mapping of 5 = cr 4- and 5 = 2 lines is shown. The point 
Pi is approached along a line and is left by turning to the right through 
90® as indicated by the arrows. Since the mapping is conformal, the 
magnitude and the sense of the angle are maintained. A similar type of 
discussion can be repeated for the point ^> 2 . 
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In the jT-plane, the point is approached and left by paths, that have 
an angle of 45° between them. The mapping of is P 3 and the paths 
are shown in the F(^)-plane. Here again the magnitude and sense of 
the angle are maintained. 

Since = 0 is a critical point, the mapping at this point is not conformal. 
A radial line from the origin in the s-plane can be expressed as 

^ (7-5-5) 

where a is a constant and q a variable. This line is mapped into a jP(^)-plane 
as 


F{s) - 5 " - (7-5-6) 

Therefore at 5 == 0, the magnitude of the angle is not maintained and the 
mapping is not conformal. 

7—6. Nyquist Criterion of Stability. Transient methods do not lend 
themselves to system design because of the devious relationship between 
the coefficients of the characteristic equation and zeros of this equation. 
For these reasons, designers have turned their attention to earlier work 
done by Nyquist and Bode, among others, in the field of feedback am¬ 
plifiers. With modifications, particularly in terminology, these methods 
have and still do play an important part in the design of control systems. 

Nyquist criterion is essentially a graphical method involving mapping. 
From the Nyquist diagrams the following information can be obtained: 

1. Whether or not the system is absolutely stable. 

2. If the system is stable, the diagrams also yield information about relative 
stability. 

3. If the system response is not satisfactory, the diagram gives information as 
to how the system can be changed to improve the response. 

4. If the open-loop system is stable, the Nyquist diagram can be obtained 
experimentally. From this experimental curve the information just dis¬ 
cussed in Items 1, 2, and 3 can be obtained. 



Rg.7-^1. 
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Items 1 and 2 are discussed in this chapter and Items 3 and 4 are 
discussed in Chapter 8. 

The block diagram for a single-loop system is shown in Fig. 7~6—1. 
The closed-loop transfer function of this system is given by 


C{s) ^ G(s) 

Ris) 1 + H(s)G(s) 


(7-6-1) 


For the remainder of this discussion, attention is centered on the de¬ 
nominator of this closed-loop transfer function, 

1 + H(s)G(s) (7-6-2) 

Zeros of this denominator are poles of the closed-loop transfer function. 
If the denominator has a zero in the right half ^-plane, the closed-loop 
system has a pole in the right half s“-plane and the system is unstable. 
Therefore any test that can detect the number of zeros of 1 + II(s)G(s) 
in the right half 5-plane can be used as a test for absolute stability. 

G(s) is formed by multiplying the individual transfer functions in the 
forward loop and can be written as 


GM . (7-^3) 

In a similar manner H(s) is formed by multiplying the individual transfer 
functions in the feedback loop and can be written as 

(7-6-4) 

With this notation, the denominator of the closed-loop transfer function 
becomes 


1 + H(s)G(s) = 1 + 


N„(s) N^(s) 
Dh(s) D^(s) 


D„(s)Do(s) + N^(s)Na(s) 
D Bis)D ais) 


The numerator of this equation 


Dij(s)Da{s) + Nh{s)No(s) 


(7-6-5) 

(7-6-6) 


is the characteristic polynomial of the closed-loop system. If this 
numerator has any zeros in the right half s-plane, the closed-loop system 
is unstable. 

The numerator and denominator of Eq. 7-6-5 can be factored and 
put in the form. 


1 + H(s)Gis) = 


K(s + gi)(5 + Z 2 )(s + ga) • • • (^ + Zn) 
+ PlX-f -f PzXs -h Ps) ■ ■ ■ (s + pn) 


(7-6-7) 
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where —Zi, —Z2, • * •, ~Zm are the zeros of this function and ~~pi, -~"p2y 
' * *j —pn are the poles. 

It is worth noting that the poles of H{s)G(s) are the poles of 1 + H(s)G(s), 

In order to explain the Nyquist diagram, it is first assumed that the 
location of zeros and poles of 1 + H(s)G(s) is known and the effect upon 
mapping from the .y-plane to the [1 + i?(^)G(^)]-plane is then analyzed. 
Based on the information gained from this analysis, the Nyquist diagram 
is used in the reverse direction. That is, the location of the poles is known 
and from the Nyquist diagram, the location of the zeros is determined. 



Fig. 7-7-1. 


7—7. Mapping from the ^-Plane to the [1 + H( 5 )G( 5 )]-Plane. 
The assumed locations of a few of the zeros and the poles of 1 -f H{s)G(s) 
in the 5 -plane are shown in Fig. 7-7-la. A point ai in the 5-plane maps 
into the point Ai in the [1 + iif(5)G(5)]-plane as 


1 + H{a,)G{a,) = 


{ax + Zx){ai + Z2) ‘ ^ ' (cii + Zm) ^ ^ 

(ai + pi){ai + P2) ■ ' ' (ai + pn) ^ 


(7-7-1) 


Without a complete set of numerical values for the z^s and p's it is not 
possible to determine the exact value for Ai; however, the point Ai 
exists somewhere in the [1 + 757 ( 5 ) 0 ( 5 )]-plane and such a point is suggested 
in Fig. 7—7—lb. 
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A visualization of the manner in which Ai is determined from the 
poles and zeros is helpful in the discussions that follow. A phasor from 
—to the origin is numerically equal to Zi and is shown in Fig. 7—7~lc. 
A phasor from the origin to ai is numerically equal to The phasor 
sum of Gi + Zi is the phasor from —Ziy to the point ai as indicated in 
the figure. 

Similarly, the other factors in the numerator of Eq. 7—7—1 can be 
interpreted as phasors. The factor ai + z^ is a phasor from —z^ to ax 
and the factor ax Zm is ^ phasor from —to A few of these phasors 
are shown with solid lines in Fig. 7—7—la. 

The factors in the denominator can be interpreted as phasors in an 
identical manner. The factor ax -f jpi is a phasor from -^pi to ax and the 
factor ax + pn is sl phasor from —pn to ai, A few of these phasors are 
shown with dashed lines in Fig. 7—7—la. 

The phasor product of the factors that appear in the numerator of 
Eq. 7—7—1 divided by the phasor product of the factors that appear in 
the denominator is equal to Ax. 




Rg. 7-7-2. 


The visualization of phasors is very helpful when a contour from the 
5-plane is mapped into the [1 + jEf(5)G(5)]-plane. For example, in Fig. 
7—7—2a, the point a starts at and moves around a contour I 2 in the 
5 -plane. The point a maps into A. Correspondingly, the point A starts 
at A 2 and traverses the contour L 2 thus mapping 4 into L 2 . In this 
example, the contour 4 does not enclose any zeros or poles. It is not 
possible to predict the exact shape of L 2 but certain of its characteristics 
can be determined. 

As the point a moves around h, the phasor a + Zi starts as 02 + 
and swings through a set of values returning to az + Zx ss a returns to « 2 - 
Therefore, the phasor < 3+^1 has no net change in magnitude or angle as a 
traverses the contours h. Similarly, it can be reasoned that the phasor 
from all the other zeros and poles will have no net change in magnitude 
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or angle. Therefore, as A traverses L 2 , there is no net change in magnitude 
and angle and the contour must be such that the origin is not enclosed 
in L 2 . 




In Fig. 7—7—3a, point a starts at and traverses contour Z 3 that encloses 
the zero at —Zi. Correspondingly, in Fig. 7—7—3b the point A starts at 
Az and traverses the contour L 3 . The phasor a Zi, starts at + -sti 
and undergoes a net change in phase of 360° in the clockwise direction. 
The phasors from all the other zeros and all the poles undergo no net 
net change in phase. Therefore, the phasor A undergoes a net change 
in phase of 360° in the clockwise direction. The exact shape of the 
contour L 3 is not known but it must enclose the origin as shown in 
Fig. 7--7-3b. 

Before continuing the discussion, a slightly different form of mapping 
is explored. Instead of mapping from the 5 -plane to the [1 + H{s)G{sy\-‘ 
plane, it is usually more convenient to map to the [H(s)G(s)]-pl 2 ine. The 
contours in these two planes only differ by 1. For example, if the contours 
already discussed in Figs. 7--7~2b and 7-7-3b were shifted to the left 
by one unit, the resulting curyes are the mappings into the (H{s)G{sy 
plane. Therefore the point of interest is no longer whether the contour 
encloses the origin but rather whether the contour encloses the —1 point. 
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In Fig. 7~7~4a point a in the 5 -plane starts at <24 and traverses contour 
h that encloses the zero at —Zi and the poles at —pi and —p 2 - Corre¬ 
spondingly in the [1 + jfir( 5 )G( 5 )]-plane of Fig, 7—7~4b, the point A starts 
at ^4 and traverses the contour L 4 . In the [H( 5 )G( 5 )]-plane of Fig. 7-7-4, 
the point <24 maps into — 1 ) and the contour U maps into (L 4 — 1 ). 
In the 5 -plane, each of the phasors a Zi, a + pi, and a + p^ undergo a 
net change in phase of 360*^ in the clockwise direction whereas the phasors 
from all the other zeros and poles undergo no net change in phase. In 
the equation for A, repeated as 

{a + zi){a + z^) ’ — {a + z^) ^ . n~n-r)\ 

{a + p^{a + ^ 2 ) • • * (<2 + pr^ 

the phasor a Zi is in the numerator, whereas the phasors a pi and 
a + p 2 are in the denominator. Therefore, the phasor A undegoes a 
net change in phase of 360° in the counterclockwise direction. The exact 
shape of the contour L 4 is not known, but it must enclose the origin as 
shown in Fig. 7~7-4b, and the contour L 4 “ 1 must enclose the —1 
point as shown in Fig. 7—7~4c. 

The foregoing discussion can be generalized to obtain the equation 

N = P - Z (7-7-3) 

The symbols in this equation have the following meaning: 

N is the number of counterclockwise rotations of the contour in the 
[jH'( 5 )G( 5 )]-plane about the point ~1 + jO, 

P is the number of poles of H(s)G(s) enclosed by the contour in the 
5 -plane. The poles of 1 + H(s)G(s) are the poles of H(s)G(s). 

Z is the number of zeros of the characteristic equation of the closed- 
loop system that are enclosed by the contour in the 5 -plane. 

Eq. 7-7-3 is developed under the assumption that the contour in the 
5 -plane is always traversed in the clockwise direction. Probs. 7—9 and 
7—10 demonstrate that the choice of directions used to develop Eq. 7—7—3 
are arbitrary and that other conventions can be used. However, when a 
set of directions is chosen, this set must be used consistently. 

Eq. 7-7-3 has been developed assuming knowledge about the location 
of the poles and zeros of 1 + jEr( 5 )G( 5 ). However, the equation is used 
in the reverse direction. That is, the mapping in the [ff( 5 )G( 5 )]-plane 
is used to determine N. The constant P is determined from the denomi¬ 
nator of H(s)G(s), The constant Z is determined by using Eq. 7-7-3. 
The details of this procedure are explained by several examples. 

Example 7-7-1. For the first example, the following G{s) and H{s) are assumed 

The Nyquist diagram is used first to determine absolute stability. The h con- 

in the ^-Dlane of Fig. 7-7-5a is chosen so as to enclose the major portion of the 
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Fig. 7-7-5. 


right half plane. The contour follows they(]a-axis in the large but avoids all poles on 
the/co-axis. In this example, the only such pole is at the origin and h follows a 
semi-circle of radius to avoid this pole. The /i contour is completed by the semi¬ 
circle of radius ai. By making sufficiently small and ai sufficiently large, the 
li contour encloses the major portions of the right half ^-plane. 

The li contour maps into the Li contour in the [G(s)] - plane. The Li contour 
is developed in sections. The positive jco-axis is mapped as follows. The s in G(s) 
is replaced by/co, 


G(jco) 


1 

j(o(ja) + 1) 


(7-7-5) 


Table 7—7—1 is formed as an aid in developing GQ'co). Since c 22 is assumed to be 
very small, ja^ in the first row can be neglected compared with 1; and since ai is 
assumed to be very large, the ~f 1 term in the last row can be neglected compared 
withjai. Only a few points are shown in the table because the general shape of the 
curve is evident. This portion of the Li contour is sketched in Fig. 7-7—5b with the 
mapping of the points y<a: 2 >y 0 .5, yi, andy«i also shown. 

The negativeyco-axis maps from the same function as given by Eq. 7-7—5; but to 
emphasize the fact that co is negative, this equation is rewritten as 

_ 1 _ 

4 - 1 ) 


JO) 


(7-7-6) 
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CO 


0.2 


0.5 

1 


Oi 


TABLE 7-7-1 


_1_ 

j(0 

T /_90° 

2 /-90° 

1 /-90° 
— /-90“ 

ai '- 


1 

7 -f 1 


1 


joz -f 1 
1 

yo.5 + 1 

1 

ii + 1 ^ 
1 

jOi + 1 


= 1 

- = 0.9 /-26.6 
= 0.707 /-45° 

= L /_90‘’ 


o 


G{j<o) = 

J(0 \j(0 + 1 

— /-90° 


-) 


1.8 /-116.6 
0.707 /-135° 
/-180° 


For each value of co, Eq. 7—7—6 is the conjugate of Eq. 7—7—5; therefore, Table 7-7-1 
suffices for this mapping by simply changing the signs on the angles of G(j(o). The 
mapping of the negative jw-axis is shown in Fig. 7—7—5b. 

If the contour li in the ^-plane did not avoid the pole at the origin, the contour 
Li in the [G(^)]-plane would go off to and return from infinity with the question as 
to how the contour closes left unanswered. Therefore to avoid this uncertainty, 
the point a moves up the jco-axis then along a semi-circle in the right half 5-plane. 
On this semi-circle s can be expressed as 

5 - (7-7-7) 

where takes on values from —90° to 0° to -f- 90°. Since is arbitrarily small, 
the behavior of G(s) as 5 approaches zero is the only concern as to how this portion 
of Li maps. For this example, G( 5 ) behaves as 


G(s) 


1 


s(s + 1 ) 


02 


(7-7-8) 


Since a 2 can be made as small as desired, the term a 2 £ja, can be neglected when 
compared to unity. This portion of li maps into a semi-circle of radius l/a 2 and 
an angle that is the negative of 02 as shown in Fig. 7—7—5b. 

The only portion of the li contour not explored is the large semi-circle along 
which s can be expressed as 

5 = (7-7-9) 


where takes on values from +90° to 0° to —90°. Since Oi is arbitrarily large, 
the behavior of G( 5 ) as s approaches infinity is the only concern as to how this portion 
of Li maps. For this example, G(s) behaves as 


G(s) 


1 


sis + 1 ) 





(7-7-10) 


Since Oi can be made as large as desired, the unity term can be neglected when 
compared with This portion of li maps into a circle of radius (l/aO^ and an 



Art. 7-7] 


STABILITY 


229 


angle that is the negative of tti but of twice the magnitude. The region near the 
origin in the [G(5)]-plane of Fig. 7-7—5b is amplified and shown in Fig. 7—7-5c. As 
a I becomes larger and larger, the radius (l/^Zi)^ becomes smaller and smaller. This 
portion of the contour m the [G(s)]-plane shrinks to a point as ai approaches infinity. 

The 1 1 contour in the ^-plane is traversed in the clockwise direction and the arrows 
are added in Fig, 7-7—5a to indicate this. The arrows are also added in Fig. 7—7-5b 
and c to indicate the direction of traversal of Lj. 

After the Li contour is completed, the question of whether the closed-loop 
system is stable can be answered. An examination of the G(s) of Eq. 1~1~A indicates 
that P is equal to zero. An inspection of Fig. 7—7—5b shows that N is also zero. Eq. 
7—7—3 is solved for Z as 

Z=P-Ar=0-0 = 0 (7-7-11) 

Since Z is zero, the closed-loop system is stable. 

In this particular example, there is no difficulty in determining that AT is equal 
to zero. In complicated examples, the problem of determining N is more involved. 
One convenient method to follow is to visualize a phasor originating at —1 and the 
arrowhead terminating on the Li contour. As the arrowhead traverses the hi con¬ 
tour, the net number of counterclockwise rotations of the phasor is equal to N. An 
even more convenient method is to draw a test line from the minus one point to in¬ 
finity and to count the net number of crossings the Li contour makes with this line. 
Two such lines are drawn in Fig. 7—7—5b. Test line no. 1 does not cross the Li con¬ 
tour. The first point at which test line no. 2 crosses Li, the hi contour is going from 
right to left while the second point at which they cross, the hi contour is going from 
left to right. Both test lines 1 and 2 yield that AT = 0. 




Fig. 7-7-6. 


Example 7-7-2. The same G(^) and of Ex. 7-7-1 are used again 

except this time the contour in the 5-plane is chosen as 4 as shown in Fig. 7—7—6a. 
The k contour is similar to li except the pole at the origin is avoided by having h 
move around a small semi-circle in the left half 5-plane. The L 2 contour is con¬ 
structed in a manner similar to that described for hi and is shown in Fig. 7—7—6b. 
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A test line is drawn from —1 out to infinity. The L 2 contour crosses this line 
one time in such a direction that it can be deduced that N — 1. Since the contour 
in the ^-plane encloses the origin, P = 1, The equation for Z gives 

Z = p - N = 1 -1=0 (7-7-13) 

again yielding the result that the closed-loop system is stable. 

It is interesting to compare h and L 2 from the standpoint of conformal mapping. 
Point a traverses the I 2 contour while point A (the mapping of point a) traverses the 
L 2 contour. Point a is arbitrarily assumed to start at —jco thereby causing point A 
to start at the origin. Point a moves up the^oj-axis and point A moves along the L 2 
contour. When point a reaches —ja 2 y the 4 path turns through 90° to the left; 
correspondingly, point A reaches the large semi-circle and the L 2 path also turns 
through 90° to the left. This is true because the mapping is conformal and the 
magnitude and sense of the angle must be maintained. This same type of reasoning 
can be repeated for the remainder of the mapping and for all other situations in which 
the mapping is conformal. 

Example 7-7-3. The same G{s) and H{s) of Exs. 7-7-1 and 7-7-2 are used again: 

= ; H{s) = l (7-7-14) 

In the previous two examples h and 4 enclosed the right half 5-plane; and since 
Z == 0, the characteristic polynomial has no zeros in the right half 5-plane and the 
closed-loop system is absolutely stable. 




-0.3 

(a) (b) 


Fig. 7-7-7. 

The I contour can enclose any other portion of the 5-plane. In the first part of 
this example the I contour is shown in Fig. 1—1—1 2 .. By making ai larger and larger, 
not only is the entire right half 5-plane enclosed in the Iz contour but also the vertical 
strip between 5 = 0 and 5 = —0.3. 

The mapping of the vertical straight line portion of 4 is obtained by substituting 
5 = —0.3 -f JCO in the G{i) of Eq. 7—7—14. 

G(-0.3 + 70 )) = (_o.3 4- ico)(-0.3 +> + 1) 

1 

(-0.3 +y£o)(0.7 +ya>) 


(7-7-15) 
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TABLE 7-7-2 


CO 

—0.3 4” jio 

0.7 + j(x) 

G(0.3 + jco) 

0 

-0.3 

0.7 

^ — 4 77 

0.5 

- 0.3 +;0.S = 

0.7 + iO.5 = 

(-0.3)(0.7) 

1 

0.58 3/121° 

0.856/35.6° 

0.583/121°-0.856/35.6° 

1.0 

-0.3 +j\ 

0.7 +j\ 

= 2.0 / -156° 

1 

1.05 /106.7° 

1.22 /55° 

1.05 /106.7° ■ 1 . 22 / 55 ° 

00 

—0.3 +700 

= oo/90° 

0.7 + 700 = 

oo/90° 

= 0.783 /-161.7° 

^ - 0 / 180° 

00 /90 00 /90° 


Table 7—7—2 is formed for positive values of as an aid in developing C7( — 0.3 -j- 
jo)). These points are plotted in Fig. 7—7—7b as a portion of the Lz contour. The 
portion of the line s = for negative values of m maps as the conjugate of 

the points for positive o) thus completing the Lz contour. 

A test line is drawn from —1 out to infinity. The L 3 contour crosses this line in 
such a direction that it can be deduced that N — The contour in the ^-plane 
encloses the pole at the origin in G{s) and therefore P = 1. The equation for Z yields 

Z = P- iV=l--l-0 (7-7-16) 

Therefore all the zeros of the characteristic polynomial are to the left of 5 = —0.3. 



The example is continued by choosing the I contour as shown in Fig. 7—7—8a. 
By making Ui larger and larger not only is the entire right half 5 -plane enclosed in the 
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Z 4 contour but also is the vertical strip between s = 0 and s — —0.7. The mapping 
of the line 5 = —0.7 -f jco is obtained from the G{s) of Eq. 7—7—1 as 

G( -0.7 + j<o) = (_o .7 +y„)(_o.7 +jio + l) 

j (7-7-17) 

^ (-0.7 +y<o)(0.3 +j(o) 

The L 4 contour of Fig. 7-7-8b is plotted from this equation. 

A test line is drawn from —1 out to infinity. The L 4 contour crosses this line in 
such a direction that it can be deduced that iV = — 1. Since the contour in the ^-plane 
encloses the pole at the origin in G(s)y P = 1. The equation for Z yields 

Z = P~JV=14-1=2 (7-7-18) 

Therefore, it can be reasoned that the characteristic polynomial has two zeros 
between s — —0.3 and ^ = —0.7. 

This example can be continued by changing the / contour to subdivide the strip 
between^= —0.3and^= —0.7. When^= —0.5 H-jcg is used, the Leon tour moves 
out along the negative real axis and back. This is the borderline case between the 
L contour circling the —1 in the counterclockwise direction or in the clockwise 
direction. It can finally be reasoned that the characteristic polynomial has two 
zeros located on the line s = —0.5 + jco. 

TABLE 7-7-3 


CO 


G(Jco) 


(jco + 4) 
j(o(j(o — 1 ) 


(jO + 4) 
j 0 (j 0 - 1 ) 


= JCO 


0 5 (;0.5 + 4) _ y 2 1—236° 

j0.5(j0.5 - 1 ) 


(jl -f 4) 

yi(7'l ” 1) 

(j2 4- 4) 
j 2 (j 2 - 1 ) 


= 2.9 /-2ir 


= 1 l~iso° 


• - .vt r — = 0.343 /-145“ 
]4(j4 - 1) ^- 


10 


% = 0-1 /-117.5“ 
jlOijlO — 1 ) i- 


(yoo + 4) 
yoo(7oo — 1) 


0 /-90° 
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Example 1—1-A. The G{s) and Hi^s) of this example are 

G(ir) = —; H{s) = 1 (7-7-19) 

s{s — 1) 

This example explores absolute stability of the closed-loop system as the gain K of 
the open-loop system is varied. To do this, K is initially given a value of unity and 
Table 7—7—3 is formed. 




(a) (b) 

Fig. 7-7-9. 

The /s contour in the ^-plane is shown in Fig. 7—7—9a and the Ls contour in the 
G{s) plane is shown in Fig. 7—7—9b. The 4 contour encloses the pole at s = 1 and 
therefore P = 1. The Ls contour passes through the —1 point. If K were increased 
above unity, the —1 point would be inside the smaller loop with the result that AT = 1. 
Under these conditions, the equation for Z yields 

Z = P- iV=l -1=0 (7-7-20) 

which indicates that the closed-loop system is stable. 

If K were decreased below unity, the —1 point would be inside the larger loop 
with the result that iV = — 1. Under these conditions, the equation for Z becomes 

Z = P- Ar=l-4-l = 2 (7-7-21) 

which indicates that the closed-loop system is unstable. 

A review of this example is interesting. Since G{i) has a pole in the right half 
^-plane, the open-loop system is unstable. If the loop is closed with a gain K less 
than unity, the closed-loop is also unstable. However, if AT is increased above unity 
the closed-loop system becomes stable. 

This example is continued in Prob. 7-11 in which the pole at the origin in G{s) 
is avoided by a small semi-circle in the left half 5-plane. 



Fig. 7-7-10. 
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Example 7—7—5. The block diagram of Fig. 7—7—10 is considered in this example. 
The inner loop is the system considered in the previous example. The open-loop 
system is unstable but the closed-loop system is stable if K is larger than unity. K 
is arbitrarily chosen as 2 in this example and the problem is to determine K' such 
that the entire system is stable. The transfer function of the inner closed-loop 


system is 


G{s) 2^+8 

1 + G{s) + s + 8 


(7-7-22) 


If the outer loop is opened, the transfer function of the open-loop system is 


G'(s) 


K'(2s H- 8) 

s(s^ -f- s -f- 8) 


(7-7-23) 




(a) (b) 

Fig. 7-7-11. 

In order to plot a Nyquist diagram, K' is assigned the value of unity. The le 
contour in the 5-plane is shown in Fig. 7—7—11 and it can be seen that P = 0. For 
K' = the Le contour is shown in Fig. 7—7—11b. It can be seen that N — 0 and 
from the equation for Z, 

Z = P- Ar = 0- 0 = 0 (7-7-24) 

that the closed-loop system is stable. As K' is increased, the Lq contour moves 
closer and closer to the —1 point and when K' is larger than 1.33 the —1 point is 
inside the Le contour resulting in a value of AT = —2 and a Z of 

Z = P- Ar=0 + 2 = 2 (7-7-25) 

This example is continued as Probs. 7—12, 7—13 and 7-14 in which various values 
of K and K' are considered. 

7-8. System Type Numbers and the Nyquist Diagrams. This 
article discusses the effect of the system type number on the Nyquist 
diagram. In this discussion it is assumed that the system has unity 
feedback and G(5) is of the form 


r( ^ + ^2) • • • (^ + Zk) 

s^(s + piXs -i- ps) ■ ■ ■ (s + pj) 


(7-8-1) 


where N is the system type number. 



Art. 7--8] 


STABILITY 


235 


Type 0 System. 

Example 7—8—1. The simplest Type 0 system is given by 


G{s) ^ 


(7-8-2) 


Instead of forming a table for Gijo)) as a> is varied, the following more qualitative 



(a) 


tb) 


Fig.7-«-l. 

varied from 0 to -f oo and the phasor from the pole at —pi to jco is observed. When 
o) = 0, this phasor has a value of px and the plot in the G{s) plane starts at Kjpi. 
As CO increases, the length of the phasor increases and the length approaches go as 
(o approaches oo. The angle on the phasor is zero when co is zero and approaches 
+ 90° as CO approaches oo. Since the phasor is in the denominator of Gis), the angle 
of G(jo)) goes from 0 to —90°. 

The effect of completing the I contour in the ^-plane can be visuallized without 
actually drawing ail of the L contour. From this it can be seen that the closed-loop 
system is absolutely stable regardless of the magnitude of i^. 



(a) (b) 


Fig. 7-8-2. 

Example 7-8-2. The second Type 0 system to be explored is given by 


G(.) = 


K 

(s + Pi)is + P 2 ) 


(7-8-3) 


The swing of the phasors in the 5 -plane of Fig. 7—8—2a is observed to yield the 
L contour in Fig. 7-8-2b. Again the effect of completing the I contour in the 5 -plane 
can be visualized without actually drawing all of the L contour. From this it can 
be seen that the closed-loop system is absolutely stable regardless of the magnitude 
of K. For a given pi and ^ 2 , however, the L contour comes closer and closer to the 
—1 point as K is increased and it can be intuitively seen that the relative stability 
decreases as K increases. This matter of relative stability is discussed in Art. 7—10. 
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Example 7—8—3. The last Type 0 system to be explored is given by 

K 

^ {s + Pi)(i + P^){S + p,) (7-8-4) 

The swing of the phasors in the 5-plane of Fig. 7—8—3a is observed to yield the L 



(a) 



(b) 


Fig. 7-8-3, 

contour in Fig. 7—8—3b- As K is increased, the L contour moves until it crosses the 
—1 point. The closed-loop system is unstable fcr any K equal to or larger than this 
value. 


In reviewing the last three examples, it should be noted that the portion 
of the Nyquist plot characteristic of the Type 0 system is the origination of 
the plot on the positive real axis for 5 = 0. The behavior of G{s) as 5 oo 
is determined by the number of excess poles over zeros of G{s). In Ex. 
7—8—1 the excess is one and Nyquist plot approaches the origin along the 
—90° axis as 5 -^ 00 . In Ex. 7—8—2, the excess of poles over zeros in G{s) is 
equal to 2 and the Nyquist plot approaches the origin along the negative 
real axis as 5 00 . In Ex. 7—8—3, the excess is three and the Nyquist plot 

approaches the origin along the +90° axis. 


Type 1 System. 

Example 7-8-^. If an integration can be added inside the loop of a Type 0 
system it becomes a Type 1 system. As the first example, an 5 is added as a factor 
in the denominator of Eq. 7-8-2, resulting in 


G{s) = 


K 

s{s + pi) 


(7-8-5) 


The phasors in the 5-plane are shown in Fig. 7—8-4a. For small values of ct>, the 
phasor from —pi has an angle that is essentially equal to zero; however, the angle 
from the pole at the origin is always equal to 90Therefore, for small values of 
(o, the Gijo)) plot starts at —90°. As approaches infinity, the angle on the phasor 
from —pi is also 90° and the Gijv:) plot approaches the origin along the negative 
real axis. From the Nyquist diagram it is observed that the closed-loop system is 
absolutely stable for all values of K. 
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(a) (b) 

Fig. 7-B-4. 

Example 7—8—5. As the second example an ^ is added as a factor to the denomina¬ 
tor of Eq. 7—8—3 resulting in 


G{s)^ 


K 

-h pi)(s -f p 2 ) 


(7-8-6) 



(a) 



(b) 


Fig, 7-8^5. 

The phasors in the ^-plane are shown in Fig. 7—8—5a. From the Nyquist diagram 
of Fig. 7—8—5b, it is observed that the closed-loop system is stable for small values 
of K but unstable for large values of K. 


In reviewing the last two examples, it should be noted that the portion 
of the Nyquist plot characteristic of the Type 1 system is the origination 
of the plot at —j oo in the G{s) plane for 5 = 0. As with the Type 0 system, 
the behavior of G{s) as 5->oo is determined by the number of excess poles 
over zeros of G{s). 

Type 2 System. 

Example 7—8-6. If an integration can be added inside the loop of a Type 1 
system, the result is a Type 2 system. As the first example the denominator of Eq. 
7—8—5 is multiplied by 5 resulting in 

K 

s^(s -f pi) 


G(s) = 


(7-8-7) 
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Fig. 7-8-6. 

The phasors in the ^-plane are shown in Fig. 7—8—6a. It is convenient to visualize 
two phasors originating from the 2nd-order pole at the origin thus contributing an 
angle of —180° to the G(jo)) plot. As to increases, the angle on the phasor from —pi 
increases and the GO'co) plot swings in the negative direction beyond —180°. The 
entire I contour in the 5 -plane is shown in Fig. 7—8-6b and the L contour in Fig. 
7_8-6c. The L contour crosses the test line twice in such a direction that N = —2. 
The equation for Z yields Z — P — N — -\-2, 

The 2nd-order pole at the origin contributes a phase angle of —180° to the G{jw) 
plot. This fact must be accepted if a Type 2 system is required. In addition to the 
2nd-order pole at the origin, any other pole (or poles) added to G{s) causes the G(joj) 
plot to swing in the lagging direction and produces an unstable system. To produce 
a stable system, a zero (or zeros) must be added so that the Gijo)) plot swings in the 
leading direction in the vicinity of the —1 point. This is explored in the next 
example. 

Example 7-8-7. A zero must be added inside the pole of Eq. 7-8-7 for the system 
of the last example to become stable. The G{s) is given by 



The phasors in the 5-plane are shown in Fig. 7—8—7a. As 5 moves up theyw-axis, 
the phasor from the zero swings by a larger angle than does the phasor from the pole 
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until CO -> 00, at which time both angles approach 90°. The corresponding Nyquist 
plot is shown in Fig. 7-8-7b and it can be seen that the closed-loop system is stable. 


Example 7—8—8. This example considers the situation in which G{s) has an 
excess of three poles over zeros. The G{s) is given by 


G{s)=^ 


K(s + zi) 
s^(s + pi)(s + pz) 


(7-8-9) 




(a) (b) 

Fig. 7-a-8. 


The phasors in the i’-plane are shown in Fig. 7—8—8a. As s moves up theyco-axis, 
the phasor from the zero must swing with a large enough angle to overcome the sum 
of the two angles from the poles at —pi and —pz when the G(jo)) plot is in the vicinity 
of the —1 point. Such a G(ja)) plot representing a stable system is shown in Fig. 
7-8-8b. 


Example 7—8—9. As can be anticipated, the problem of avoiding the point 
becomes progressively more difficult as the type number of the system increases. 
A G{s) is chosen for this example with an excess of three poles over zeros as given by 


s\s + pi){s + P 2 ) 


Zi < Zz < pi < p2 


(7-8-10) 




Fig. 7-8-9. 
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The phasors m the ^-plane are shown in Fig. 7—8—9a. As s moves up the^w-axis, 
the phasors from the two zeros must swing so that the sum of their two angles 
exceeds the sum of the two angles from the poles —pi and —p 2 by at least 90° when 
the G(ja)) plot is in the vicinity of the —I point. Such a Gijco) plot representing a 
stable system is shovm in Fig. 7~8~9b. If the gain is either increased or decreased 
sufficiently, the closed-loop system becomes unstable. 


7—9, An Additional Comment Concerning the Nyquist Diagram. 

Several of the Nyquist diagrams are not completed in the previous 
article but only the mappings of the +J co-axis are shown. As long as 
the entire Nyquist diagram is visualized, this partial mapping yields 
satisfactory results. To emphasize the need of visualizing the entire 
diagram, a Type 1 system and a Type 5 system are compared 


and 


G,{s) 


K 


s(s + pi) 
K 

+ pi) 


(7-9-1) 


(7-9-2) 


For the Type 1 and Type 5 systems, the mapping of the/co-axis becomes. 

K 


Giijoy) - y 


and 


Gsijci)) = 7 


jcoijco + pi) 

K 


j(0^(j(0 + ^>i) 


(7-9-3) 

(7-9-4) 


respectively. 

The mapping of theyo^-axis is very similar in both cases; however, the 
entire Nyquist diagrams are very different as shown in Fig. 7—9—1. The 



contour in the ^-plane avoids the pole (or poles) at the origin by detouring 
around a small semi-circle in the right half ^-plane similar to Fig. 7—7—5a. 
The plot for the Type 1 system is shown in Fig. 7—9—la and it can be seen 
that the closed-loop system is stable. The plot of the T 3 pe 5 system is 
in Fig. 7—9—lb and the Nyquist diagram crosses the test line such that 
AT = —.9 5iTirl Z = T> N = 2 thus indicatiner an unstable system. 
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7-10. Relative Stability from the Nyquist Diagram. As soon as 
it has been shown that the closed-loop system is stable, the Nyquist 
diagram can be used to yield information concerning relative stability. 

Fig. 7—lO-l indicates the Nyquist diagram for three systems. Systems 
no. 1 and 2 are stable. (The remainder of the diagrams are not shown 
but it is assumed that the completed diagrams indicate the systems are 
stable.) System no. 3 is unstable. The only difference among the three 
systems is a matter of the gain of the open-loop system. System no. 2 has 
a higher gain than system no. 1 and system no. 3 has a higher gain than 
system no. 2. When the Nyquist diagram is to the left of the ~1 point, 
the closed-loop system is unstable. When the diagram is to the right of 
the —1 point, the closed-loop system is stable: however, it is intuitively 
evident that the closer the diagram is to the —1 point the lower the relative 
stability. Therefore, system no. 1 has greater relative stability than does 
system no. 2. This concept is developed in a more quantitative manner 
as the discussion proceeds. 

The significance of another term that is commonly used can be under¬ 
stood by again referring to Fig. 7-10-1. This term is ‘‘phase margin.” 
Instead of centering interest only on the —1 point, the unit circle is also 
added to the figure. Lines are drawn from the origin to the point at which 
the unit circle crosses the appropriate G(jco) plot and the angle from the 
negative real axis in a counterclockwise direction to each such line is the 
phase margin. On Fig. 7-10-1, the phase margin for system no. 1 is the 
angle yi which is positive. The phase margin for system no. 2 is the angle 
^2 which is also positive; however, the phase margin for system no. 3 is 
negative. For such a system to be stable, the phase margin must be posi¬ 
tive. In a very rough sort of way, the magnitude of the phase margin of 
a stable system is sometimes used as an indicator of relative stability. 
This indicator must be used with caution since it is easy to visualize a 
G(j(o) plot that is close to the —1 point at some range of frequencies and 
yet crosses the unit circle in such a way as to yield a large phase margin. 
However, for many systems the phase margin can be used by the designer 
as an indicator of relative stability. Examples of this nature are given in 
Chapter 9. 




Fig. 7-^10-!. 


Fig. 7-10-2. 
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Fig. 7-10-2 indicates the Nyquist diagram for a stable system with 
unity feedback. The point^coi in the 5-plane maps as Gijuji) in the G{s) 
plane. The phasor from the origin to this point represents Gijmi), The 
phasor from —1 to this point represents 1 + G(ja)i). The transfer func¬ 
tion for the closed-loop system evaluated at 5 = jcoi is 



G(ja>,) 

1 + G(jco,) 


(7-10-1) 


Therefore, the ratio of .the two phasors of Fig. 7—10—2 as given by Eq. 
7-10-1 yields information concerning the closed-loop system from the 
Nyquist diagram of the open-loop system. The ratio of these two phasors 
is a complex number. The conventional notation for the magnitude of 
this ratio is M and for the angle is a as given by 


The locus for constant M is found in the following development. 
G(ja)) is a complex quantity as given by 

G(jco) +jV (7-10-3) 

M is given by 


M == 


\U+jV\ 

1 + U+jV\ 


(7-10-^) 


from which is found as 


= 




(1 + [/)" + 1 + 2U + 

The equation is rearranged as 

C/"[l - M^] - 2M^U - + [1 - = 0 


(7-10-5) 

(7-10-6) 


2M^ IVP 

The term M^/(l — is added to both sides of the equation and it is 
finally written as 

This equation is recognized as the equation for a circle with a radius 


(7-10-9) 
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and center on the real axis at 

u = (7-10-10) 

It is a simple matter to calculate the radius and center location versus M, 
A few such calculations are summarized in Table 7—10—l. 


TABLE 7-10-1 


M 

Radius = 

M 

1 


1 

j Oentcr — ^ 

-M" 

0.5 

0.666 


+ 0.333 


0.66 

1.2 


+ 0.802 


1.0 

00 


00 


1.3 

1.88 


-2.45 


1.7 

0.9 


-1.53 


2.0 

0.666 


-1.33 


5.0 

0.209 


-1.04 



A family of constant M circles is shown in Fig. 7-10-3. An inspection 
of Table 7—10—1 and Fig. 7—10—3 indicates that as M becomes large 
compared with 1, the iVf-circles shrink down on the —1 point. Similarly 



Fig. 7-10-3. 


as M becomes small compared with 1, the M-circles shrink down on the 
origin. At first throught, it seems that the curve for M = I can not be 
determined from the infinite radius and center at infinity as given in Table 
7-10-1. However, when it is remembered that M = 1 is the locus of 
points equidistance from the —1 point and from the origin, it can be seen 
that the M = 1 curve shown in Fig. 7-10-3 is correct. 


The locus for constant a can also be determined from 

Mia = ^ 

^ 1 + G(ja)) 1 + U+jV 

The angle a can be written as 


1 1 V 

a = tan- - tan" 


The tan a is defined as N 

N = tan a = tan j^tan 
The trigonometric identity 




U 


tan' 


tan (A — B) 


tan A — tan B 
1 + tan A tan B 


yields for N 


N = 


V 

V 

u 

1 + u 

1 + 1 

(V\/ V \ 

1 17/(1 + 17 / 


(7-10-11) 


(7-10-12) 




(7-10-14) 


(7-10-15) 


The numerator and denominator of the right side are multiplied by 
17(1 + U) 


N 


V 


(7-10-16) 


17" + C/ + 

and the equation is rearranged as 

17" + 17+F"-1f = 0 

N 

The quantity 1/4 + {IjlNf is added to both sides of the equation which 
is finally written as 


(tJ + i) +(f-^) = + (^) ] 


(7-10-17) 
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This equation is recognized as the equation for a circle with a radius 

«=+(2^)' 

and the center of the circle has the coordinates 

"“-I ■ ''-5? 

An examination of the coordinates of the center of the circle and the 
radius of the circle shows each circle passes through the origin and the 
—1 point regardless of the value of N. Therefore, each member of the 
family of circles can be drawn as soon as F == IJIN is determined. A 
few constant N circles are shown in Fig. 7-10-4 for various values of a. 



7—11. Example Using M and iV Circles. When the M and N 
circles are added to the Nyquist diagram, information about the sinusoidal 
steady-state response of the closed-loop system is available by inspection. 
This process is demonstrated by an example 

GW + i)| + 2) ^ P-"-') 

The plot of G(jco) is shown in Fig. 7-11-la and b. In Fig. 7-11—la the 
M circles are added and in Fig. 7-11—lb the N circles are added. Fig. 
7-11-1 c shows the values of M vs. frequency that are obtained from the 
M circles in Fig. 7-11-la. Fig. 7-11-lc also shows the values of phase 
for the closed-loop system as obtained from Fig. 7-11-lb. 

It should be noted that the N circles are multivalued in that any 
multiple of 180° can be added to an angle and the tangent remains the 



246 CONTROL SYSTEM THEORY [Ch. 7 



(c) 

Fig. 7-1 l-l. 


same. It can be reasoned that the phase angle should be continuous and 
the phase angle at a> = 0 has a value of zero. As oj increases the necessary 
multiples of 180° can be added to (or subtracted from) the phase in order 
to yield a continuous curve. 

7-12. Non-Unity Feedback Systems. When the transfer function 
of the feedback is not unity, the procedure of the previous articles must be 
modified. The clor-ed-loop transfer function is written as 

From this equation, it can be seen that C/i? contains two factors. The 
factor inside the brackets is obtained from the M and N circles by plotting 
the product GH on the open-loop diagram. This factor is then multiplied 
by 1 jH to obtain CjR. 

7-13. Inverse Complex-plane Diagram. A transfer function is 
defined as the ratio of the transformed output of a system to the trans¬ 
formed input. Even though the transfer function is defined this way, 
it is sometimes more convenient to use the inverse of the transfer function 
rather than the transfer function itself. For example, the closed-loop 
transfer function is 

C G 


R 1 + GH 


(7-13-1) 


Phase 
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The inverse of this equation is 



\ + GH 1 


G 




(7-13-2) 



Fig. 7-13-1. 

The fact that G and H appear as separate terms indicates the advantage 
of the inverse plot as far as graphical manipulations is concerned. 

In the special case of unity feedback, Eq. 7-13-2 becomes 

P->3-3) 

The quantity [C/jR]~^ is the distance from the —1 point to any point 
on the l/GO'co) plot. Therefore, the loci of constant M are circles with 
centers at the —1 point and with radii equal to 1/M as shown in Fig. 
7-13—1. The loci of constant N are straight lines drawn through the 
—1 point as in Fig. 7-13-1. 

The Nyquist criterion of stability and all the other information 
obtainable from the direct plots can also be obtained from the inverse 
plots. Since the direct plots lend themselves more readily to the under¬ 
standing of the Bode plots, which present the same information in a 
more convenient form by using logarithms, the inverse diagrams are not 
featured here. However, several of these concepts are included in 
problems. The subject of Bode diagrams is discussed at length in 
Chapter 9. 

PROBLEMS 

7—1. In order to show that a polynomial can have all positive coefficients and yet 
have zeros in the right half plane, the following polynomial i* built up. The polynom¬ 
ial has two zeros and ^2 = + 1 ± 72 and also contains a third zero s ~ — a. Find 
the range on a such that all the coefficients of the resulting cubic are positive. 

7-2. Use a Routh table on each of the following polynomials as assigned and 
determine how many zeros each pol 3 momial has in the right half plane, in the left 
half plane and on thejco-axis. 
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(a) s® + IIS'* + 47s’' + 101s“ + 116s= + 68s 4- 16 

(b) s" + 2s" + Ss" + 4s'* + 5s“ -I- 6s + 7 

(c) s' + s'* + 7s'* + 5.2s^ + 12.25s" + 3.25s'= + 4.5s 4- 0.45 

(d) s" + lOs" + b.bs” + 16s" 4 8.2s" + 2s 4- 1 

(e) s" 4- 26s" 4- 299s'' + 1812s" 4- 6086s" 4 10,780s + 7696 

(f) 2s' 4- s'* 4 6s" 4- 3s’' 4 8s" 4- 4s" 4- 4s 4- 2 

(g) s" 4- 12s" 4- SSs" 4- 138s" 4- 161s" 4- 126s 4- 104 

(h) s" 4- 8s" 4- SSs" 4- 246s" 4- 12S3s" + 4070s 4- 3016 

(i) s" 4- 8s' + 28s" 4- 58s" + 80s'' 4- 76s" 4- 49s" 4- 20s 4- 4 

(j) s’ 4- 2s" 4- 2.5s" + 5s" + 3s" + 6s" 4- s + 2 

(k) s" + 3s" + 4s’‘ 4- 12s" + 10s" 4- 7s 4- 5 

(l) s’ 4- 3s" 4- 4s" + 5s‘‘ 4- 4s" 4- 5s" 4- 3s 4- 2 

(m) s" 4- 2s'' + 3s" 4- 6s" 4- 2s 4- 4 

(n) s’ 4“ s" 4- y" 4- s' 4- 2s" 4- 2s" + 2s 4- 2 

(o) s" 4- 25“ + 6s" 4- 24s" 4- 100s 4- 500 

(p) 2s“ 4- 3s" 4- 4s‘‘ 4- 4s" 4- 10s" 4- 15s 4- 20 

7—3. By methods explained in conjugation with Ex. 7—3—6, determine if each of 
the following polynomials has its zeros on the negative real axis. 

(a) s" 4- 9s" 4- 26s 4- 24 

(b) s" 4- 4s" 4- 4s 4- 3 

(c) s’* 4- 2s" 4- 3s" 4- 2s 4- 1 

(d) s' 4- 8s" 4- 21s" 4- 22s 4- 8 

7—4. Error rate and integral compensation are combined in a single system and the 
resulting system has the characteristic polynomial 

Js" + (Z> 4- if,)s" 4- ii:s 4- 

Determine the relationship among the coefficients to yield a stable system. 

7—S. Polynomials (a), (e), and (i) of Prob. 7—2, are Hurwitz and hence could be the 
characteristic polynomial of stable control systems. It is desired to determine the 
real part of the zeros closest to the /ai-axis by the methods explained in Art. 7-4. 

7-6. Factor polynomials (a), (e), and (i) of Prob. 7—2, by using the methods of 
Art. 7-4. 


7—7. Given the functional relationship 

F(s) = 


1 


Map the following lines into the F(s)-plane: 

s = jo) ; s = 1 4- ; s = 2 + jw ; s = o- 4- /I and s = a 

7-8. Repeat Prob. 7—7 for the following functions: 

(a) F(,s) = s" 4- s 

1 


-j2 


(b) F(s) 

(c) F{5) 


s 4- 1 


(s + l)(s + 2) 
s 4- 1 


s(s 4- 2) 


(d) F(s) = 
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7—9. Develop an equation similar to Eq. 7—7—3 except make the following changes 
in the development leading to the equation. The contour in the 5-plane is to be 
traversed in the counterclockwise direction and N is defined as positive for a clock¬ 
wise rotation of the contour about the —1 T jO point. Use the new equation to 
revaluate the following: Exs. 7-7-2, 7-7-3, 7-7-4, and 7-7-5. 

7—10. Repeat Prob. 7—9 except the contour in the 5-plane is traversed in the clock¬ 
wise direction. Use the same definition for N as in Prob. 7—9. 

7—11. In Ex. 7—7-4 complete the contour in the 5 -plane so that the pole at the 
origin in G(5) is avoided by a small semi-circle in the left half plane. Investigate the 
stability of the closed-loop system as a function of K, 

7—12. For the system of Ex. 7—7—5 shown in Fig. 7-7—10, K is given a value of 3. 
Find the range on K' such that the entire closed-loop system is stable. 

7-13. Repeat Prob. 7-12 for K = 4. 

7—14. In Prob. 7-12, the value of K is given a value of 0.5. Investigate whether 
it is possible to produce a stable closed loop system as K' is varied. If so, find the 
range on K\ 

7—15. By using a Nyquist diagram, determine the range on K such that the closed- 
loop system is stable. The system is defined by 




K 

5(5 -f 1)(5 -1- 2) 


H{s) = 1 


Once K is determined, form the characteristic equation and check the result by 
using Routh’s criterion. 

7—16. In Prob. 7-15, choose K as one-half its maximum possible value. Reshape 
the contour in the 5-plane by moving up lines parallel to theyco-axis such as 5 = —0.1 
+ jo)y s — —0.2 -h yco, etc., instead of theyco-axis. Locate the zeros of the character¬ 
istic polynomial of the closed-loop system within one of these vertical strips as a is 
varied in 0.1 steps. 

7—17. A system is defined by 


G(5) = 


K{s 4- 1.5) 

5(5 + 1)(5 + 2) 


H{s) - 1 


Investigate whether it is possible to produce an unstable closed-loop system as K is 
varied. If so, find the range on K. 

7—18. In Prob. 7—17, let = 3 locate the zeros of the characteristic polynomial 
within vertical strip in the 5-plane as suggested in Prob. 7-16, 

7—19. Repeat Prob. 7—17 for the system defined by 


G(5) == 


X(5 H- 6) 

5(5 4- 1)(^ 4- 2) 


H{s) = 1 


7-20. Repeat Prob. 7-17 for the system defined by 


G(5) - 


K{s - 0.5) 
5(5 -f 1)(5 + 2) 


H{s) - 1 


7—21. A system is defined by 


G(5)- 


K(,s 4- 0.5) 

- 2 ) 


H(5) = 1 


Investigate whether it is possible to produce a stable closed-loop system as K is 
varied. If so, find the range on K. 
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His) - 1 


H(s) = 1 


7—22. Repeat Prob. 7—21 for the system defined by 

, K(s -f 0.5) . 

sis l)(s - 2) 

7-23. Repeat Prob. 7-21 for system defined by 

, Kis -I 0.5)(s f 1.5) . HCt) 1 

7-24. In Prob. 7-21 let iC = 4. The resulting G(s) replaces G(s) m the inner 
loop of Fig. 7-7-10. Determine if the entire closed-loop can be made stable by 
varying K'. If so, find the range on K'. 

7—25. Repeat Prob. 7—24 for iC = 1 . 

7—26. A system is defined by 

\ ~ (5 + 1)(^ + 2) . 

“ sis^ + 1 ) ’ ^ 

Determine whether the closed-loop system is stable by using the Nyquist diagram. 
The three poles on theyo>-axis are to be avoided by small semi-circles in the right 
half plane. 

7-27. Repeat Prob. 7-26 but avoid the poles on the/w-axis by small semi-circles 
in the left half plane. 

7-28. Repeat Prob. 7-26 for the system 


sis^ + l)a I 10 ) ’ ^ 

7-29. Repeat Prob. 7-26 for the system 

~ sis- + l)(s + 10) ’ ^ 

7—30. Plot the general shape of the complete Nyquist diagram for 


His) = 1 


Gis) = 

s is + Pi) 

and determine Z for the closed-loop system. 
7-31. Repeat Prob. 7-30 for 


His) - 1 


s\s 4- pi) 


7—Z2. Repeat Prob. 7—30 for 


K 

-f pi) 


His) ^ 1 


His) - 1 


7—33. Ex. 6—14-1 concerns a system with 7= 1.445; D ~ 0.289 and K = 1 .448. 
In this example C is calculated to be 0.1. Plot the Nyquist diagram for this system. 
In order to improve the relative stability of this system, an error rate damping term 
is added to this system with Ki ~ 1.156 (from Ex. 6-16-1). With Ki added, the 
resulting C = 0.5. Plot the Nyquist diagram for this system on the same sheet of 
paper as Ex. 6-14-1 to compare the results. To the system described by this second 
set of parameters, a K 2 is added. Use the relationship developed in Prob. 7-4 and 
set K 2 at the smallest value that produces an unstable system. Plot the Nyquist 
diagram of this system on the same sheet with the other two. 
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Fig. 7-P-34. 


7—34. A unity feedback system has a Nyquist diagram as shown in Fig. 7—P—34. 
For this system, P = 0 and when the entire diagram is completed it is found that the 
closed-loop system is stable. However, this situation needs examining. The closed- 
loop system is opened as in Fig. 7-1—1 and a sinusoidal signal of unity amplitude 
with a> set at a value such that Gijcoz) = —2 is applied at E. This signal is left until 
steady state is reached and the signal at E' is in phase with E but has twice the 
amplitude. If this new signal is applied at P, then E' has an amplitude of 4, and so 
on. This type of reasoning indicates the closed-loop system is unstable yet from the 
Nyquist diagram the system is known to be stable. Explain this situation. 

7—35. For the system of Prob. 7—15 with K = 3^ add the M and N circles to the 
Nyquist diagram and from the resulting figure draw curves of M and a. w for the 
closed-loop system. 

7-36. For the system of Prob. 7—17 with PT = 4, add the M and N circles to the 
Nyquist diagram and from the resulting figure draw a curve of M and a. co for the 
closed-loop system. 

7—37. Add M and N circles to the Nyquist diagrams of the systems of any of the 
examples and other problems as assigned. 

7—38. The system of Prob. 7—15 is unstable with K = S. Even though this is true, 
the Nyquist diagram can still be plotted, the M and N circles added, and curves of 
M and a vs. frequency can be plotted. What is the significance of these curves ? 

7-39. For the inverse complex-plane diagram, the stability criterion can be 
written as 

AT = Ph + Zg - Z 

where 

Pn are the poles of H(s) included in the contour. 

Zq are the zeros of G(s) included in the contour. 

N is the number of counterclockwise rotations of the inverse plane plot about the 
origin. 

Z is the zeros of the characteristic polynomial included in the contour. 

Develop this criterion. 

7-40. Replot any of the examples or problems as assigned and determine stability 
from the inverse plane plot- 

7-41. Add M and N circles to any of the inverse plane plots of Prob. 7-40 and 
obtain curves of M and a vs. frequency. 



8 
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8-1. Introduction. As explained in Chapter 7, the Nyquist diagram 
can be used to determine absolute stability. In addition to this, if the 
closed-loop system is stable, the M and N circles can be added and 
information can be obtained regarding relative stability. 

The simplest control the designer has over a system is the gain adjust¬ 
ment of the open-loop system. In many systems, as the gain is increased, 
the closed-loop system eventually becomes unstable. Examples 7—8—3 
and 7—8—5 demonstrate this situation. In other systems, an increase in 
gain may produce a stable system, as in Ex. 7—7—4. In still other systems 
there is a range (or ranges) of K for which the system is stable. Example 
7-8-9 is such a system. 

Even when the system is stable, a variation in K produces a variation 
in relative stability. The system of Art. 7—11 demonstrates this point. 
The basic system used in this example is 


G{s) 


K 


s{s + l)is + 2) 


( 8 - 1 - 1 ) 


In Art, 7—11, X is given the value 1.5. From the Nyquist diagram of Fig. 
7—11—la it can be seen that Mm is approximately 1.4. If K is increased, 
Mm also increases. If K is decreased. Mm also decreases. 

As discussed in Chapter 6, a ‘‘rule of thumb” is often used, to the 
effect that Mm should be set in the range of 1.2 to 1.4. If the designer 
wishes to set the gain K so that Mm is 1.3, he can simply reduce the 
gain until the GCjco) plot is tangent to the M = 1.3 circle. Because of 
the nature of the Gijco) plot, this adjustment is essentially a trial-and- 
error process. However, a direct method of setting the gain is discussed 
in the next section. 


8-2. Direct Method of Setting Gain for a Given Mm* The prop¬ 
er gain K for a given Mm value can be determined from a graphical 
procedure. The following discussion refers to Fig. 8-2—1 in which Mm 
is assumed larger than one and only the magnitudes are shown. The 
radius and center of the Af-circle are those determined in Chapter 7 
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Fig. 8-2-1. 

and are shown in the figure. The angle yt is defined as the angle DAC 
and the sin ip is determined as 

M 

sm f = — (8-2-1) 

- 1 

Therefore this angle depends exclusively on the value of M, From the 
geometry of the figure, the angle BCD also is equal to ip. The line BD 
has the length 

SD = BC sin (8-2-2) 

The line AD has the length 

AD = AB--AD-j^-jpL^-l (8-2-3) 

All this development is combined to determine the gain of a system 
as explained in the following example. 


Example 8—2—1. The system to be studied is 


- .(. + IX. + 2) ^ 

and K is to be set so that Mm = 1.3. The work is systematized in the following 
steps: 

1 . The value of K is set originally at 1 for convenience and the plot of G{j od) 
is constructed as shown in Fig. 8-2—2a. 


2. 

3. 

4. 


A line is drawn through the origin at an angle y) == sin 



A circle is constructed that has its center on the negative real axis and is 
tangent to both the Gijco) plot and to the xp line. This circle is located by 
trial and error. 

A line is dropped from Point C perpendicular to the negative real axis thus 
locating Point £), 
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5. If the gain were properly adjusted. Point D would be the —1 point. The 
proper gain constant is calculated so that this is so. For example in Fig. 
8—2—2a the length AD = 0.77. If the gain K is set 



1 

0.77 


1.3 


(8-2-5) 



Fig. a-2-2. 


The scale of Fig. 8-2-2a is changed to adjust the figure to the K deter¬ 
mined in Step 5. The final system with readjusted gain is shown in Fig. 


8-2-2b. 


8-3, System Compensation. In many situations a gain adjustment 
by itself is not sufficient to produce a satisfactory system. A very 
obvious example of this is a system that is absolutely unstable for all 
values of K. A specific example of this is given by 



(a) (b) 

Fig. 8-3-1. 


where the pole at ~pi is inside the zero at —^ri, as shown in Fig. 8—3—la. 
I'he G(j m) locus is shown in Fig. 8—3—lb. In order to obtain satisfactory 
results from this system, the entire G(jaj) locus must be reshaped to 
move it to the other side of the —1 point. Such a reshaping of G(ja)) 
is known as compensation. 

Even when it is possible to obtain a certain value of Mm by gain 
adjustment, the system may be unsatisfactory for other reasons. Example 
8—2—1 is considered. For an Mm — 1.3, a. K = 1.3 was determined, 
yielding 
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s(s + 1)(5 + 2) 

This system has a velocity constant 

K, = lim sG(s) = 0.65 

6*0 


(8-3-2) 

(8-3-3) 


and the steady-state error with a unit-ramp function applied to the 
input is 


In certain situations it may be that this steady-state error is too large 
and that the velocity constant is too small. Therefore, in order to 
improve the system, compensation is required. 



Fig. 8-3-2. 

Compensation can be divided into two general classes, series com¬ 
pensation and feedback compensation. An example of series compensa¬ 
tion is shown in Fig. 8—3—2. G 2 (s) is referred to as the fixed portion of 
the system- This is the portion of the system that does not yield 
satisfactory results before it is compensated. Gi{s) is the compensation 
device that very often takes the form of an electric network. 



(a) (b) 

Fig. 8-3-3. 


An example of feedback compensation is shown in Fig. 8~3-3a. 
The system with unity feedback does not yield satisfactory results, and 
therefore a compensation device is added to the feedback loop. Some¬ 
times the feedback element is used to reshape the Gijco) locus, and the 
system of Fig, 8—3—3a becomes a portion of some other more elaborate 
system as shown in Fig. 8-3-3b. Feedback compensation is often 
referred to as parallel compensation. 
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V| 



■o 


Fig. 8-4-1. 


8~4. Phase Lead Network. One of the common networks used for 
compensation is the phase lead network shown in Fig. 8-^1. The trans¬ 
fer function for this network can be written 


or 


__ ^2 _ RiR^CiS + 

^ V,~ R.R^C.S + R, + R 2 


^ 5 + lIRiC, 

1^1 s 4 " (Ri + R2)/RiR2Ci 


With the following definitions 

= ^ ^ -^1 + ^2 

^1 D T> 

the transfer function can be written as 



^ + -g] 
g + 


From Eqs. 8—4—3, the ratio of z, to pi is 

£i = -^2 

pi Ri + Rz 


( 8 - 1 - 1 ) 

(8-F-2) 

(8-1-3) 

(8-M-) 

(8-1-5) 


Therefore the zero is always closer to the origin than the pole and the 
magnitude of the ratio of to pi can be changed by varying Ri and R^. 
Although there is no theoretical limit to this ratio, practical considera¬ 
tions do impose a limit. As can be seen from the circuit of Fig. 8—t—1 
and from Eq. 8—4—4, the ratio of to Vi at zero frequency is equal to 
the ratio of to Pi. Too small a ratio means that the lower frequencies 
are attenuated by too large a factor. For this reason this ratio is often 
given a value of 1/10 and with this arbitrary choice Eq. 8 - 4-4 becomes 


c.w = ^ 


s “h 1 Oa^i 


(8-4-b) 
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In order to plot a universal curve for this, the equation is normalized 
by the change of variable 


P 


s 


a .(x) 

^ ~ +J— = X + jy 
Zi Zi 


and the equation becomes 


G^(p) 


V2ip) j> 4~ 1 

Vi{p) ~ p + \0 


( 8 -^ 7 ) 


( 8 ^ 8 ) 



A plot of Giijy) can be obtained from this equation. As s moves up 
the yw-axis, p moves up the iy-axis as shown in Fig. 8-4—2a. Since the 
zero is inside the pole, the phasor in the numerator of Gi(jy) swings 
faster than the phasor in the denominator, and the result is the leading 
phase characteristic of Fig. 8-4—2b- From the standpoint of complex 
function theory, Eq. 8-4“8 is a linear fractional transformation that maps 
circles into circles with straight lines as a limiting case. Therefore the 
curve of Fig. 8-4—2b is a semicircle. 

The process of unnormalization is explained in the following example. 

Example 8-^1. In the system 


G^{s) = 


K 

s{s -h l)(s -}- 2) 


(8-4-9) 
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the K is set at 1.3 in Ex. 8—2—1 so that M„, is equal to 1.3. This system has a velocity 
constant = 0.65. It is desired to increase the velocity constant by using a lead 
network and yet maintain ~ 1.3. The for K = 1.3 and the M = 1.3 

circle are shown again in Fig. 8-^3a for reference. 

Although many clever methods for compensation by reshaping the Nyquist 
diagrams have and can be evolved, by and large the process is one of trial and error. 
This example demonstrates this point. 

In the final system Giju)) is the product of Giijo)) X G^ijm). Therefore G^ij^)) 
is reshaped by the phase and amplitude characteristics of Gi(;w) to yield the final 
system. An examination of Fig. 8-^2b indicates that Gi(jy) yields maximum 
phase shift when y is in the range of 3 to 4. The G 2 (j(o) plot of Fig. 8-4-3a is exa¬ 
mined to determine the range of w that could u ost profitably be given the maximum 
phase shif#. 

In the first portion of this example, it is decided to give w = 1 on the G^Qm) 
locus the maximum phase shift. On the G^ijy) locus y = 3.33 approximately 
yields the maximum phase shift. Therefore Giijy) is unnormalized by the equation 


from which Zi is found as Zi 


'1 'I'l ^ ^ 

y — 3.33 ~ — = — 

= 0.3. Therefore Gi($) is 
s + 0.3 


Gris) = 


5 -f- 3.0 


(8-4-10) 


(8-4-11) 


The Gis) for the compensated system is 


G(s) = Gr(s)G 2 is) = 


Kis + 0.3) 


sis + l)is 4 2)(^ + 3) 


( 8 ^ 12 ) 


The Gijco) is plotted and the gain K is set for the = 1.3 circle as explained 
in Art. 8-2. The K is determined as iC = 15. The final G(j(o) plot with K set at 15 
and the M ~ 1.3 circle are shown in Fig. 8^4-3b. For this system the velocity 
constant is 

K, = lim sGis) = 0.75 (8-4-13) 



Gj(s) - plane 



Fig. 8-4-4. 



Fig. 8- 4- 4 emphasizes the graphical interpretation of the compensation process 
of this example. Fig. 8 4 4 a is the locus of the original system with several specific 
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values of co indicated. Figure 8-^^l—4b is the locus of the phase lead network with the 
same values of ao indicated. Figure 8 ^ 4c is the compensated system. The 
phasor indicated by coi for the compensated system is the product of the phasor 

labeled coi in Fig. 8-4-4a times the phasor labeled a>i in Fig. 8.-4 - 4b. Similarly in 

Fig. 8^l^3c the phasor labeled co^ is the product of the co^ phasor in Fig. 8 4 -4a 
times the a >2 phasor in Fig. 8 4- 4 b, etc. 

This graphical interpretation of ihe compensation process enables the designer 
to inspect the locus of the uncompensated system and the locus of the compensation 
network and to visualize the locus of the product without carrying out the actual 
numerical steps. 

Even though K has been increased to 15 from 1.3, the velocity constant has 
increased only to 0.75 from 0.65. calculating the velocity constant the compensa¬ 
tion network yields the factor lim Gi(^) = 0.1 and K for the entire system must be 

S->0 

increased by a factor of more than 10 to increase 

An examination of the final curve of Fig. 8-4-3b indicates that the phase shift 
that makes Gijco) swing to the right of the —/-axis is to no avail. Therefore, as a 
second try it seems reasonable to have the maximum phase shift of Gi(ja)) occur at 
a higher frequency. An inspection of the original G^ijco) plot of Fig. 8-4—3a indi¬ 
cates that 0 ) = 2 might be a reasonable second try. Gi(p) is unnormalized as 

y = 3.33 = (8-^14) 

Zi Zi 

from which Zi is found as Zi — 0.9. Since the entire procedure is an approxima¬ 
tion, Zi is arbitrarily increased to 1 and Gi(5) becomes 

- (7TT75 

The G{s) for the compensated system is 

G(.) - G,(.)G.(.) - 

The zero in Gi{s) at —1 is said to cancel the pole in G^{s) at —1. 



Ka 37 


Fig. 8-4-5. 

The Gijm) is plotted and the gain K is set for the M^, = 1.3 circle and K is 
determined zs K — 37. The final G(j(o) plot with K set at 37 and the M = 1.3 
circle are shown in Fig. 8—4—5, For this system the velocity constant is 

K, = lim sGis) = 1.85 


(8-4-17) 
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The addition of the lead network has increased Kv from 0.65 to 1.85, yet the criterion 
Mn = 1.3 is maintained. 

The trial-and-error method can be continued, but examination of the curves of 
this example indicates that not much can be gained by an additional trial. With a 
little experience, it is possible to be close to the maximum value of Kv in one try. 

Other uses of the phase lead network are examined in Art. 8—8. 

The network that realizes the Gi(s) of Eq. 8-4-15 can be determined 
from Eqs. 8-4-3 as 

«> =' = sk 

and 

Pi = 10 = (8-t-19) 

With two equations in three unknowns, one of the elements can be 
chosen arbitrarily, and in this example Ri is set equal to 9 X 10^ ohms. 
With this choice, the other two elements are found as i ^2 = 1 X 10^ ohms 
and Cl = 1.11 fit 



Fig. 8-5-1. 

8-5. Phase Lag Network. Another of the common networks 
used for compensation is the phase lag network shown in Fig. 8-5—1. 
The transfer function for this network can be written 


__ ^2 __ R 2 C 2 S + 1 
Fi “ (R, + R2)C2s 4 1 
or 

^ / \ ^2 Rz ]r s IIR2C2 1 

V, “ [r, + R2ib + llC2iRi + R2)\ 

With the following definitions 

1 ^ _ 1 

C^(R^ + Rd 

the transfer function can be written 


(8-5-1) 

(8-5-2) 

(8-5-3) 


G^(s) 


Ki 

Vi 


Pi (^ + -gl) 

- 2 i {s + pi) 


(8—5—4) 
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From Eqs. 8—5—3, the ratio of .s'! to pi is 

£i (8-5-5) 

pi -^2 

Therefore the zero is always farther from the origin than the pole, and 
the magnitude of this ratio can be changed by varying i?i and R 2 . If this 
ratio is set too high, the high frequencies may be attenuated by too large 
an amount. Therefore this ratio is often given the value 10, and with 
this arbitrary choice Gi(s) becomes 


The change of variables 


El 

V^ 


s ^ z 

10(^ + O.lar) 


(8-5-6) 


p = = X + jy (8-5-7) 

Zi Zi Zi 

is used to normalize Gi(s) as 

= 10^) + 0.1) (8-5-8) 




A plot of Gi (jy) can be obtained from this equation. Again as s moves 
up the^co-axis, p moves up the j 3 ;-axis as shown in Fig. 8—5—2a. Since 
the pole is inside the zero, the phasor in the denominator swings faster 
than the phasor in the numerator and the result is the lagging phase 
characteristics of Fig. 8—5—2b. 


Example 8—5—1. The system 

- » + »(, + 2) • "«-■ 

is used again. It is desired to compensate this system with a lag network in order 
to increase the velocity constant and yet maintain — 1.3. 

An inspection of the Giijy) curve of Fig. 8-5-2b shows that, for higher values 
of y, Gxijy) is essentially equal to 0.1. If y is unnormalized so that this portion of 
the curve corresponds to the o> values where Gzijo)) is close to the —1 point, then 
Gi{ja))Gz(ja)) is essentially 0.1 of Gzijo)) alone. Therefore, the gain and the velocity 
constant can be increased by 10, 
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Another way of looking at this situation is as follows: The poles of G 2 (^) are 
shown in Fig. 8—5—3a. Whenjo; ^ the phase angle of G^ijco) is —180°. In 
Fig. 8-5—3b the pole and zero of the lag network are added and it is seen that if they 
are close to the origin, the effective phase angle of Giijcxi) is essentially zero when 
j(o ~ j\/2. Therefore, the only effect on Gijm) — Gi{joS)G 2 .{jco) in this range of w 
IS to multiply G^ijo)) by 0.1. Therefore, for the same relative stability, the system 
gam can be increased by 10, and this in turn increases Ky by 10, 

Because the element sizes for the network that realizes Gi{s) become larger and 
larger as the pole and zero of {s) are moved closer and closer to the origin, there 
are practical considerations that limit the procedure, and the entire gain of 10 can 
not be realized. 

To continue the example, Giis) is chosen as 


and G{s) becomes 
GW = G,(s)G,{s) 


n (A _ ^ _ 

~ 10 (^ + 0 . 01 ) 

K{s + 0.1) 

10(s)(s + 1)(5 + 2)(s + 0 . 01 ) 


The constant K' is defined to absorb the 0.1 factor. 


(8-5-10) 
K'{s + 0.1) 

s(s + 1)(5 + 2)(^ + 0.01) 
(8-5-11) 


G(s) ~ plane 



The G(j(o) is plotted and the gain K' is set for the Mm = 1.3 circle and K' is 
determined as K' = 0.656. The final G{jm) locus with K' set at 0.656 and the 
M = 1,3 circle are shown in Fig. 8-5-4. For this system, the velocity constant is 

Ky = lim sG{s) = 3.28 (8-5-12) 

S -+0 

The addition of the lag network has increased Ky from 0.65 to 3.28, yet the criterion 
of Mm = 1.3 is maintained. The lag network is discussed again in Art. 8-13. 
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The network that realizes the Gi(s) of Eq. 8-5-10 can be determined from Eqs. 
8-5-3 as 

0, = 0.1 = (8-5-13) 

and 


pi = 0.01 


1 

(JRi -f- ^^2)^2 


(8-5-14) 


Again one element value is arbitrary and Ri is chosen as Ri —9 X 10^ ohms. The 
other two elements are found as jRg = 1 X 10^ ohms and C 2 = lOO/zf. 

Even in this example the element values are becoming large as can be seen by 
C 2 - lOO/^f. It might be wise in the final design to increase both Ri and R 2 by 
some factor so that C 2 is decreased. 


8-6l Lag-Lead Network. Another of the common networks used for 
compensation is the lag-lead network shown in Fig. 8—6—1. The transfer 
function for this network can be written 


= + l/RiC 0 (s + I/R2C2) _ 

Vi + (l/i?iCi + \IR2C2 + llR 2 Ci)s + IIR1R2C1C2 



Fig. 8-6-1. Fig. 8-6-2. 


By inspection it can be seen that the zeros for this transfer function are 
at s = — IjRiCi and 5 = — l/i? 2 C 2 . It can be seen also that the 
product of the poles is equal to the product of the zeros but that the 
magnitude of the sum of the poles is larger than the magnitude of the 
sum of the zeros. From this it can be reasoned that the two zeros are 
between the two poles, as shown in Fig. 8-6—2. At low frequencies, the 
pole-zero combination closer to the origin makes the network behave as 
if it were a lag network. At higher frequencies, the pole-zero combina¬ 
tion farther out causes the network to act as if it were a lead network. 
A more exact analysis follows: 

The lag-lead network has zero phase shift at zero and infinite fre¬ 
quencies, but it also has zero phase shift at an intermediate frequency. 
This intermediate frequency occurs when the angle of the denominator 
equals the angle of the numerator in Gi(jo)), This frequency is deter¬ 
mined from the equation 
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r ^ + ^|RlC^R 2 C,) +jco (l/i?iCi + IIR2C,) 

(- + llR.C^R^C^) +ja> ( 1 /i^xCi + VR2C2 + IIR2C,) 

( 8 - 6 - 2 ) 

By inspection it can be seen that the angle of the numerator and the 
angle of the denominator are both +90° when the real part of each is 
equal to zero or when 

COi = — ; ■ — (8—6—3) 

y/ R 1 R 2 C 1 C 2 


When CO = then Gi(j(o) becomes 

r r* N , VRiC^ + \IR2C2 ^ RiCr + R2C2 

+ \IRiC, + IIR2C1 i?iCi + R2C2 + R1C2 

(8-6-4) 


This is the minimum value of Giijco), Again in order not to have some 
frequencies attenuated .by too large a value, this minimum value of 
Giijo)) is arbitrarily set as 0.1 


Giijcoi) 


jRiC*! + R 2 C 2 
RiCi + R2C2 + R1C2 


= 0!l 


The pole-zero pattern of Eq. 8-6-1 can be written as 

r + ^i)(^ + ^2) 

(s + Pl)(s + P2) 

where 

T> i ^2 T> 

jTCiOi J\2^2 


(8-6-5) 


( 8 - 6 - 6 ) 

(8-6-7) 


and the p’s can be determined from the denominator of Eq. 8—6—1. 

Because the number of variables is large, another arbitrary choice can 
be made. For this development the ratio of Z 2 to Zi is chosen as 5. 
Eq. 8-6-6 becomes 


+ ^i)(^ + 5 ^ 1 ) 
(5 + pi){s + P 2 ) 


( 8 - 6 - 8 ) 


Determining ;3r2 in terms of Zi effectively determines the co at which the 
magnitude of Gi(j(o) is minimum in terms of ^ 1 , This is shown by 
starting with Eq. 8-6-3 as 


— = Vzi^2 = a/S-stj (8-6-9) 

y/ R1R2C1C2 


Next, the pole locations of Eq. 8-6-8 are determined. Eq. 8-6-5 
in terms of p'$ and z^s becomes 


Gi(j(Oi) 


Zj + Z 2 

Pi + P2 


Zi + 5.gi 

Pi + p2 


= 0.1 


( 8 - 6 - 10 ) 
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It must also be remembered that the product of the poles is equal to the 
product of the zeros 

P 1 P 2 , = ^ 1^2 = 5j2ri^ (8-6-11) 

When ^2 is eliminated between Eq. 8-6—10 and Eq. 8-6—11, the resulting 
equation in pi can be written as 

Pi^ - eOziPi + = 0 ( 8 - 6 - 12 ) 

The roots of this equation are approximately 

Pi = 0.0833;^x and 59.2;^i (8-6-13) 

For convenience, the second root is approximated as 60;2:i. Since pi and 
p 2 in Eq. 8—6—8 are symmetrical, one of the values can be chosen for pi 
and the other for ^ 2 * Finally, Eq. 8-6-8 can be written as 


^ / \ __ (^ ~|~ ^i)(^ "b 5zi) _ 

(s + 0 . 0833 ^ i )(5 + 60^0 


(8-6-14) 


Eq. 8—6—14 can be normalized by the substitution 

5 a .0) . 

p = — = - j— = X + jy 

Zi Zi Zi 

and the equation becomes 

G^ip) - ^ + 1)(P + 5) - 


(p + 0.0833)(p + 60) 


(8-6-15) 

(8-6-16) 




Fig. 8-6-3. 


A plot of Giijy) can be obtained from this equation. Again as ^ moves 
up the yco-axis, p moves up the iy-axis as shown in Fig. 8-6-3a. For 
obvious reasons this figure is not drawn to scale. The resulting locus is 
shown in Fig. 8—6—3b, An inspection of this figure indicates that at 
low frequencies the network has a lagging phase characteristic, while at 
high frequencies it has a leading phase characteristic. Hence the name 
lag-lead. 

The discussion for the lag-lead network is reviewed briefly. The 
transfer function for the lag-lead network has two poles and two zeros. 
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Only three of the four quantities are independent as the product of the 
poles must equal the product of the zeros. When the magnitude of 
Giijo)) is set at 0.1, onl-* two of the four quantities are independent. 
When the cu at which GiO'cu) = 0.1 is set, only one of the four quantities 
is independent. The remaining quantity can be varied as needed in 
design. 

Obviously, several arbitrary choices have been made in this develop¬ 
ment. Under .certain situations, it may be wise to make other choices. 
However, the procedure remains the same. 


Example 8~6“1. The system 

G2O) = 


K 


s(s + 1)(^ + 2) 


H(s) = 1 


(8-6-17) 


is used again. It is desired to compensate this system with a lag-lead network in 
order to increase the velocity constant and yet maintain Mm = 1.3. 

The G 2 (f(o) locus for the uncompensated system with K — 1.2 and the Mm = 1.3 
circle is shown in Fig. 8~6-4a. 



The Gi(jy) curve is unnormalized by the following cut-and-try procedure. 
From Fig. 8-6-3b, it can be seen that when y = a/S, Gi(jy) has no phase shift. 
The corresponding Gi(jco) also offers no phase shift at the corresponding co, and 
G(Jcu) = Gi(ja))G2(jco) moves m and out on a radial line through some point on 
the Gzijo) locus as K is changed. At frequencies below this, the G(jo)) will be 
shifted in the lagging direction, and at frequencies above this in the leading direction. 

Fig. 8—6—4-a is now examined with this point in mind. It can certainly be seen 
that the w oiGtijco) corresponding to zero phase shift should not be in the range of 
(I) ~ 1. The G(fw) curve at frequencies below = 1 will be shifted in the lagging 
direction and these curves will intersect with the M = 1.3 curve for low values of K. 

At the other extreme, it can be seen that the w of Gzijco) corresponding to zero 
phase shift should not be in the range co = 0.1. Therefore from inspection of 
GaC/o)), the zero phase shift co should be in the range of 0.4 to 0.5. In this example 
o) = 0,45 is used and Gi(j>) is unnormalized as 


y = = 


(O 

^1 


0.45 

Zi 


(8-6-18) 



Art. 8-8] 


DESIGN USING NYQUIST DIAGRAMS 


267 


from which is found approximately as Zi — 0.2. Therefore Gi(s) becomes 

(5 + 0.2)(5 +1) 


(s + 0.0166)(j + 12) 
The Gis) for the compensated systen- is 

K(s + 0.2) 


G{s) = G,{s)G,(s) = 


s(s -f- 0.0166)(^ + 2)(s -f 12) 


(8-6-19) 


( 8 - 6 - 20 ) 


The Gijo)) is plotted and the gain K is set for the Mm = 1-3 circle and K is 
determined as = 30.3. The final Gijco) locus with K set at 30.3 and the M = 1.3 
circle are shown in Fig. 8-6-4b. For this system the velocity constant is 


— lim sG{s) 

s -»0 


15.15 


( 8 - 6 - 21 ) 


Other trials might increase the Kv somewhat, but an examination of the curves of 
this example indicate that this is not far from the maximum. 


TABLE 8-7-1 


Compensation 

network 

Velocity 

constant 

(x> at which 

Mm occurs 

None 

0.65 

0.6 

Lead 

1.85 

1.5 

Lag 

3.28 

0.25 

Lag-lead 

15.15 

0.95 


8-7. Comparison of Results. The results of the previous four 
examples are summarized in Table 8—7—1. The column for com (the o) 
at which Mm occurs) is added in order to stress the point that other 
factors may be important in a design problem in addition to Mm- 

The lead network is essentially a high-pass filter and com occurs at a 
higher frequency than that of the uncompensated system. 

The lag network is essentially a low-pass filter and com occurs at a 
lower frequency than that for the uncompensated system. 

The lag-lead network is essentially a band elimination filter; but is 
on the high side of the minimum attenuation point; therefore is in¬ 
creased slightly compared with the uncompensated system. 

Frequently, because of noise and other unwanted signals, it is desired 
to maintain the system bandwith as small as possible without undue at¬ 
tenuation of the signal itself. Therefore o)m is also of interest to the 
designer. 

8-8. Compensating the Type 2 System. The usual Type 0 and 
Type 1 systems which have Nyquist diagrams originating for co = 0 on 
the + real axis or at ~yoo, respectively, can be made stable by reducing 
the gain sufficiently. If compensation is used, it is for the purpose of 
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improving some aspect of the design, as by an increase in velocity constant. 
However, a Type 2 system can be unstable for all values of system gain. 
Therefore compensation has the more fundamental requirement of 
producing a stable system. 

A specific example of a Type 2 system that is unstable for all values of 


K is given by 




K{s + ^i) 
s^{s + pi) 


( 8 - 8 - 1 ) 



Fig. 8-a-i. 


where the pole at —pi is inside the zero at —Ziy as shown in Fig. 8—8—la. 
The G^ijco) locus is shown in Fig. 8-8~lb. 

Adding a lag network to this system is of no avail. The resulting pole- 
zero pattern is shown in Fig. 8-8-2. The pole and zero of the lag network 
are labeled —pn and —respectively. The original system already 
suffers from the fact that —pi is closer to the origin than —Zi, and the lag 
network with its pole closer to the origin than its zero only exaggerates this 
lagging characteristic. 



(ead network 


Fig, 8-8-2. 


Fig. 8-8-3. 


The only possible compensation that can stabilize this system is one 
that has leading phase characteristics so that the entire Gijco) locus is 
moved to the other side of the —1 point. A lead network with the zero 
inside the pole is such a network. The resulting pole-zero pattern of a 
lead network added to the original system is shown in Fig. 8—8—3. If —Zn, 
the zero of the lead network, is added inside —py and —pn, the pole out¬ 
side —ziy the resulting Gijco) certainly depicts a stable system. This can 
be seen from the fact that —Zn and —py when considered as a pair produce 
a net leading phase as do —Zy and —p^ when considered as a pair. 

The zero —Zn does not have to be inside the pole. If, for example, 
—Zn is outside —py but close to —pi, then —Zn and —py essentially 
cancel and the system is effectively left with —Zy inside —pn, thus yielding 
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a stable system. The only requirement that must be met is that the G(jco) 
must be shifted to the other side of the —1 point from that of G 2 ij(Jo). 

If a Type 2 system is sufficiently stable, a lag network may be used for 
reasons other than absolute stability. The G^ijoj) for such a system is 
indicated in Fig. 8—8—4. The effect of adding a lag network will shift the 
GijcS) toward the —1 point but the resulting system may still have the 
desired relative stability. Since a Type 2 system has an infinite velocity 
constant, the lag network is not added to improve but it may be used to 
increase the acceleration constant. 



Fig. 8-^. Fig. 8^9-1. 

8—9. Feedback Compensation. A system can be compensated by 
adding a network (or some other compensating device) in the feedback 
path. Such a system is shown in Fig. 8-9-1. As far as absolute stability is 
concerned, the locus plotted for the Nyquist diagram is H{jo))G 2 {j(Jo), 
Therefore a G^ijcci) locus that indicates an absolutely unstable system 
with unity feedback can be reshaped by adding a proper H{s) in the feed¬ 
back path. The pole-zero pattern for such a system is shown in Fig. 
8-9-2a and a sketch of G^ijco) is shown in Fig. 8-9-2b indicating an 
absolutely unstable system. A pole and a zero of an H{s) are added to the 



(0 (d) 


Fig. 8-9-2. 
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system as depicted in Fig. 8—9—2c and the resulting H{ja>)G locus of 
Fig. 8—9~2d demonstrates that the system has been stabilized. 

The frequency response of the closed-loop system cannot be obtained 
by adding the M and N circles directly to Fig. 8-9-2d. However, as 
explained in Chapter 7, the transfer function for the closed-loop system 
can be written as 


C{s) __ r H{s)G^{s) ] 1 ) 

R{s) it + H{s)G2(s)\ H(s) 

The M and N circles can be added to this figure to obtain the magnitude 
and phase of 

H{j o))G 2(j ("g_9_2) 

1 + H(j(D)G2(jw) 

but these results must be modified by the factor XjlKjw) to yield informa¬ 
tion about C(ja))IR(jw). The designer can observe the shapes of these 
two curves, and by a triai-and-error procedure he can adjust the system 
for any desired value of Mm- 

In other situations an auxiliary feedback path may be used to reshape 
the locus of a particular element or group of elements that form a portion 



of a more elaborate system as shown in Fig. 8—9—3. In this system it is 
assumed that Gzijo)) indicates an undesirable system and that the 
curve needs to be reshaped. 

A specific example is used to explain the situation. It is assumed that 
G 2 {s) is given by 


G^is) = 


K 

s{s + p) 


(8-9-3) 


as can be seen, G 2 {s) by itself could lead to a Type 1 system with an 
infinite position constant. 

As a first step in exploring this situation, H{s) is assumed to be unity. 
The inner loop becomes the G{s) for the over-all system as given by 


Gis) = 


G2{s) 

1 + G2{s) 


K 

+ps + K 


(8-9-4) 
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When the over-all loop is closed around this G(s), the final system be¬ 
comes a Type 0 system with a finite position constant. If the over-all 
system is to maintain an infinite position constant, the H(s) cannot be 
unity. 

With H(s) added, the transfer function of the inner loop becomes 


G(s) 


G^is) 


(8-9-5) 


1 + ms)G2is) 

If for some range of values of s = jw, the product H{s) X G 2 {s) is small 
compared with unity, Eq. 8-9—5 can be approximated as 

G(s) ^ G^is) (8-9-6) 


If, for some other range of values of s == jo), the product H(s)G 2 (s) is large 
compared with unity, Eq. 8-9-5 can be approximated as 


^ g2(^) __ _i_ 

^ H(s)G2(s) H{s) 


(8-9-7) 


In order to maintain the over-all system as a Type 1 system, the pole 
at the origin in G 2 (s) must also appear in G(s). An examination of Eq. 
8-9-6 shows that, if the lim H(s)G 2 (s) == 0, the pole at the origin in G 2 (s) 

s-*0 

does appear in G($), The necessary characteristics of H(s) can be seen 
from 

lim H(j)G 2 (j) = lim = 0 (8-9-8) 

5^0 $-*0 I Pi) 


For Eq. 8-9-8 to hold, H(s) must have at least a second-order zero at the 
origin. One possible H{s) is given by 


H(s) = 


_ S^(s + Zi) _ 

+ p2)(s + pz) 


(8-9-9) 


A network that yields this H(s) can be synthesized by methods explained 
in Chapter 12. 

When the product H(s)G 2 {s) is large, Eq. 8-9-7 shows that G{s) is 
approximately equal to 1 IH(s) and the characteristics of G(s) are dominated 
by H{s). The designer then has the ability to reshape this portion of the 
G(jco) curve by his choice of H(s), 


8-10. Discussion of Compensation. Up to this point, three types 
of networks and the manner in which they are used in series compensation 
have been discussed. Parallel compensation has also been considered 
briefly. 

Since series compensation has been featured more than parallel 
compensation, this discussion centers around the examples based on 
series compensation. However, in general terms, the discussion applies 
to all forms of compensation. 
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Three compensation networks are featured in the discussion of series 
compensation. In addition to these three, there are an infinite number of 
other networks that can be used. Although there are occasional excep¬ 
tions, the network parameters generally must be adjusted by a trial-and- 
error procedure. After this the gain is set by the graphical process for a 
desired value of Mm- No matter how many networks are analyzed, the 
designer has the concern that some other network might yield more 
satisfactory results. 

The difficulties of designing a system by reshaping the Nyquist 
diagram are particularly apparent when other factors such as rise time, 
overshoot, and bandwidth are also to be controlled. For these reasons, 
other design methods have been developed, of which the root-locus method 
is explained in Chapter 11 and a direct synthesis procedure in Chapter 13. 

8-11. Nyquist Diagram from Experimental Measurements. 

Frequently the performance of an existing closed-loop system may be 
unsatisfactory, or in some situations the designer may hesitate to close the 
loop on a system being designed without first checking the system ex¬ 
perimentally. In either case if the open-loop system is stable, the loop is 
opened and a signal of fixed amplitude but variable frequency is applied as 
the actuating signal. By some convenient method, both the amplitude 
and the phase of the output signal versus frequency are measured. If the 
system has elements in the feedback path, B{jo)) is also measured. 

For the present discussion, it is assumed that H{s) = 1. The Gijoj) 
curve resulting from these experimental data can be plotted. From this 
plot, the designer has available information about absolute stability and 
relative stability. If the indicated stability is not satisfactory, a compensa¬ 
tion device can be added by using the techniques explained in the previous 
articles. 

8-12. Comparison of Transient and Frequency Response Ter¬ 
minology for the Lead Network. In Chapter 6, the terms ‘‘error-rate 
damping” and “integral compensation” are used, whereas in this chapter 
such terms as “lead-and-lag” compensation are used. It is instructive to 
investigate the fact that compensation with a lead network approximates 
error-rate compensation whereas compensation with a lag network ap¬ 
proximates integral compensation. The lead network is examined first. 

In the proportional system, the signal applied to the remainder of the 
system is proportional to the actuating signal as 

m{t) = Ke(t) (8-12-1) 

For convenience, this time signal is called m(t) and the transform of the 
signal M(s). The transform of Eq. 8—12—1 is 

M(s) = KE(s) 


( 8 - 12 - 2 ) 



Art- 8~12] 


DESIGN USING NYQUIST DIAGRAMS 


273 


In the proportional plus error-rate system, the signal applied to the 
remainder of the system is the sum of two terms one of which is proportional 
to the actuating signal and the other proportional to the derivative of the 
actuating signal as 


m{t) = Ke{t) + 

The transform of this equation is 

M{s) = KE(,s) + K^sE{s) 

The lead network of Fig. 8-4—1 has the transfer function 


(8-12-3) 


(8-12-4) 


_ J?a + RiRjCiS 

Fi(^) R,+R, + R,R,C,s o; 

The next step is mathematically unprecise, but is included to introduce 
a concept that is explored more rigorously in terms of a range of fre¬ 
quencies. If 

+ i?2 > RiRzCiS (8-12-6) 


then the denominator of Eq. 8—12—5 can be approximated by jRi + i? 2 , and 
V,is) + RiR^CiS 


V,{s) R, + 

The equation is solved for V 2 is) and written as 

The time equation corresponding to this is 

^ R, + ~dr 


(8-12-7) 


( 8 - 12 - 8 ) 


(8-12-9) 


This time equation indicates why the lead network is sometimes called a 
differentiating network. • Actually the term “proportional-plus-deriva- 
tive” would be a more descriptive title. 

When Eq. 8—12—9 is compared with Eq. 8—12—3 or when Eq. 8—12—8 is 
compared with Eq. 8-12-4, the similarity between the two sets of equa- 
tions can be seen. In the completed system, the term R^jiRi + R 2 ) is 
only one of the factors of K, and similarly i?ii? 2 C'i/(i?i + R^) is only one of 
the factors of Ki. However, it can be seen that by the proper choice of 
jRi, R 2 , and Ci, Ky and Ki can be made to have any desired ratio. 

As stated, the inequality 

R 1 +R 2 > RiR 2 Cis ( 8 - 12 - 10 ) 

needs to be explored because of the s factor. More significance can be given 
this equation in terms of sinusoidal steady-state conditions. The s in 
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Eq. 8-12-5 can be replaced by s = j(o to yield 

FoQoi) _ R 2 + jajRiR2Ci ('8-12-11') 

Vi(jo)) Ri + R 2 H jmRiR^Ci 

If oj is sufficiently small, the denominator can be approximated by 
jRi + Rz^ As an arbitrary choice, the ratio 10:1 between the real and the; 
components is used to determine Wmax*- 

lOR.R.CiOJmas (8-12-12) 

From this it can be seen that the lead network tends to act as a differentiat¬ 
ing device for oj in the range 

0 < c < a,™.. = (8-12-13) 

Frequency plots are used to summarize this discussion. The transfer 
function for the idealized error-rate damping is given by 

^ = K + K,s (8-12-14) 

E(s) 

which in terms of frequency becomes 

MM = K+jajK, (8-12-15) 



Fig. 8-12-1. 

The frequency locus for this equation is shown in Fig. 8—12—la where the 
locus starts at +i^ on the real axis with co = 0 and moves parallel to the 
yF-axis as w increases. The frequency response of the actual lead network 
is shown in Fig. 8-12-2b under the assumption that i? 2 /(^i + R 2 ) = 0.1. 
This plot is a semicircle as discussed in Art. 8-4. The comax from Eq. 
8-12-12 is shown also. A comparison of the two curves indicates that in 
the range 0 < co < co^ax that the semicircle of Fig. 8-12-lb does ap¬ 
proximate the straight line of Fig. 8-12-la. 
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Finally, before leaving the subject, the pole-zero configurations for the 
two systems are compared. The idealized error-rate damping system has 
only a zero, as shown in Fig. 8—12--2a. In order that there be a zero with 
an RC network, there must also be an accompanying pole. About the best 
that can be done is to place the pole farther out from the origin than the 
zero, as shown in Fig. 8-12--2b. 

An examination of Fig. 8-12~2a indicates that as co moves up the 
yco-axis, the angle on the phasor from the zero begins at zero and increases 
to +90°. An examination of Fig. 8—12—2b shows that for small values 
of a>, the angle on the phasor from —piy is small and contributes little to 
the total angle of the lead network. Therefore, for small values of co, the 
idealized system is approximated by the lead network- However, for 
large co, the angle on the phasor from —pi, cannot be ignored, and the 
behavior of the actual lead network and that of the idealized system differ 
greatly. Therefore, for co in the range from 0 to co ^^,,, the lead network ap¬ 
proximates the idealized system. 

8-13. Comparison of Transient and Frequency Response Ter¬ 
minology for the Lag Network. In the proportional-plus-integral 
compensation system, the signal applied to the remainder of the system 
is of the form 


m(t) = Ke(t) + Je(t) dt 

(8-12-1) 

The equation is transformed as 


M{s) = KE{,s) + ~E{s) 

(8-13-2) 


The transfer function is 


M{s) 


(8-13-3) 
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The lag network of Fig. 8—5—1 has the transfer function that can be put 
in the form 


V2(s) _ J^2 + 1/sCo 

Vi(s) Ri Ro + VsC2 


(8-13-4) 


Again the next step is mathematically unprecise but is included to in¬ 
troduce the concept that follows. If 


^jc; 

then Eq. 8—13—4 can be approximated by 


(8-13-5) 


Fx(s) ~ Ell + sC^CHi + R2) 


(8-13-6) 


The equation is solved for V^is): 


The corresponding time equation is 


R 2 Vi(s) (8-13-7) 
CziRi + R2) s 


R 2 /^\ I -^2 _ 

i?l + i?2 C2(R, + R 2 ) 


j‘v,(t)dt (8-13-8) 


This time equation indicates why the lag network is sometimes called an 
integrating network. 

When Eq. 8-13-8 is compared with Eq. 8-13-1, or when Eq. 8-13-7 
is compared with Eq. 8-13-2, the similarity between the two sets of 
equations is clear. By the proper choice of jRi, jR 2 j and C 2 , the designer 
can cause K and K 2 to have any desired ratio. 

As stated, the inequality 


+ R 2 ^ 


(8-13-9) 


needs to be explored because of the ^ factor. This is done by writing 
Eq. 8-13-4 with ^ replaced by jco 


^ 2 ( 70 )) ^ R2 + lljo)C 2 
Vi(j(o) Ri R2 + IIjoC^ 


(8-13-10) 


If 0 ) is sufficiently large, the denominator can be approximated by 
Ri 4 - i? 2 * As an arbitrary choice, the ratio 10:1 between the real and thej 
components is used to determine Wmin as 


Ri + R2 


( 8 - 13 - 11 ) 
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From this it can be seen that the lag network tends to act as an integrating 
device for co in the range 

10 

^min / D ] n ^ ^ ^ 12) 

k-tvi -t" iv2jC2 



Fig. 8-13-1. 

Frequency plots are used to summarize this discussion. The transfer 
function of Eq. 8—13—3 in terms of frequency becomes 

^ (8-13-13) 

Eijo)} JO) 


The frequency locus for this equation is shown in Fig. 8-13—la where the 
locus moves up a line parallel to the —/F-axis. When co = 0, the locus 
starts at —700, and when co = cx), the locus terminates at on the real 
axis. The frequency response of the actual lag network is shown in 
Fig. 8—13—lb under the assumption that R^KRi + Rz) = 0.1. This plot 
is a semicircle as discussed in Art. 8—5. The conim of Eq. 8—13—12 is also 
shown. A comparison of the two curves shows that in the range 
comin < 0 ) < that the semicircle of Fig. 8-13-lb does approximate the 
straight line of Fig. 8—13—la. 




Fig. a-l3-2. 
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Finally, the pole-zero configurations for the two systems are compared. 
The transfer function for the idealized integral compensation can be 
written 


M{s) ^ ^ _K{s + K^IK) 
_ = + _ _—^ 


(8-13-14) 


The pole-zero configuration for this is shown in Fig. 8—13—2a. The pole- 
zero configuration for the lag network is shown in Fig. 8-13—2b. The lag 
network cannot create the pole at the origin of the idealized system, and 
therefore about the best that can be done is to bring the pole at —pi as 
close to the origin as is practicable. 

An examination of Fig. 8-13—2a shows that for small values of co the 
angle on the phasor from the pole at the origin is always 90°. However 
from Fig. 8-13-2b, it can be seen that for small values of cd the phasor 
from the pole at —pi has a small angle. Therefore, for small values of co, 
the behavior of the actual network and that of the idealized system differ 
greatly. When co moves up the jco-axis, however, the phasor from the 
pole at —pi begins to approach 90° and the two systems begin to behave 
in a similar manner. Therefore, for co larger than co^m, the lag network 
approximates the idealized system. 


PROBLEMS 


8 - 1 . 


For the system 

G{s) = 


K 

sis -f l)(s 4- 2) ’ 


His) = 1 


set the gain K for Mm to 

(a) Mm = 1.1 

(b) Mm = 1A 

(c) Mm = 2.0 
8—2. For the system 


have the following values: 




set the gain K for Mm to have the following values; 

(a) Mm = 1.3 

(b) Mm = 2.0 

(c) Mm = 5.0 
8-3. For the system 


G{s) = 


K 

s(s + 3)(s + 6) 


HU) = 1 


set the gain K for Mm to have the values: 

(a) Mm = 1.1 

(b) = 1.4 

(c) Mm = 2.0 


After determining K by graphical means, scale the G(r) by the change in variables 
by r = 3^ and compare the values of K found in this problem with those of Prob. 8—1. 
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8-4. In Art. 8-2 it is suggested that, in setting the gain K, the value AT — 1 be 
initially given to plot Gijo)). Develop the equation for determining K (analogous 
to Eq. 8-2-5) if K is initially given any arbitrary value. 

8—5. In plotting Fig. 8^1—2b, the ratio of Zi to pi is arbitrarily set at 1:10 and 
the resulting plot of Gi ijy) is shown in Fig. 8^1—2b. The maximum value of leading 
phase for this figure can be measured as approximately Omax = 53°. Change the 
ratio of 2-1 to pi in the following steps: 1:40, 1:20, 1:8, 1:6, 1:4, and 1:2. For each 
ratio determine (pm by using graphical procedures. Compare the results in a table. 

8-6. For the system of Example l—l—\ repeated as 


G{s) = 


K{s + 4) 

- 1 ) 


= 1 


develop the procedure so that K can be set for 

(a) Mm - 5.0 

(b) Mm = 2.0 

(c) = 1.2 

8-7. Suppose It is desired to set the gain X of a system for a certain When 
Gijo)) is plotted and the yi line is added, the two curves coincide for some distance. 
This means that any number of circles can be drawn tangent to both curves in the 
process of setting the gain. Explain the significance of this situation in terms of 
design. 



Fig. 8-P-8. 

8-8. A Type 2 system has a G(jo)) locus as shown in Fig. 8—P—8, and it is desired 
to set the gain for a certain value of Mm- The resulting yj line is drawn but it is 
discovered to be impossible to add a circle tangent to both curves. Explain the 
significance of this situation. 

8-9. A system is knovm to be unstable and yet it is possible to draw a circle 
tangent to both the GijoS) and a ip line determined from a desired value of Mm- 
Sketch such a Gijoj) and ip line. What is the signific.ance of this situation? 

8-10. Given a system 

It is desired to set K for Mm = 1.4. After determining K, also determine 

8-11. For the system of Prob. 8-10, it is desired to increase as much as 
possible by adding a lead network and yet to maintain Mm == 1-4. Determine 
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Gi{s), the transfer function of the network that will do this, assuming the ratio of s:i 
to^i to be 1 to 10 . From Gi(s) determine and Ci when jRi = 9 X 10 ® ohms. 

8—12. For the system of Prob. 8 - 10 , it is desired to increase Kp as much as 
possible by adding a lag network and yet to maintain Mm — 1 -4. Gi(s) is chosen as 


G,(s) 


{s + 0.1) 
10(5 + 0.01) 


Determine Kp for the resulting system. 
8-13. Repeat Prob. 8—12 for 


G,(s) 


(s 4- 0.01) 
10(5 -f 0.001) 


Determine Kp and compare with the Ky of Prob. 8—12. Also determine the neces¬ 
sary R 2 and C 2 where JRi =9 X 10® ohms and compare Ci with that required in 
Prob. 8-12. 

8-14. The system of Prob. 8-10 is to be compensated with a lag-lead network 
where Gi(s) is given by Eq. 8-6-14. Maintain Mm = 1.4 and increase Ky as much 
as possible. In the resulting network, determine R 2 , Ci, and C 2 when = 9 X 10® 
ohms. 

8-15. In Ex. 8-6-1, determine R 2 , Ci, and C 2 necessary for the circuit to yield 
the Gi(s) of Eq. 8-6-19 when Ri —9 X 10® ohms. 

8-16. Repeat Probs. 8—10 through 8—14 as assigned for 


G(s) = 


K(s 4- 1.5) 
s(s 4- l)(if 4- 2) 


8-17. Repeat Prob. 8-16 for 


G(s) = 


Kjs 4- 4) 

5(5 4- 1)(^ 4- 2) 


8-18. Given a system 


G(s) = 


K(s 4- 0.9) 

s\s + 1 ) 


H{s) = 1 


ms) = 1 


His) = 1 


It is desired to set K for Mm — 1.4. Investigate whether this is possible, and if 
it is, determine K. 

8-19. If the value of Mm = 1.4 in Prob. 8—18 cannot be obtained by varying K, 
the system is to be compensated by using a lead network which has the ratio of to 
pi equal to 1 to 10. If the system can be so compensated, adjust the network pa¬ 
rameters to obtain a maximum acceleration constant. 

8-20. Explore the possibility of compensating the system of Prob. 8-18 with 
a lag network. 

8—21. Explore the possibility of compensating the system of Prob. 8—18 with a 
lag-lead netwofk. 

8-22. Develop the graphical techniques necessary to set the gain K for a 
desired Mm circle by using the inverse complex plane plot. 

8-23. In Art. 8—11, the use of Nyquist diagrams from experimental measure¬ 
ments is discussed. The loop is opened and a signal of fixed amplitude and variable 
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frequency is applied as the actuating system. Explore this concept in the following 
situation. The closed-loop system is a stable Type 2 system with unity feedback 
The test signal applied to G{s) is e(t) — sin cot. Explore the nature of the e{t) re¬ 
sponse, giving particular attention to the effect of the double pole at the origin in Gis). 
Next apply a test signal e{t) = cos cot. Explain the reason for the different type of 
response due to the double pole at the origin in G(s). 

8—24. Repeat Prob. 8—23 for a Type 3 system. 



9 


FREQUENCY RESPONSE 
CHARACTERISTICS 

9-1. General Frequency Response. In this age of stereophonic 
and hi-fi sound, most engineers are familiar with the frequency-response 
characteristic of an amplifier. This characteristic shows the steady-state 
sinusoidal amplification ratio or gain for the amplifier over a suitable 
frequency range. Generally the gain is plotted according to a rather 
loose interpretation of decibels (db) defined as 

number of db = 20 logio \A{j(jD) | (9-1-1) 

where Aijm) is the expression for the steady-state sinusoidal amplification. 
In order to show the gain over a wide frequency range, a logarithmic 
frequency scale is used. A typical gain curve is shown in Fig. 9-1-1 a. 



Since Aijoy) has both magnitude and phase, the gain curve of Fig. 9-1-1 a 
should be supplemented by a phase curve as in Fig. 9—1-lb. Curves of 
the types shown in Fig. 9—1—1 are the basis of a whole area of study in 
control systems. The technique is applied to various control-system 
transfer functions in order to determine such things as absolute and 
relative stability, peak amplification, resonances, etc. The ease with 
which frequency-response curves of this type can be sketched from basic 
transfer functions, and then modified as compensation is added, is a most 
attractive feature. 

The frequency-response graphs contain no more information about 
transfer functions than do the polar or Nyquist plots. However the ease 
of sketching transfer functions in the form of Fig. 9-1-1 makes such 
sketches more desirable than the Nyquist diagrams in many cases. 

This chapter considers the details of sketching the frequency response 
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plots which are commonly referred to in the control system field as Bode 
diagrams. Following this study of diagram construction some of the 
various aspects of using Bode plots in analysis and design are considered. 

9 — 2 . Bode Diagram Gain Plots. The various elements or parts of a 
control system have frequency-response characteristics as do electronic 
amplifiers. In fact, most control components behave as various forms 
of low-pass filters. In order to construct the Bode gain curves for a part 
of a system, the decibel relation of Eq. 9—1—1 is applied to the desired 
steady-state transfer function which is designated as G(fa)): 

db gain = 20 logx„ jGO'tu) | (9-2-1) 

If G(ja>) can be written in the form of a ratio of polynomials such as 


r(' \ OW^I + l)ijcol^2 + 1) 

^ pip2 (j(o)(j(olpi + l)(ja)/p2 + 1) 


(9-2-2) 


then 


db gain = 20 logio 


KZiZ2 

Pip2 


+ 20 log,o /- + 1 


+ 20 logio ; 


. 0 ) 

^2 


+1 


20 logiQ\ja 


20 logio 1;^ 


20 logic b“+ 1 
P2 


(9-2-3) 


This process changes products and quotients of factors into sums and 
differences, thereby accomplishinp one simplification. All numerator 
factors have plus signs while all denominator factors have negative signs. 
It should also be noted that the gain constant \Kz 1 Zzlp 1 p 2 | simply adds a 
certain constant number of decibels that is independent of frequency. 
If interest is centered in the gain variation with frequency, the gain 
constant can be forgotten temporarily and only factors of the form 
±20 logic j/ct) I or ±20 logic + 11 need be considered. 

As a first step in construction, the factor 

db gain = 20 logic |7co| = 20 logic co (9-2-4) 

is examined. For a logic frequency scale and a linear decibel scale, 
Eq. 9-2-4 can be written as 

y - 20x (9-2-5) 

where y. is the number of decibels and x is the logarithm of frequency 
(angular velocity). Thus, on a plot of linear and y scales, Eq. 9-2--5 is 
a straight line. The actual calculation of logicco can be omitted by simply 
using semilog graph paper, as shown in Fig. 9—2—1. Two things should 
be noticed about the line for the term jco in Fig. 9—2—1. At co = 1, the 
decibel gain is zero, or the gain ratio is one. Second, the slope of the line 
is 20 db per decade, or for every factor of 10 increase in frequency, the 
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gain changes by 20 decibels. The low frequencies are spread out more 
than the high frequencies. In many cases the slope of the [;'co | curve in 
Fig. 9—2“1 is given in terms of an octave of frequency, which is a change 
by a ratio of 2 or To determine the slope on this basis, a frequency coi 
is chosen and the change in decibel gain is calculated in going to 2coi. 
The particular value of coi makes no difference. 

Change in db = 20 logio2a)i — 20 logiocoi = 20 logio2 6 db (9—2—6) 




Thus a transfer function term of the form joj can be represented by a line 
with a slope of 6db/octave or 20db/decade. 

Fig. 9—2—1 includes an additional gain ratio scale. This scale points 
out the possibility of using a log axis vertically as well as horizontally. 
Thus log-log graph paper can be used if desired. This eliminates the 
need to calculate gain ratios from decibel values when reading from the 
curves. Examples that follow show the use of both log-log and semilog 
graph paper. 

A short digression into some analytics of log coordinates is in order. 
This discussion is undertaken with the graph in Fig. 9-2-2. It is fre¬ 
quently necessary to divide a segment of the :x:-axis into parts (x and v 
are termed exponential units), or to find the relationship in co that repre¬ 
sents an increment Ax. From Fig. 9—2—2 


Ax = X 2 — Xi == logct >2 — logwi = log — (9-2-7) 

COi 

Thus a given frequency ratio is always represented by the same increment 
or linear distance on the horizontal axis. The same must be true of gain 
ratios on the vertical axis. A common problem might be to divide the 
decade of frequency from a) = 10toa)=100 into quarters. The in¬ 
crement Ax is thus 0.25 and the corresponding frequency ratio is 


0.25 = log 


^2 

COi 


(9-2-8) 
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0)2 

coT 


= = 1.78 


(9-2-9) 


Thus with = 10, the point x — 1.25 is found to be (1.78)(10) = 17.8 
radians/sec. Similarly x = 1.5 is found either by 

^=1.78 ; £02-31.6 (9-2-10) 

or from 

0.5 = log ; £02 = lOy/TO (9-2-11) 

A second useful property of log coordinates relates to slopes of common 
curves as shown in Fig. 9—2—2. For the +20 db/decade sloping line it 
is apparent that the slope on the and v scales is + 1. Similarly a + 40 
db/decade sloping line is shown. Its corresponding slope for x and v 
coordinates is +2. Easy relations now give corresponding values of 
A^i and For the +1 sloping line 

Az;i = Aoc (9-2-12) 

log 1^2 I — log|Gi| = log 0)2 — log 0)i 

02 I _ 

Gi I 0)1 

Similarly for the + 2 sloping line 

2 

log 1^4 I - log 1^31 = 2(log £02 - log £o0 = logQ (9-2-15) 

= (2^)' (9-2-16) 

This scheme can be extended such that 


(9-2-13) 

(9-2-14) 


Q[ 

\G, 



(9-2-17) 


where m is the slope (+ or —-) of the line segment in (x, v) coordinates. 
It is thus advisable to become familiar with slopes in terms of both decibels 
and exponents of the logarithmic base in use. The particular base 10 
is not required; however, it is very convenient. Further use of the above 
relations is pointed out later. 

A term more commonly encountered than jco is 1/ico, which leads to 


number of db = —20 logioco (9-2—18) 


The only difference from Eq. 9—2—4 is a minus sign or a negative slope 
to the curve, as shown in Fig. 9—2—1. The line representing this type of 
frequency-response term goes through zero db at co = 1 and has a slope 
of —20db/decade or —6db/octave. 
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Some control-system steady-state transfer functions have terms of the 
form (jco)^ or l/(/ei))^. These lead to expressions such as 

number of db == ±20 logioco^ = ±40 logioco (9-2-19) 

The Bode curves are still straight lines which go through zero decibels 
at ft) = 1, but they have slopes twice as great as have the lines for jco and 
1 //ft). The slopes are 40 db/decade or 12 db/octave. In fact any frequency 
response terms of the form (jw^ or 1/O w)” can be represented on a Bode 
plot by straight lines. They go through zero decibels at co = 1 with 
slopes of ±20n db/decade, or ±6;i db/octave, or simply ±n exponential 
units. 

While considering the simplest frequency-varying response term, it is 
advisable to introduce the effect of frequency-invariant gain K which was 
dropped earlier in this article. A term of the form Kfijco^y when ex¬ 
pressed in decibels, gives 

number of db = 20 logioK — 20n logioo) (9-2-20) 

Thus a constant number of decibels 20 logioi^ is added to the frequency- 
varying term. At co = 1 the line now goes through the point 20 logic AT. 
In other words, the line is raised a fixed amount. Its slope is not changed. 
The sole effect of adding the constant K is to slide the line up or down from 
the K = 1 position by the amount 20 logioK. In changing a Bode plot 
from a gain Ki to a gain the frequency-varying curves are slid up or 
down an amount 20 logio(X 2 /f^i)- 

An alternate way of accounting for a gain K is to slide the gain or 
decibel scales up or down without changing the line itself. Thus a relative 
gain or decibel scale assuming iiT = 1 can be used to make the first sketch 
and the actual oi* absolute decibel scale can be inserted to account for the 
actual gain ratio K. 

Example 9-2-1. A Bode plot for the transfer function 

G{s) = 40/5" (9-2-21) 

is to be plotted first on semilog paper and then on log-log paper. For the semilog 
plot 20 logio40 == 32 db is needed. The curve slopes downward at 40 db/decade 
and goes through 32 db at w == 1. Fig. 9—2-3a shows the required curve plus a 



Fig. 9-2-3. 
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curve for = 1 to illustrate the shift due to K. Fig. 9—2—3b shows the log-log 
plot with only a gain-relative-to-l vertical scale. In drawing this curve it should 
be noted that, as on increases 10 times, the |G(;w)| falls by 10^ times, and at to = 1, 
|G(;1)I = 40. Two points suitable for completing this curve are shown in Fig. 
9—2—3b. The vertical scale on the log-log plot cannot be adjusted as can a decibel 
scale on a semilog plot. The number of log cycles more or less fixes the size of the 
vertical scale on the log-log plot, while on the semilog plot the linear vertical divi¬ 
sions can be scaled as desired. The log-log plot allows actual gain to be read directly 
at any frequency, as at cu — 4, \G(jA) | — 2.5; while the semilog plot gives GijA) | = 
7.96 db, which must be converted to numerical gain by an antilog process, GijA) | = 
2Q7 9 6/20 _ 2.5. A convenient aid in this process is the graph in Fig. 9-2-4, which 
can be used for converting decibels to actual numerical gain. This graph can be 
superimposed on a Bode plot as shown in Fig. 9-2—3a, thereby allowing the numerical 
gain to be read from the horizontal scale. In this example at ca = 4, the gain in 
decibels is found from the 40l(ja))^ curve, projected horizontally to the decibel 
conversion curve, and the numerical gain read on the horizontal scale as 2.5. 



Example 9-2-2. As another example a Bode plot for 

G{s) = 0.3/^ (9-2-22) 

is to be constructed on semilog paper and a decibel-to-numerical-gain conversion 
curve superimposed on it. The conversion curve can be drawn first by choosing 
an arbitrary zero decibel line and scale and numbering the horizontal scale. Curve 
@ of Fig. 9—2—5 results. To draw the Bode curve, the following steps are followed. 
At 0.3 on the horizontal scale the corresponding number of decibels, —10.5, is read 
on the conversion curve and projected horizontally to the = 1 line. The Bode 
curve goes through this point with a slope of —20 db/decade. Of course the con¬ 
version curve can be omitted and 20 logio (0.3) calculated directly. The student 
should get used to the significance of negative numbers of decibels which only 
mean numerical gains less than 1. 

The common factor to be considered next on the Bode plot is of the 
form \ja)lz + 11 from Eq. 9—2—3. In terms of decibels this term results 

number of db = 20 logio|^^"j + ij (9-2-23) 

In order to simplify sketching the Bode plot of this function various 
frequency regions are considered separately. For frequencies much less 
than 0 ) = z, Eq. 9-2-23 can be approximated as 

number of db 20 logiol =0 ; co Cz 


(9-2-24) 
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Actually, if co ^ the approximation is valid. Eq. 9-2—24 is simply the 
line corresponding to zero decibels. At frequencies much greater than 
oj = z, Eq. 9—2—24 can be approximated as 

number of db 20 logio^^^ ; z (9—2—25) 

This type of variation is similar to the curve for G(ja)) — jco. However 
Eq. 9—2—25 gives zero decibels at co ~ z. Thus Eq. 9—2—25 plots as a 
straight line through the point co = z with 20 db/decade slope. It must be 
remembered that this curve is valid only for values of co much greater 
than S'. By combining the lines for Eqs. 9-2-24 and 9-2-25, an asymp¬ 
totic approximation to the Bode plot for Eq. 9—2—23 is obtained. Fig. 
9-2-6 shows the results. The break in the lines occurs at co = z, which is 
called a break frequency. For frequencies near co = Zj the straight lines 
are in error and corrections need to be computed. At co == z, Eq. 9—2—23 
becomes 

number of db = 20 logxo[l +1] ^ 3 db (9-2-26) 



0 ) 

Z 


Fig. 9-2-6. Fig. 9-2-7. 

indicating a correction of 3 db at the break frequency. Similar corrections 
of 1 db at frequencies an octave above and below the break frequency are 
very useful, also. More corrections than these three are rarely needed; 
however, Fig. 9—2—7 shows corrections for any desired frequency relative 
to CO == z. These are corrections to be added to the number of decibels 
given by the straight-line asymptotes. 

When a term of the form jl/X/co/p + 1)| occurs, the reasoning applied 
above can easily be extended to give the Bode plot. In decibels the 
relation becomes 

r/co\^ 

number of db = —20 logioU+ 11 (9-2-27) 

The asymptote for values of co much less than p is still the zero decibel 
line while the asymptote for values of co much greater than p is given by 

number of db —20 logioicoip) ; co:^ p 


(9-2-28) 
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Thus the sloping asymptote has a negative slope in this case, or the break 
is down at the break frequency co ~ p. The correction curve of Fig. 
9—2—7 can be used for plotting a more exact Bode plot if the values are 
read as negative values and cojz is replaced hy co/p. Fig. 9-2-8 illustrates 
the Bode plot for this case, which is merely the negative of the previous 
case. 



When G(ja)) has terms such as (/co/a: + or {jcolp + 1)"” a slight 
extension of the above asymptotic construction techniques must be ac¬ 
complished. The decibel equations become 

number of db = ±20w logioj^^~j + ij (9-2-29) 

While the basic straight lines and break frequencies are not changed, the 
slope of the high-frequency asymptotes is changed from ±20 db/decade 
to ±20w db/decade or ±6w db/octave. The correction curve also must 
be multiplied by n. 

The appearance of a gain constant K with the simple zero or pole 
factors considered above can be accounted for by the same method used 
for the pole or zero at the origin. The whole Bode plot is raised or lowered 
by an amount 20 logioi^. 



Rg. 9-2-9. 
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Example 9—2—3. The Bode plot for 


G(s) = 


70 

(s + 10>® 



(9-2-30) 


is to be constructed. To relate the Bode plot to the 5-plane poles and zeros, Fig. 
9—2—9a shows the double pole at ^ = -10 and a geometrical relation that gives the 
break frequency co ^ 10 radians/second. The break downward is at a rate of 
20 X 2 db/decade at this frequency. The presence of the gain 0.7 means that the 
low-frequency asymptote is the line 20 logio(0.7) = —3.1 db instead of zero deci¬ 
bels. Fig. 9—2—9b shows the required plot. 

For more complicated transfer functions involving terms of the types 
treated so far, the Bode plots involve only sums and differences of the 
graphs for the terms already discussed. The following examples illustrate 
the general construction procedures. 

Example 9-2-4. The Bode plot for 


is to be constructed. 


G{s) = 


100(5 + 6 ) 


10 


5/6 T 1 


(9-2-31) 


\5 -I- 60 5/60 4- 1 

In terms of the steady-state transfer function and decibels 


20 log,„ \G{j(o) I = 20 logiolO + 20 + 1 1 - 20 log.o 1;^ + 11 (9-2-32) 



Fig. 9-2-10. 


The second and third terms in Eq. 9—2—32 are sketched separately in Fig. 9—2—10a. 
The sum of these two terms is shown in Fig. 9—2—10b. The gain constant term 
20 logiolO shifts the curve of Fig. 9-2-lOb up by 20 db. This shift is shown by 
adding a new absolute decibel scale shifted down as shown in Fig. 9—2—10b. The 
original scale can be termed a relative decibel scale. Above co — 60 the positive and 
negative slopes counteract each other and the curve levels out. The corrections for 
each original part can be read from Fig. 9-2—7 and a more accurate plot can be made. 
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Example 9—2—5. As another example, the asymptotic Bode plot for 

_ 45000(^ 4- 3) 

s{s + lS)(s -f 30)2 


(9-2-33) 


GO'a.) =--5- (9-2-34) 

>(2§ + + l) 

is to be determined. The various terms give break frequencies at w ~ 3, 15, 30 
radians/sec. By neglecting the gain constant 10 temporarily the various components 
can be sketched as shown in Fig. 9—2—11a. The addition of these components 



Rg. 9-2-11. 

proceeds as follows. For frequencies below co = 3 the l/jw term predominates, 
with the other terms adding zero decibels to the line representing l/jw. At co = 3 
the termyco/3 + 1 becomes significant, and its 20 db/decade positive slope counter¬ 
acts the —20 db/decade slope of the l/yo> term, causing the total curve to level out at 
0 db/decade. There is no further change until o) — 15, at which frequency the 
term l/(/w/15 + 1) becomes significant, causing the total curve to break down at 
20 db/decade. This slope continues until ct> = 30 when the factor 1 /(jcof30 + 1)^ 
adds an additional slope downward of 40 db/decade. Therefore, the final slope 
above co = 30 is —60 db/decade. Fig. 9-2-1 lb shows the result of summing the 
component curves of Fig. 9—2—1 la. The inclusion of K ~ 10 simply shifts the whole 
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curve upward 20 db. Instead of redrawing the plot, a new absolute decibel scale is 
added shifted down 20 db. Again, corrections can be included for a more accurate 
Bode plot by using the correction curve of Fig. 9—2—7 for the terms that break at 
(X) = 3, 15, and 30, and then adding all corrections from the smooth curves in Fig. 
9-2-1la. 

One additional type of transfer-function factor is of importance in 
Bode plot construction. This is the quadratic factor 

+ 2C(OnS + or l/(^^ + “h 

Since the Bode plot for one of these factors is simply the negative of the 
other, only the term + 2^conS + con^ is considered. The steady-state 
transfer function for this term can be arranged as 

-^) + .-2C(f-)] (9-2-35) 


If K is neglected temporarily, this becomes 


number of db = 20 logio ~ j ] (9-2-36) 

For frequencies much less than con Eq. 9-2-25 can be approximated by 
number of db 20 logiol =0 ; a)<Ca)n (9—2—37) 

For frequencies much greater than ojn the approximation made is 

number of db 20 logm [(- (9-2-38) 



02 03 04 06 0.8 I 2 3 4 5 

M/a)„ 


Fig. 9-2-12. 
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This is plotted as a straight line through cu = a)„ with a slope of 40 db/ 
decade. Near con there are generally drastic corrections which depend on 
the damping ratio C- Fig, 9—2—12 shows the general correction curves for 
various values of These values must be added to the asymptotic curves. 



Fig. 9—2—13 illustrates two typical Bode plots for quadratic factors with 
C = 0.4 and f = 0.707. If the quadratic factor appears in the denominator 
of the transfer function, the curves of Fig. 9-2-13 are spun about the zero 
db line and the break is down. The correction curves of Fig. 9-2—12 must 
also be read as negative values in this case. The effect of including the 
gain term K is still to shift the relative curve up or down. 

9-3. Bode Diagram Phase Curves. The steady-state transfer func¬ 
tion contains not only gain or amplitude information, but also relative 
phase angle characteristics. Under steady-state sinusoidal excitation the 
steady-state transfer function gives the phase angle of the output sinusoid 
with respect to the phase of the input sinusoid. Various expressions for 
the phase angles of typical transfer function terms follow. For a transfer 
function such as 


G(s) = 


_ Kjs + z,) _ 

+ pi)^{s^ -h 2CajnS + Ct>/) 


(9-3-1) 


with s replaced by ^co the angle of GQ'co) is 


ang G(ja)) = 





— tan"^ 


2C(<x)/a)n) 1 

-(co/Wnrl 


(9-3-2) 


The over-all angle is composed of the angles of the component terms 
jo) + ^ 1 , (joy + pi)”^, and [(co„^ co®) + j2Co)nCo]~^. There is no 

dependence whatsoever on the gain constant. The simplest of these 
terms, (jcoy"^, leads to a constant phase shift of ~-wjz:/2 radians. This 
phase shift is intimately associated with its magnitude plot, which is an 
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infinitely long line with a slope of ~20n db/decade. This association 
of 7t/2 radians phase shift with each 20 db/decade or 6 db/octave gain curve 
slope is no mere item of chance. It is part of a broad general relationship 
between amplitude and phase that holds for a class of transfer functions 
said to be minimum-phase. These functions have all their poles and zeros 
in the left-hand half s-plane or on thejco-axis. By use of complex variable 
theory Bode has shown that the phase angle of a minimum-phase transfer 
function is uniquely replated to the various slopes of its gain curve 
segments as developed in Art. 9~2. The phase shift at a certain frequency 
is determined in varying amounts by slopes of all segments of the gain 
curve. Segments near the frequency at which the phase is of interest have 
the greatest effect, while more remote segments have a smaller effect. 
Theoretically, an infinitely long line with a slope of ±20 db/decade is 
required for ±90° phase shift; however, a segment with ±20 db/decade 
slope which extends a decade above and below a frequency of interest 
gives essentially ±90° phase shift. This effect is evident when consider- 



w 

z 


Fig. 9-3-1. 

ing a term of the formjco ± z with an angle tan“^(ct)/jsr). Fig. 9-3-1 shows 
both the phase curve and the relative gain curve for this term. For 
frequencies much greater than co — z, the phase angle is essentially 90°, 
as the effect of the zero slope gain segment below co = s: is small. At 
frequencies much less than cu — the zero slope gain segment is most 
effective and causes 0° phase shift. For frequencies near ct> == sr both gain 
curve segments have some effect and the phase curve goes through a 
transition from 0° to 90°. The phase curve for (cojz) possesses sym¬ 
metry about CO = z. The phase shift at a general frequency co = z la is 
greater than zero by the same amount that the phase shift at co = is less 
than 90°. Probably the easiest way to sketch the Bode phase curve for a 
simple zero or pole term is to remember a few values of tan“ ^co/:^) or to use 
the tangent scale on a slide rule. While straight-line approximations 
exist, they are of questionable accuracy. If the phase angle for a pole 
term is desired, the phase curve becomes lagging or negative instead of 
positive as for the zero term sketched in Fig. 9-3~l. For a zero or pole of 
multiple order the phase values above are multiplied by the order of the 
zero or pole. Addition or subtraction of component angle curves allows 
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the complete phase curve for a more complex steady-state transfer func¬ 
tion to be constructed. 

The quadratic transfer function term still remains to be considered. 
Such terms give the angle ibtan~^[2C(Q>/can)/(l ” from Eq. 

9-3—2. From the discussion of gain curve slopes versus phase angles, it 
should be suspected that this term results in a phase curve that starts at 
0° for CO <C a>n and goes to 180° for co» con- This is true; however the 
transition between these two values depends on f except at co = con, where 
the phase angle is ±90°. Fig. 9—3—2 shows a family of curves that allow 



0.2 0.4 0.6 0.8 I 2 3 4 5 

tu/wn 


Fig. 9-3-2. 

A power-series expansion for the arctangent function is frequently 
useful in analytical problems which involve finding frequencies for given 
total phase shift. For a term such as tan~^(co/j 2 r) the expansion is 



; a}<iz (9—3—3) 
cu>;^ (9-3^) 


Rather surprising accuracy can be obtained by considering only the first 
or linear term in Eqs. 9—3—3 and 9-3-4. The error as a per cent of the 
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correct value is shown in Fig. 9-3—3. As long as the ratio cojz is not over 
about 0.6, reasonable accuracy is obtained from 


tan'^(“ 

0\ 0) 

— ; 

0) « ^ 

— < 0.6 

(9-3-5) 

\- 

or 

3r J z 

z 

'“"(f) 

71 Z 

—• 

; — < 0.6 

(9-3-6) 

Z 2 (O 

ft) 

For the phase angle of a quadratic term 
in a similar manner. 

the series expansion 

can be made 


Example 9—3—1. A sketch of the phase curves for Example 9—2—4 is to be made. 


G(ju>) = 


10(jml6 -f 1) 

j<o 160 1 1 


(9-3-7) 




Fig. 9-3—4a shows the asymptotic gain curves and the component phase angle 
curves due to numerator and denominator terms. Fig. 9—3—4b shows the composite 
phase curve obtained by adding the component curves of Fig. 9—3—4a, 


Example 9-3-2. A Bode phase plot is to be made for 


G(s) = 


ang G{j(t)) = 


100 


s(s^ -f 85 -! 

71 , 

._tan 


100 ) 

(0.8)(co/10) 

1 - (W10)2 



(9-3-S) 

(9-3-9) 


Fig. 9-3-5. 
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For this case C = 0.4. Fig. 9—3-^5 shows the exact curve obtained from Fig. 9—3—2 
and the asymptotic approximation. 


Example 9—3—3. The phase angle for the Gijct}) used in Example 9—2—5 is to be 
computed at o) = 10 radians/sec by using the linear terms of the power series for the 
arctangent: 


G(/a>) - 


10(jco/3 H- 1) 

jcoijcollS -f DUcolSO + 1)^ 


(9-3-10) 


ang Giya)) = tan ^ ^ — tan ^ — 2 tan ^ (9-3-11) 

(f ~ ”55"^ —1-63 radians or —93.4° (9-3-12) 

The exact value is —87.2°, which shows reasonable accuracy even though one term, 
ct)/15, has a value of 0.667. 

9-4. Stability Requirements on Bode Plots. In previous work 
with Nyquist diagrams the concents of gain and phase margin are intro¬ 
duced and related to relative and absolute stability for simple feedback 
systems. The basic requirement is for a positive phase margin. In other 
words the angle of phase lag of the open-loop function Gijoj) must be 
less than 180° at the frequency at which | is 1 or zero decibels. This 

requirement can be applied directly on the Bode plots to determine 
whether or not a control system is stable. 

A slight alteration of the method of applying the phase margin condi¬ 
tion is very useful. Since the phase angle for minimum phase systems is 
directly related to the slopes of the Bode magnitude plot, an approximate 
stability criterion can be based on the slopes of the magnitude plot. On 
such Bode magnitude plots long asymptotic segments with —20n db/dec- 
ade slopes result in —rmi2 radians phase shift. Thus if a Bode magnitude 
plot crosses the zero decibel gain axis with a —40 db/decade sloping 
segment which starts a few octaves below the crossover frequency and 
extends a few octaves above crossover, the phase lag is very close to 180° 
and the system is near instability. Therefore a goal in system design and 
compensation is to have the Bode magnitude plot of Gijoi) cross the zero 
decibel axis with a —20 db/decade slope or with a very short —40 db/dec¬ 
ade sloping segment with a —20 db/decade sloping segment on a least 
one side. This scheme is approximate and quite flexible since the phase 
shift at any given frequency depends on the slopes of all magnitude plot 
segments. However the effect of remote segments is weighted much less 
than that of segments near a frequency of interest. 

An additional aid in studying system stability when using frequency 
response methods is the use of the constant M circles which are introduced 
earlier. The M contours allow the peak closed-loop magnification, 
\C(jco)IR(j co) to be checked while working with an open-loop transfer 

function. The constant M contours are circles only on the Nyquist plots 
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When working with Bode diagrams, however, it is convenient to present 
the M contours on a graph with phase margin as one coordinate and 
decibels gain as the other coordinate. Such a graph is called a Nichol’s 



Chart. Fig. 9 -4- la illustrates an M circle in the Nyquist or polar plane 
and Fig. 9-4—lb shows this M contour on the Nicholas Chart as well as 
the method of transferring particular points. A transparent sheet with a 
NichoFs Chart having several M circles is very useful for studying system 
gain changes. This use is illustrated in later examples. For a given 
G{j(jS) it is possible to transfer an M contour to the actual Bode plot; 
however it is less work to transfer the Bode plot information to the NichoFs 
chart. The following examples clarify some of the above remarks. 


9-5. The Gain Adjustment Problem. In nearly every control sys¬ 
tem certain gain adjustments are necessary. The Bode plot provides a 
means for studying the phase margin while the gain is varied. This is 
accomplished by sliding the decibel scale on the Bode plot. 

Example 9—5—1. As a first example a unity feedback system with 


0{s) - 


K{s + 10) 

+ 4)(^ -f 20) 


(9-5-1) 


is studied by using the Bode plot. The gain is to be set for a phase margin of 45°. 
In preparing to plot the Bode diagram, G{jo)) is rearranged as follows: 


G{j(x>) 


{KIS)(jcollO + 1) 
(7ct))(;ct>/4 + l){7a>/20 4- 1) 


(9-5-2) 


A convenient step is to let the gain term iC/8 be unity temporarily while plotting the 
Bode plot. K is to be adjusted anyway, and this step simplifies plotting. Fig. 
9-5-1 shows the Bode plot for K/S = 1 as well as the additional gain required for the 
zero decibel crossover to occur at a frequency which gives 45° phase margin. The 
added gain of 22 decibels or 12.6 means the final over-all value of is 12.6 X 8 = 101. 
In this problem, with no restriction on the gain at some particular frequency or on 
the velocity constant, a simple gain adjustment is all that is needed. Generally, 
changes in the system dynamics are required and the shape of the gain and phase 
curves must be altered. It might be mentioned that the system velocity constant can 
be found by extending the —20 db/octave sloping segment for (;w)“\ as set in the 
final step of the design, until it intersects the zero decibel axis, at which point the 
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Rg.9->5-L 

frequency is numerically equal to Kv This procedure results from the following 
line of reasoning. The method used in rearranging G(jw) to form factors of the form 
j(oJp H" 1 results in isolation of the velocity constant Ky as in Eq. 9—5—2 where 
= K/S, If only the —20 db/decade sloping segment of GO'w) due to {fm) ^ is con¬ 
sidered at very low frequencies. 


201ogio |G0<«)| «=< 201og,„2C, - 201ogio<u (9-5-J) 


Thus when a> = K, the result is zero decibels. Also the velocity constant in de¬ 
cibels can be read from the gain curve at w = 1- In this example the final K, is 12.6. 
Example 9-5-2. As a second example a unity feedback system with 


G{s) = 


K 

sis -f l)(s -I- 2) 


(9-5-4) 


is to have K adjusted for an Af = 1-3 by using the Nichol’s chart. The M = 1.3 
contour is also to be mapped onto the Bode plot. This example is an alternate study 
of a system used in Example 8-2-1. Fig. 9-5-2 shows the Bode plot for IC = 2 and 
part of the M = 1.3 contour as discussed below. By reading the values of phase 
margin and the gain in decibels at a given frequency, the Bode plot information is 
transferred to the Nichol’s chart of Fig. 9-5-3. The Af=>1.3 contour in this figure is 
only one of a family which can eidier be transferred from the Nyquist diagram, as 
i nd ic ated in Fig. 9-4-lb, or constructed directly from the relationship between 
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open- and closed-loop transfer functions. A transparent overlay of a NichoTs chart 
with the M contours on it is useful in adjusting system gain. The overlay can be slid 
up and down along the decibel scale to show the effects of adjustments in the 
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open-loop gain K. In this example the Af = 1.3 curve has to be slid up about 3-7 db 
to make it tangent to the system curve with K = 2. The tangency occurs at a fre¬ 
quency of about 0.56 radians/sec. This means that the gain K has to be decreased by 
3.7 db for Mm = 1 -3. Since K was assumed to be equal to 2 in plotting the original 
Bode plot, the final value of iC is (2) (10 or 1.3. Once a particular Bode phase 

plot is determined, the M contours can be transferred from the NichoTs chart to the 
Bode plot as follows. Points with a particular phase margin on an M contour on the 
Nichol’s chart are determined. The frequency at which this particular phase 
margin occurs is located on the Bode plot and the M circle gain values are then 
located at this frequency. In this manner the M = 1.3 contour of Fig. 9-5-3 
is transferred to the Bode plot of Fig. 9-5-2. The gain adjustment can then by 
accomplished in either plane. 


9-6, Lag Compensation on the Bode and Nicholas Diagrams.^ 

The requirement of large low-frequency gain or a large Kv for accuracy 
can sometimes be met by using a lag network as illustrated in Chapter 8. 
The lag network transfer function 


Giijoj) 


,(oa . . 

’ I / J -1” ^ 

-f ala ^ _a___ 

joj + a 1 

,-+i 


a < I (9-6-1) 



Generally the open-loop gain K is increased so as to return the high- 
frequency region of a compensated Bode plot near its level before com¬ 
pensation. Care must be exercised to prevent the added phase lag from 
causing instability. 


Example 9-6—I. The system of Example 9-5-2 is to be compensated using a 
lag network with a O.l and with the upper break frequency at cu = 0.1. If possible 
the gain is to be set for M = 1.3. Fig. 9—6—2 shows the Bode magnitude and phase 
curves for K = 2.0. It should be pointed out that the lag network break frequencies 
must be located so that the gain curve has a --20 db/decade segment of appreciable 
length above the upper break frequency of the lag network. This segment will 
allow the phase to recover toward 4- 90° phase margin while the gain curve is 20 logo 
below the uncompensated curve. This is illustrated by the curves of Fig. 9-6-2 
for 0.1 < a> < 1-0 The gain is set so that crossover occurs near the frequency of 
maximum phase margin on the —20 db/decade segment. In order to set the gain, 
the information in Fig. 9—6—2 is transferred to the NichoFs chart of Fig. 9—5—3. 

* John L. Bower and Peter M. Schultheiss, Introduction to the Design of Servomechanisms^ 
John Wiley & Sons, Inc., New York, 1958, pp. 175-182. 
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Fig. 9-6-2. 

It IS apparent from Fig, 9-5-3 that the only hope for placing the lag-compensated 
system curve tangent to the Af = 1,3 contour with reasonable values of K is to 
raise the gain by approximately 10.4 decibels so that the right extremity of the 
M — 1.3 contour touches the system curve at about co = 0.23 radians/sec. This 
IS found by sliding the M contour overlay down by 10.4 db. This means an in¬ 
crease in gain of lO^^-^^^o ^ 3 32 times. Thus the final system K is ( 2 ) (3.32 = 6.64 
and the system velocity constant is 3.32. In this example the ultimate loss of 20 db 
gain at high frequencies due to the lag network is not fully recovered by the permis¬ 
sible increase in K. In fact, only about half of this loss is recovered. If the system 
gain IS raised 20 db, a phase margin of only 26° results as compared with 50° for 
the gain used in the solution. As mentioned above, the phase margin can be used 
to set the gain if only an approximate Mm is desired. Generally 45° to 50° phase 
margin gives Mm — 1-3. The effect of the lag network on the original phase curve 
should be noted, as well as the recovery of phase angle in the region of —20 db/decade 
gain segments. Basically, lag compensation reduces gain before crossover by intro¬ 
ducing a phase lag at low frequencies where such lag can be tolerated. There must 
remain a —20 db/decade segment in the gain curve at crossover. 


9-7. Lead Compensation on the Bode and Nicholas Diagrams. 

In order to improve the phase margin and stability of a control system 
a lead network can also sometimes be used. This scheme is introduced 
in the study of Nyquist diagrams where the effect of leading phase shift 
is very evident. When plotted on a Bode plot, the characteristics of a 
passive lead transfer function 


Giijo,) 


jco + b ___ jcolb + 1 
jco + b/a j(oalb + 1 


a < 1 


(9-7-1) 


appear as shown in Fig. 9-7-1. Thus there is a loss in gain for low 
frequencies accompanied by a region of phase lead. In terms of the 
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Fig. 9-7-1. 

Nichors chart the low-frequency points are shifted down with those in 
the region from to = 0.16 to o) = 106/a shifted down and to the right 
while the high-frequency (a>>>6/a) points are not changed. 

Example 9—7—1. As a first example of lead compensation using the Bode and 
NichoTs plots, the system of Example 9—5—2 is reconsidered. This system is to 
be compensated using a lead network for an Mm = 1-3. An inspection of Fig. 



w- Radians/second 


Fig. 9-7-2. 
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9-5—2 indicates that a maximum phase lead somewhat higher than w = 1.4 would 
probably be most effective. The lead function 


- ( 0 . 1 ) 


(jco 4- 1) 

Wio + 1) 


(9-7-2) 


is studied. Fig. 9-7-2 shows the Bode plot for the over-all system with = 2 as 
in Example 9—5—2. The compensated G(jo)) is 


(jco)(jcol2 -f l)(jcoll0 -f 1) 


(9-7-3) 


Phose margin-degrees 


Original system 



Added gam 


Leod compensated 


Fig, 9-7-3. 
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For the same velocity constant as in Example 9—5—2 a gain of 20 db has to be obtained 
here to offset the loss in low-frequency gain due to the lead network. This would 
give a phase margin of 60° which is greater than really needed. Some additional 
gain can be added for Mm ~ 1-3 as determined from the Nichol’s chart of Fig. 
9—7-3. The actual gain for Mm — 1.3 is found to be 25.2 db so that the final K is 
(2) (10^® or 36.4 and the velocity constant is 1.82. The system resonance 
is now at co = 1.5 radians/sec as compared with 0.56 radians/sec without the lead 
network. Again a phase margin of 45° on the Bode plot would have served as a 
guide in setting K. If several breaks downward occur close together on a Bode 
gain plot, lead network compensation is not particularly effective. The use of lead 
compensation raises the cross-over frequency and, since phase lag increases rapidly 
in such a case, the added lead phase shift cannot offset the lag to hold a good phase 
margin. 

9-8, A Lag-and-Lead Compensation Template. The simple lag 
and lead transfer functions of Eqs. 9—6—1 and 9—7—1 have considerable 
similarity. Except for the multiplier in lead Eq. 9—7—1, the lead and lag 
equations are reciprocals. It is convenient to plot the magnitude of the 
compensation functions in decibels versus their phase angles in degrees 
as shown in Fig. 9—8—1. In fact, the polar symmetry of this figure indi¬ 
cates the possibility of using only the first-quadrant plot and rotating it 
180° when changing from lead to lag compensation. The lead transfer 
function multiplier a has been dropped, and so a gain of 20 log a decibels 



Fig. 9-8-1. 
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is missing. This actually amounts to restoring the loss in low-frequency 
gain shown in Fig. 9—7—1 or to raising the whole lead compensation curve 
above the zero decibel line. Curves of the form shown in Fig, 9—8—1 
illustrate how a point on a curve in a Nichol’s chart is shifted by lead or 
lag compensation when the gain factor a is dropped in the lead case. A 
template of compensation curves based on the plot of Fig. 9—8—1 is shown 


50 



in Fig. 9-8—2. This template was suggested by Potts and Thaler. ® Curves 
for fixed values of a and (oja are included to allow easy determination of 
the a and a required to shift a point for a given a> to a more desirable 

® B. L. Potts and G. J, Thaler, ‘A Template for Designing Servo Compensators,” Control 
Engineering 6 (November, 1959): 139—141. 
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location. The following examples illustrate the use of the template of 
Fig. 9-8-2. 

Example 9-8-1. Lag compensation of the system of Example 9—5—2 is to be 
studied using the template of Fig. 9—8—2. An uncompensated system plot with 
specific values of a> is sketched as shown in Fig. 9-8-3. The template is rotated so 



Fig. 9-&-3. 

that the origin is at the upper right comer. It is then placed at various points along 
the uncompensated curve and the lag network shift in such points for various values 
of a and (oja is noted. In Fig. 9-8—3 the a == 0.1 contour of the template is shown 
in proper position to study lag network shifts in the point for (o = 0.2. For (oja = 20 
an arrow is included to show the shift. This shift would require an a of 0.01 thereby 
determining the lag network transfer function. Using these values of a and a, the 
template can be quickly moved to other points and their shifts determined. Thus 
rapid study of various lag compensation schemes can be accomplished and a desir¬ 
able one determined without any recalculations. 
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Example 9—8—2. The system of Example 9—5—2 is considered again with lead 
compensation. Fig. 9—8—4- shows the NichoTs chart plot of the uncompensated 
system transfer function with iC = 2, in which case GijoS) becomes 


Gijo}) 


_ 1 _ 

(jaj){j(o -{- l)(/a>/2 -f- 1) 


(9-8-1) 


It also includes the a = 0.1 contour of the lag-and-lead compensation template in 
the correct position for studying lead network shifts in the point for m == 1.2. An 
arrow illustrates how this point shifts to a new location determined by coja = 1.2 
or a — 1. Since the a gain multiplier is dropped in developing the lead template, 
the resulting lead-compensated curve is —20 logio<z decibels higher than one which 
would result from compensation by a passive lead network. This is equivalent to 
using an increase of this amount in the system gain. Any further increase in system 
gain which results from the compensation is an actual increase in the system velocity 
constant. For example, the compensated curve shown in Fig. 9—8-4 for a == 0.1 
and a — \ can be raised an additional 5.2 decibels for an M>„, of 1.3. The actual 
system gain K is —20 logio(O.l) + 5.2 decibels greater than the K used to plot 
the original curve or iC = (2) (10®®-*/*°) = 36.4. As mentioned above, the velocity 
constant is 5.2 decibels greater than for the original system (originally Ky = 2/2 = 1) 
oxK, == 10®'*/"° = 1.82. 

The process of studying various other lead compensation schemes is 
also easily accomplished using the template of Fig. 9-8—2. 

9—9. Combined Lag-Lead Compensation on the Bode and 
Nicholas Diagrams. Combination of the schemes of lag and lead com¬ 
pensation into one compensating network gives composite or lag-lead 
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compensation. The separate advantages of both schemes when combined 
lead to considerable increases in the system velocity constant for a given 
phase margin. 
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Example 9—9—1. The original system of Example 9-5—2 is to be compensated 
with a lag-lead equalizer. In order to check Example 8—6—1 the compensation 
function is taken as 


^ - 0VQ>2 + DQco + 1) 

(j(ol0m66 + l)(jcoll2 + 1 ) 


(9-9-1) 


The lag part is most effective near co — 0.06 while the lead part reaches its maximum 
near w = 3.5. Fig. 9—9—1 shows the compensated Bode plot. The —20 db/decade 
sloping segment between a> == 0.2 and a> — 2.0 makes it possible to raise the gain 
considerably while retaining a reasonable phase margin. When the information in 
Fig. 9—9-1 is plotted on the NichoFs chart of Fig. 9-9—2, an added gain of 23.8 
decibels (K — 31) is determined for an of 1.3. The final velocity constant is 
15.5. 

The generally close correspondence between an of 1.3 and a phase margin 
of 45° allows a rough setting of gain to made on the Bode plot without using the 
NichoTs chart. In this example, a 45° phase margin leads to an added gain of 23.6 
decibels. 


9-10. Conclusion. The ease of sketching Bode plots makes them 
very useful in many control-system design problems. When used in con¬ 
junction with M circle templates on a NichoFs chart plus the lag-and-lead 
templates of Art. 9-8, the Bode plots are even more useful. They can 
be extended for use in plotting the frequency response of closed-loop 
transfer functions. Such plots are useful in determing system bandwidth 
or the frequency at which the response is 0.707 of its d-c value. With 
increased use of Bode plots, the student should develop greater facility 
in determining compensation network and in finding new uses for such 
plots. 


PROBLEMS 

9-1. Show that the middle of a frequency interval cai to on a log scale is 
Consider Fig. 9-2—2. 

9—2. Construct the Bode magnitude and phase curves for the following transfer 
functions. Use straight-line magnitude approximations and then correction curves. 


(a) G{s) ==6(5+1) 

0.6 


(b) G(jco) - 

(c) G(5) = 

(d) G(ja>) = 


jco + 1 

28000 
s{s + 10") 


-100(7a)/37.7) 


(1 +>/37.7)(l 


(e) G(;*a>) = 


18000 


+ 14)(jw + 62) 


100 


(g) G(s) = 

(h) Gis) = 

(i) G(jca)-^ 
0 G{s)^ 
(k) G{s) = 


1 


sis + 1)(5 + 10) 

1000 

sis^ + 65 + 100 ) 

10"(/'ft)/37.7)" 

"(1 +jco/37.7)^(l 4-jcolWr 
5+2 

5(5 + 0.3)(5 + 20)(5 + 80) 
5 + 3 


5 + 20 


5^ + 65 + 100 


(f) G(s) = 
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(1) G(s) 


s + 20 
s + 3 


(n) G(s) = 


OAs + 1 


(m) G(s) 


O.Ols^ 
(0.l5 + 1)^ 


(o) 


G(s) = 


-(s - 1 ) 

5 +1 


9-3. Use the method of Art, 9—2 involving ratios to determine the following 
items for Fig. 9-P-3: (a) |Gi |, jGs |; (b) a>c, |G 2 |. The slopes are given in exponential 
units with —1 corresponding to —20 db/decade, etc. 




9—4. What must be the ratio of cug/cDi in the frequency response plot of Fig. 
9—P-4 if |Gi|/|G 2 | is 10? (Use ratio method.) Slopes are in exponential units. 

9-5. Use the arctangent series approximation* retaining only linear terms to 
find the frequency of least phase lag associated with the minimum phase Bode 
magnitude characteristic of Fig. 9-P-5- Assume the —40 db/decade segments are 
infinite in extent. 




9-6. The Bode magnitude characteristic of Prob. 9—5 is altered as shown in 
Fig. 9-P-6. Use the result of Prob. 9-5 to set an approximate frequency of least 
lag on the middle —6 db/octave segment. Determine the phase angle at this fre¬ 
quency by the arctangent series approximation. Plot the actual phase curve in the 
region 7 < o) < 40, and determine the actual least lag and the frequency at which 
it occurs. 

9-7. Repeat Prob. 9-5 except use the Bode magnitude curve of Fig. 9-P-7. 
Assume that the system from which this characteristic is obtained is minimum- 
phase. 
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Fig. 9-P-7. Fig. 9-P-9. 


9-8. What minimum ratio 0 ) 2 /coi must be used for the system with the Bode 
magnitude plot of Prob. 9—5 if a phase margin of 50° is desired and crossover is set 
at the frequency of least lag as determined in Prob. 9-5 ? 

9-9. Problems 9-4, 9-5, and 9-8 build up a basis for approximate lag network 
design. Use the results of those problems in solving this problem. A sketch of 
a typical Bode magnitude plot with lag compensation is shown in Fig. 9—P—9. For 
the values found in Prob. 9—8 determine coc, coi, a>o, and the difference in gain in 
the original curve and the compensated curve at frequencies above Neglect 
the effect of the —20 db/decade segment at low frequencies when setting coc* Is 
this a reasonable assymption ? 



Fig. 9-P-II. 

9-10. For the system shown in Fig. 9—P—10 set K for 45° phase margin. 

9-11. Set the system gain in Fig. 9-P-ll for Mm == 1-3. Plot a NichoFs chart 
for the system and construct an M — 1.3 transparent overlay. (Keep this overlay 
for future use.) M == 1.3 graphs can.be found in a number of texts in the servo 
field. What phase margin results } 

9-12. Prove that the frequency of maximum phase lag in the lag compensation 
function 



G(jco) 


jmjaT) + 1 
joiT -f 1 


occurs at m and is given by tan~^[(l — a)/2'\/a]- 
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9-13. 


+ 


Repeat Prob. 9-12 for the lead function 

j(oT + 1 


Gij(x}) = a 


jwaT + 1 



Fig. 9-P-I4. 


9-14. The system of Prob. 9—11 is to have its velocity constant increased 5 
times while holding a phase margin of at least 45 Design a lag network of the form 
in Fig. 9-P—14 that can be used ahead of the electronic amplifier and that will ac¬ 
complish the desired goal. The capacity should not exceed 25;af and the resistances 
1 megohm. 



Fig. 9-P-I5. 


9-15. The design of Prob. 9—14 is complicated by the fact that the error 
transducer* has an output resistance of 6 kilohms and the network is loaded by the 
amplifier gain pot of 500 kilohms. The configuration of Fig. 9—P-15 is now the 
circuit. Redesign the network so that the network gives the desired compensation 
of Prob. 9—14. Why should Ri be kept reasonably small? 



Rg..9-P-I6. 


9-16. A certain liquid level regulator system has the block diagram shown in 
Fig. 9-P—16. An attempt is made to widen the system BW hy lead compensation 
and thereby speed up the response. Add lead compensation to make the BW 
roughly 0.4 radians/sec and keep the 31.6 position constant. (Use the approxima¬ 
tion that 


Cijo>) 

Rijo>) 


G(ja>) , 
1 + G(jco) 


G(j(jo) ; 


|G0’«))i»l 


to set rough closed loop BW.) Plot the correct [CIR](jo}) for the original system 
and for your compensated system. What is the actual bandwidth? How much 
can the position constant be increased and a 45° phase margin obtained in the com¬ 
pensated case ? 
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9-17. What value of K gives 45° phase margin for the system of Fig. 9~P--17 ? 
Try lead compensation to increase K while maintaining a 45° phase margin. In 
particular, use the compensation function 


G,{jo>) = (10) 


ijoi -h 5) 
ijo) -f 50) 


What is the new K and the new velocity constant ? Determine the slope of the phase 
curve of the original G{s) at a> = 10 and of the compensated G{s) at co ~ 10. Is 
lead compensation very effective if the phase lag increases rapidly with frequency ? 
Why? 



9-18. Construct a transparent overlay of the a == 0.2 and the a = 0.1 curves 
from the template of Fig. 9-8-2. Use this template to determine a lag compensation 
function that decreases steady-state errors to rate of change inputs by a factor of 
at least 2 for the system of Fig. 9-P-18 while keeping Mm ^1-3. 




9-19. Use lag-lead compensation on the system of Fig. 9-P-19a to obtain a 
45° phase margin with no change in the velocity constant. An electronic amplifier 
exists in the system so that an electrical network of the form of Fig. 9-P-19b can 
be used. Determine suitable values for the parameters for your lag-lead scheme. 
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TRANSIENT AND STEADY-STATE 
RELATIONSHIPS 

10—1. Introduction. Chapter 6 discusses the disadvantages of at¬ 
tempting to use transient methods for design of a control system described 
by a high order differential equation. For the most part, the disadvan¬ 
tages result from the devious relationship between the coefficients and 
the zeros of the characteristic polynomial. 

Therefore, the sinusoidal frequency response method was developed 
as an aid in design. The graphical procedures used in either the Nyquist 
diagram or Bode plots yield considerable information about absolute and 
relative stability. In addition, these graphical procedures demonstrate 
the effects of adding conpensation to the system. However, the frequency 
response methods of design also suffer limitations. For example, a system 
is to have a certain transient response but the designer decides to use 
sinusoidal frequency response as the basic method of design. The de¬ 
signer interprets the transient specifications into frequency specifications 
such that the closed-loop system response curve should have a maximum 
magnitude of = 1.3. It can be seen intuitively that two systems 
with the same Mm can have radically different transient responses as 


Fig. lO-l-l. 

suggested by the GiO'co) and G^ijoy) plots of Fig. 10-1-1. Therefore, 
after the design is completed the transient response must be calculated. 

A number of methods have been proposed for correlating the frequency 
and transient response of systems. Many of these methods are based on 
the Fourier transforms which are discussed in the next article. 

10-2. Fourier Transforms. For notational convenience, the trans¬ 
fer function of the closed-loop system is denoted by T{s) as 
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T{s) = 


C(s) G(s) 

R{s) 1 + His)G{s) 


( 10 - 2 - 1 ) 


The sinusoidal steady-state response is found in Chapters 3 and 6 
(among other chapters) by replacing C(s) and R(s) by their phasor trans¬ 
forms and by substituting s = jco in T(s) as 

It is instructive to retrace this development to see how T(ja)) can be found 
more directly. 

In Chapter 2, the direct Laplace transform is defined as 


F(s) = f dt (10-2-3) 

J 0 

In terms of t(t) this becomes 

T(s) = f " t(t)e-dt (10-2-4) 

•Jo 


where t(t) is the impulse response of the system. This integral converges 
if a is larger than ao, the abscissa of convergence. 

After T(s) is obtained, ^ is replaced by jco, if the pertinent ao < 0, to 
obtain TijoS), This substitution implies that the s in the integral of Eq. 
10-2-4 is replaced by ja> as 


T{jio) 


/■ 


*(08’’“" dt 


(10-2-5) 


Since t(t) is the impulse response of the system with the impulse applied 
at * = 0, *(*) is zero for negative time and the integral can be written as 

T(jco)= f^“*(0e--'”" dt (10-2-6) 


This equation is called the direct Fourier transform of ^(^) and for the 
purposes of this book, Eqs. 10-2-5 and 10-2-6 are considered inter¬ 
changeable. 

The direct Fourier transform is essentially the direct Laplace transform 
with the limitation that 5 = a + jco is restricted to 5 = jco. This restric¬ 
tion on a means that the integral of the direct Fourier transform converges 
to yield a T(ja)) only if ao of the corresponding direct Laplace transform 
is less than zero. Therefore, a function such as has-a Laplace transform 

ns) - <>“-2-7) 

whereas the integral of the direct Fourier transform does not converge. 

It is possible to derive a Laplace transform such as Eq. 10-2—7 and to 
formally replace shy jco to obtain T(jco) as 
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Tijw) = (10-2-8) 

This T(j(jo) is not even a Fourier transform because the direct integral as 
given by Eq. 10—2—6 does not converge for the function To clarify 
the notation, it might be desirable to use another symbol to replace Tijco) 
in such a situation. However, the designer that uses the technique of 
replacing s in the Laplace transform hyjay to obtain the Fourier transform, 
might inadvertently make this substitution when it is mathematically 
improper to do so. The following example is presented to examine the 
consequences of making such a substitution. A time function r{t) = sin 3t 
is applied to a system and the Laplace transform of the output is 

CM = RM7X.) = ^ 3^ _ 3) (10-2-9) 

The inverse transform c{t) is 

c{t) = 0.236 sin (3^ - 135°) + 0.167^^^ (10-2-10) 

In terms of the frequency response methods as used in Chapters 3 and 
6, Y{t) — 1 sin 3^ is represented by a phasor such as 

Rijay) = 1/^ (10-2-11) 

and T{j(x)) becomes 

T(j(jo) = = 0-236 /-135° (10-2-12) 

The output as a phasor is 

C(ja)) = R(j(o)T(j(o) = 0.236 /-135° (10-2-13) 

The time function represented by this phasor should yield the output 
function in steady state 

= 0.236 sin (3^ - 135°) (10-2-14) 

When this equation is compared with Eq. 10-2-10 it yields the correct 
steady “State component of the solution but since the transient component 
goes off to infinity the system response never settles into this steady-state 
condition- 

In control system work the designer does not intend to produce an 
unstable system. Therefore, in this practical situation, the limitations 
upon replacing s in the Laplace transform by jco to obtain the Fourier 
transform, which were discussed above, can be ignored. 

Although the inverse Laplace transform integral has not been featured 
in this book, it is introduced in Chapter 2 as 

if-^[T(s)] = r"'''” ns)e^^ds = t{t) 


(10-2-15) 
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The path of integration indicated by this equation is a path parallel to 
and c units away from the ja>-axis. The quantity c is chosen so that the 
path of integration is to the right of all the poles in the complex s-plane. 

The inverse Fourier transform can be obtained from the inverse 
Laplace transform by replacing ^ by^co when such is valid. This requires 
that the paths of integration be along the jw-axis. The inverse Fourier 
transform is 




(10-2-16) 


If the system is stable, i.e. if all poles of the characteristic polynomial 
are in the left half ^-plane, the direct Fourier transform allows the designer 
to go from the system’s impulse response to its steady-state sinusoidal 
response TijcS), while the inverse Fourier transform allows him to go 
from the steady-state sinusoidal response to the system’s impulse re¬ 
sponse. 

10-3. Convolution. As mentioned in Chapter 2 the multiplication 
of two Laplace transforms such as Fi(^)jP 2 (s) gives the transform of a 
function which can be obtained from what is called the convolution of 
the two corresponding time functions. 

The two time functions are/i(t) and/ 2 (^) and their transforms are 


= F^{s) 

^Mt)] = F,{s) 

The inverse transform of Fi{s)F 2 is) is given by 


(10-3-1) 


-^-'[i^i(i)^2(^)] = Jyi(f - T)h{r)dr =J,{t)*Ut) (10-3-2) 

or by 

^-^{F,is)F 2 {s)-\ = {'hit - r)f,{x)dr = (10-3-3) 

Jo 


For notational convenience, the product of Fi(s)F 2 (s) is denoted by 
Fz(s) and the inverse transform of Fsis) is denoted/ 3 (^) as given by 

Mt) = ^ [F,(s)] = ^ [F, (s)F2 is)] (10-3-4) 

An understanding of the convolution integral is best developed by 
studying a few simple examples. In each example,/a (0 is found both as 
and by using the convolution integral, so that the results may 
be compared. 

Example 10-3-1. For this example both fi{t) and/2(0 are the unit-step function 
as given by 


flit) == W-lW 

fzit) = M.iO) 


(10-3-5) 

(10-3-6) 



Art, 10-3] TRANSIENT AND STEADY-STATE RELATIONSHIPS 
The transforms are 


319 


F,{s) = j 

(10-3-7) 

FAs) = 7 

s 

(10-3-8) 

and F,(s) = T 

(10-3-9) 

In an example as simple as this, fs{t) can be found most easily from the inverse 
transform of Fq. 10-3—9 as 

II 

1 -1 

!l 

(10-3-10) 

This fz{t) is now determined by using the convolution integral. In the interval 
of integration implied by the convolution integral, the unit-step function is equal 
to 1. 

Therefore /i(^ — t) = 1 

(10-3-11) 

and / 2 (t) = 1 

The convolution integral yields 

(10-3-12) 

f /i(i — T)fiir)dr = r (1)(1) dr = T 

Jo Jo 

' = t (10-3-13) 

0 

Example 10-3-2. For this example both fi{t) SindfM are the unit-ramp func¬ 
tion as given by 

m) = 

(10-3-14) 

Mt) = M-2(«) 

(10-3-15) 

The transforms are 


F.» - 7 

(10-3-16) 

F,u) = T 

(10-3-17) 

1 

and Fzis) — 

(10-3-18) 


The time function/a(t) can be found as the inverse transform of Eq. 10-3-18 

/3(t) = =-J (10-3-19) 

This/sCt) is also determined by using the convolution integral with 

— (10—3—20) 

= T (10—3—21) 
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and the integral yields 



(10-3-22) 


Example 10-3-3. Ex. 10-3-2 is reworked using a different approach. F^{s), 
the product transform of Fi{s)F 2 (s), is unchanged if Fi{s) is multiplied by 5 and 
F<i(s) is divided by ^ as 


Mi) = ■ [F3(^)] = ‘ [sF, (^) (1 (^3-23) 


In accordance with Eq. 10—3—23 and provided the condition noted below is satisfied, 
the convolution integral can be put into either of the forms 


Mt) = jjAt - r)M\T)dr 

(10-3-24) 

hit) = - x)dr 

(10-3-25) 


The role offi{t) 2 x 16 . f^it) can be exchanged in these equations. In order for these 
forms to be correct, the differentiation of the function must be taken in the general 
sense as discussed in Chapter 2. That is, has a discontinuity at ^ = 0,//(t) 

contains an impulse at ^ = 0 in addition to the derivative in the conventional sense. 
In the previous example 



flit) = 

(10-3-26) 

therefore 

M(t) = uMt) 

(10-3-27) 

and 

Mt) = ti-i(t) 

(10-3-28) 

therefore 

h-\t) = ^ 

(10-3-29) 

The convolution integral yields 



— t)/2 HT)t/T = J^l ^ T 

(10-3-30) 

Example 10-3-4. 

The fi(t) and f 2 (t) for the next example are chosen 

as 


fl(t) = U- 2 (t) 

(10-3-31) 

the transforms are 

hit) = f~“*M_i(/) 

(10-3-32) 


J-.w - 7 

(10-3-33) 


-isl a) 

(10-3-34) 

and 

- s^is\ a) 

(10-3-35) 
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The function of/ 3 (^) can be found by conventional methods as 

111 1,1 




Is^is + fl)J 

If the convolution integral in the form 


/: 


Mt - r)Mr)dr 


is used, the term 




dr 


(10-3-36) 


(10-3-37) 


(10-3-38) 


is encountered. Although this integral is not difficult to evaluate, it can be avoided 
completely by using the convolution integral in the form 


In this case 


and 


j/At - r)f,-\t)dT 


flit) u.lit) 


(10-3-39) 


(10-3-40) 




a 


(10-3-41) 

0 w 

Eq. 10—3—39 can now be written as 

f/i'(< - = f‘l • i(l - yr = !«-! + le-“‘ (10-3^2) 

Jo Jo a a a a 


10-4. Graphical Interpretation of the Convolution Integral. 

Two basic forms have been given for the convolution integral as 

h{t)^m = ffx(t - T)Mz)dT iio-A~i) 

J 0 

or 

f2(t)^Mt) = \'Mt ~ T)MT)dr (10-4-2) 

In some situations, the two time functions may be given graphically, in 
which case graphical interpretation of the convolution integral is very 
helpful. For example,/l(^) and/2(0 are shown in Fig. 10—4-la and b 
respectively. On these sketches, the change of variable from t to t has 
already been made. The form of the convolution integral given by Eq. 
10-4-1 is the one to be used. As a start in this direction,/i (— t) is sketched 
in Fig. 10-4-1 c and for a specific value of t, fiit ~ t) is shown in Fig. 
10-4-ld. The product of/i(^ — t)/ 2 (t) is shown in Fig. 10-4-le. The 

area under the product curve is the integral f fiit — r)f 2 ir)dr for this 
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Fig. 10-4-1. 


Specific value of t and thus one point of the/ 3 (^) function is obtained as 
shown in Fig. 1(M— If. 

For each value of a different product curve is formed. For each 
product, the area is calculated and a point on the fz(t) curve is determined. 
The/i(T) curve is folded over, so to speak, and then as time t increases, 
the fi{t — t) curve slides across the figure from left to right. 

The other form of the convolution integral as given by Eq. lCMh-2 
can be obtained by folding the curve and the resulting function 
fz{t — t) slides across the figure forming the product / 2 (^ t)/i(t). Since 
the area under the product curve formed by/i(^ — t)/ 2 (t) or that formed 
by/ 2 (^ — t)/i(t) is the same for a given value of t, either form of the 
convolution integral leads to the same results. 


Example lCM—1. For this example, both fx(t) and fz{t) are the unit-step func¬ 
tion. In this example,/2(0 is the function that is folded. Fig. 10-4-2a shows/, (r), 
Fig, 10-4-2b shows ftit — t ) and Fig. 10-4-2c shows the product curve f 2 (t — x)fi (r). 
Since the product curve has a unit height and a base of t, the area under this curve is 
equal to t and thus the fz(t) curve shown in Fig. 10-^2d is obtained. 
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Example lCM~-2. The/i(i) and/ 2 (f) functions for this example are shown in 
Fig. 10-^4—3a and b respectively. If/i(t) is folded, the area under the product curve 
increases until t = \. At this timefi(t) lies directly overf 2 (t). As/i(^) moves past 



f = 1, the area under the product curve decreases linearly to a value of zero at / = 2. 
The resulting/ 3 (t) function is shown in Fig. 10-4—3c. 


Example 10-4-3. The previous example can be modified slightly to demonstrate 
an interesting point. In this example, both /,(t) and Mt) are rectangular pulses 


'4 




'A 


(a) 




(b) 



Fig. 10-4-4. 


having a height of l/d and a width of d as shown in Fig. 10- 4. 4a and b respectively. 

The convolution of/i(t) and/2(0 is/ 3 (t) as shown in Fig. 10-4—4c. In the limit as 
<5 and fz{t) all lead to the unit impulse. Therefore it can be seen that 

the convolution of two unit impulses is a unit impulse. 

When Laplace transforms are used, this result can be easily verified by the fol¬ 
lowing steps 

F,(s) = ^[uoit)] = 1 (10-4-3) 


F^is) = ^[uo(t)] = 1 
The product of the two transforms is 

F,{s) - F^(s)F2is) = 1 

The fz(t) function is found as 

Mt) = ^-Ws)] = -^^^[ 1 ] = uoit) 


(10-4-4) 


(10-4-5) 


(10-4-6) 


Example 10-4-4. The convolution of a unit impulse with some/(^) results in 
the same/(t). In explanation,/] (t) is taken as the unit impulse and/ 2 (<) is any time 
function as shown in Fig. 10-4—5a and b respectively. When/i(t) is folded over, 
the same unit impulse results. As the impulse slides across / 2 (f), the product 
function is zero everywhere except at the point where the impulse is located. At 
this point the product function is an impulse which has a value equal to fz{t). There¬ 
fore the area under the product curve is equal to f^it) for all values of t. 

When Laplace transforms are used, this result can be easily verified by the 
following steps. 


F,(s) = -Sn«„(t)] = 1 
F^is) = 


(10-4-7) 

(10-4-8) 
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(10-4-9) 

(10-4-10) 


Example 10-4-5. The convolution of a unit doublet with some f{t) results in 
the derivative of f{t) as is demonstrated by depending on Laplace transforms in 
the following steps 

F,{s) = (1(M-12) 

The product of the two transforms is 

F3(5) F,(s)F^{s) = sF^(s) (10-^13) 

The/ 3(0 function is found as 

Mt) = = ^'{sF,{s)] = (10-4-14) 

In this case, differentiation must be performed in the generalized sense. 

As a generalization, the convolution of w+„(^) with some f{t) results in the wth 
time derivative of the/(Z). Again each of the differentiations must be performed in 
the generalized sense. 

,Similarly, the convolution of w-„(0 with some J{t) results in the wth integral of 

the/(0. 

10-5. Uses of the Convolution Integral for Physical Systems. 

Fig. 10-5-1 is the block diagram for any physical system having the transfer 
function T{s), The equation for C{s) is 

C{s) = Ris)T{s) (10-5-1) 

The time function c{t) can be found as the inverse transform of C{s) or as 
the convolution of r(t) and t{t) 
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I- 1 c{t) = [‘r(t - r)tir)dr (10-5-2) 

'-' or 

Fig. 10-5-1. r(r)t(t — T)dx (10-5-3) 


where t{t) is the impulse response of the system. If the impulse response 
is known, the response of the system to any r{t) input can.be found.by 
use of the convolution integral. 

Eq. 10-5-1 can be modified as 

C{s) = [^i?(s)][^] (10-5-4) 

and the forms of the convolutions integral corresponding to this equation 
are 


c{t) = [ — T)t ^(r)dT 

Jo 

(10-5-5) 

or 


^(0 — f — r)dr 

Jo 

(10-5-6) 

If the step function response is known, the response of the system to any 
r(t) can be found by use of this form of the convolution integral. 

Eq. 10-5—1 can also modified as 

C(S) = [5«i?(5)][^] 

(10-5-7) 

and the corresponding integrals are 


c{t) = J — r)t~'^{r)dr 

(10-5-8) 

or 


c(t) = f — T)dT 

J 0 

(10-5-9) 


If the response of the system to an input is known, the response 

of the system to any r{t) can be found by use of these integrals. 

In each set of the convolution integrals, the role of r{t) and t{t) can be 
interchanged. 

Example 10—5—1. The following example is used to demonstrate these proce¬ 
dures. Fig. 10~5-2a is the block diagram for the system and Fig. 10-5-2b shows 
it in terms of the corresponding time functions. 
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W 


(b) 


Fig. 10-5-2. 


To check the results, the example is first worked by Laplace transforms. The 
transform of the output is 


C(5) = R(s) Tis) 


1 


(s + 2 )(s -f 1) 


(10-5-10) 


and the inverse transform can be found as 

■ ^"[( 7 + 2 » + 1 )] - ^ <■'^ 5 - 11 ) 

As an arbitrary choice, the convolution integral in the following form is used 


c(t) = J^o - T)r\T)dr (10-5-12) 

The first integral of t(j) is 

= 1 - (10-5-13) 

and the second integral is 

f - 1 + (10-5-14) 



The input function r(f) is sketched in Fig. 10—5—3 to visualize its derivative. 
At ^ = 0, r{t) contains a unit discontinuity. Therefore r^{t) contains a unit impulse 
at ^ = 0, in addition to the conventional derivative. 


r\t) = wo(0 - (10_5_15) 

The second derivative is found as 


r\t) = u^^{t) - 2mo(0 + 


(10-5-16) 
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The concept of superposition is used and each of the terms of Eq. 10-5—16 is 
convolved with Eq. 10-5-14 separately and the resulting components of the solution 
are added. The notation used is that Ci{t) results from results from 

— luoit) and C 3 (i) results from 4£“ The total response is therefore 

c{t) = ci(0 + c^{t) + c^{t) (10-5-17) 

The component Ci{t) results from convolving u^i(t) with and is therefore 
the derivative of 

c,{t) = 1 - (10-5-18) 

The convolution of —2uo{t) with simply multiplies r^(t) by —2 

C2it) = - 2^ H- 2 - 2£-* (10-5-19) 

The component Csit) results from convolving 4e"^* with / — 1 + as 

C3(«) = (t - 1 + e--)dr (10-5-20) 

= - - 3 + 4e-‘ 

The total response is 

c(t) = c,it) 4- C 2 (t) + cM = - (10-5-21) 

It is not proposed that this is the best method of working the problem. The 
form of the convolution integral as given by Eq. 10-5—12 is used to demonstrate the 
manner in which the impulse family must be used to interpret differentiation 
properly. 

10-6. Discussion of Fourier Transforms and the Convolution 
Integral. The existence of the Fourier transforms gives the designer a 
certain amount of assurance in that he knows the frequency response and 
the transient response are uniquely related. However, from the stand¬ 
point of design, the outlook is still not entirely satisfactory. The situation 
is again reviewed in which a system is to have a certain transient response 
but the designer accomplishes the design by using frequency response 
methods. As soon as the design is finished it is theoretically possible to 
go from the frequency response to the impulse response by use of the 
inverse Fourier transform and from the impulse response to the response 
to any other driving function by use of the convolution integral. The 
main problem involved in this approach is that if the resulting transient 
response is unsatisfactory, the designer has no clear-cut procedure for 
improving the design. About all that can be done is a cut-and-try method 
of redesigning the system. To put it mildly, this design method involves 
a great deal of computational effort. 

Even if the problem faced by the designer is building a system to meet 
frequency response specification, the design procedure still has its un¬ 
certainties. For example, if the system is to be compensated, there is an 
infinite number of network that can be used. It can be seen intuitively 
that a certain compensation network or a family of networks may give 
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the best response. This design procedure is tolerable only because the 
designer does not attempt to find the best solution, he simply finds one 
solution satisfying the specifications. This implies that the system in all 
probability is potentially capable of satisfying more rigorous specifications 
than those demanded of it. In view of the high speed performance and 
accuracy required by industrial and military applications, it is regrettable 
if a system falls short of its full capabilities. 

As a result of these difficulties other design methods have been de¬ 
veloped. Their main objective is to execute the design so that both 
transient and sinusoidal frequency response are controlled simultaneously. 
In essence these design methods concentrate on the location of the poles 
and zeros of the closed-loop system. The manner in which the poles 
and zeros determine the transient and frequency response is introduced 
in a qualitative manner in Chapter 6 and is discussed in more quantitative 
terms in this chapter and in Chapter 13. 


10-7. Transient and Frequency Response of Simple Systems. 

In many cases, convolution can be used to investigate the response of 
systems with certain pole-zero patterns. The pole-zero pattern is divided 
into two portions such that the inverse transform of each portion is readily 
determined and the response of the original system is* visualized as the 
convolution of these two time functions. 

Before explaining the procedure, the time response of a simple pole- 
zero pattern 


Pis + z) 

zis + p) 


(10-7-1) 


is explored because it is a useful tool in the discussion that follows. 
This pole-zero pattern can best be examined by expanding it as 


Pjs + z) ^P , P i^ — P) 
zis + p) 2 z (y + p) 

The corresponding time function is 


(10-7-2) 


|“o(<) + 


p{z - p) 
z 


(10-7-3) 


This time function is considered in two separate cases. 



For the first case, the zero is inside the pole as shown in Fig. 10-7—la 
and the time response is as shown in Fig. 10-7—lb. Since jp is larger than 
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z, the impulse has a value greater than unity and the coefficient of the 
exponential term is negative. The area under the entire curve is equal 
to unity. oo 


s - plane | 


' i<i 

^ p(2-p) 

-z -p 

«T -^ 


(a) 

Fig. 10-7-2. 

(b) 


For the second case, the pole is inside the zero as shown in Fig. 10“7-'2a 
and the time response is as shown in Fig. l(>-7-2b. Since p is smaller 
than the impulse has a value less than unity and the coefficient of the 
exponential term is positive. The area under the entire curve is equal to 
unity. 


Example 10—7—1. The pole-zero configuration to be investigated is 


C{s) ^ Z{s + 2) 
R{s) 2{s + l)is + 3) 


The response to a unit-step function is obtained from 


C(s) - 


3(5 4 - 2 ) 

25(5 + 1)(5 + 3) 


(10-7-4) 


(10-7-5) 


This C(s) is divided into two portions in two different ways. First, it is divided 
into Cl( 5 ) and € 2 ( 5 ) as 


and 


Ci(5) 


1 

5(5 -f 1) 


C2(s) 


3 (5 + 2) 
2 (5 + 3) 


(10-7-6) 

(10-7-7) 


Second, it is divided into 03 ( 5 ) and 04 ( 5 ) as 


and 


Fig. 10-7-3. 


C3(5) - 

C4(^) - 


5(5 + 3) 

(^ + 2) 

2(5 + 1) 


(10-7-8) 

(10-7-9) 
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The time functions Ci(t) and ^ 3 (f) are readily found as 

c,(t) = 1 - (10-7-10) 

and 

c,(t) =1 (10-7-11) 

these curves are shown in Fig. 10-7—3. 

The function Ci(i) is convolved with C 2 (t) to obtain c(t), CzCs) has its zero 
inside the pole; therefore, € 2 ( 1 ) contains an impulse of value greater than unity and a 
negative exponential term as 

ceW = |«oW (10-7-12) 

The convolution of Ci(t) and C 2 (i) can be visualized by folding C 2 (t) and letting it 
slide across Ci(t). The impulse has the effect of multiplying Ci(t) by 3/2, but the 
negative exponential term holds c(t) to a value of unity at / = 00 . Therefore, it can 
be seen that c(t) is above Ci(t). 

The function C 3 (f) is convolved with € 4 ( 1 ) to obtain c(t). C 4 (s) has its pole inside 
the zero, therefore € 4 ( 1 ) contains an impulse of value less than unity and a positive 
exponential term as 

Ut) = juo(t) + (10-7-13) 


The convolution of C3(0 and C 4 (r) can be visualized by folding C 4 (t) and letting it 
slide across C 3 (/). The impulse has the effect of multiplying CaCt) by 1 /2, but the 
positive exponential term brings c(t) to a value of unity at / = 00 . Therefore it can 
be seen that c(t) is below ^ 3 ( 0 . 

When the preceding two discussions are considered simultaneously, it can be 
seen that c(t) lies between Ci(f) and C 3 (t). The c(t) curve on Fig. 10-7-3 is computed 
to verify this result. 


Example 10-7-2. 
Ex, 10-7-1 as given by 


This example uses the closed-loop transfer function of 


_ C(s) 3is 4 - 2) 
R{s) 2{s + 1)(5 + 3) 


(10-7-14) 


However, in this example the sinusoidal steady-state response is to be investigated 


T’/- \ _ ^ 0 *^) _ 30 ’^ + 2 ) 

R(joj) ' 2(ja> + l)(jw + 3) 


(10-7-15) 


In order to analyze the systems in a manner analogous to the previous example, 
the simple pole-zero pattern 


p(ja) 4- z) 
zijo) 4- p) 


(10-7-16) 




(T -^ 


Ol - 


Fig. 10-7-4. 
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IS first explored. When the zero is inside the pole, the frequency response starts at 
unity and increases to the value pjz as shown in Fig. 10~7-4b. When the pole is 
inside the zero, the frequency response starts at unity and decreases to the value 




Fig. 10-7-5. 

PIz as shown in Fig. 10-7—5b. A study of the lengths of the phasors in Figs. 10-7-4a 
and 10—7—5a indicates why the two curves have their respective shapes. 

The T(jco) of Eq. 10-7—15 is divided into two portions in two different ways. 
First It is divided into Tiijoj) and T 2 (jco) as 


Tr(j<o) = 

JO) + 1 

(10-7-17) 

and 


^ , 3(ja) + 2) 

T2{J(o) — .. 

2{ja) + 3) 

(10-7-18) 

Second it is divided into T^ij^o) and T^ijco) as 


= j-2— 

j(o + 3 

(10-7-19) 

and 


^ jo) 2 

H- 1) 

(10-7-20) 


The functions |Ti(;'w)| and \T 3 (ja)) \ are shown in Fig. 10-7—6. 



Fig. 10-7-6. 


When |Ti(;co)| is multiplied by |7’2(7Vo)|, the curve results. It can be 

seen that \T(jct))\ is above |!ri(;a>)| because the zero of F^is) is inside the pole. 

When |T 3 (;>/>)| is multiplied by |T 4 (;co)|, the curve \T(ja)) \ again results. It can be 

seen that \T(jco)\ is below \Tz(i(*^)\ because the pole of F 4 {s) is inside the zero. 

When the preceding two discussions are considered simultaneously, it is seen 
that the |T(/ft>)| lies between |Ti(/<w)| and |T3(/ft>)|. The ITOco)! curve of Fig. 
10—7—6 is computed to verify this result. 
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Example 10-7-3. This example is similar to the preceding two except that the 
zero is a variable 

"f" -2^) /in ^ 

The transform for the unit-step response is 

«•> - ;;( .+ - i'!(.t ~ 3j 

If the zero is between the poles at —1 and —3, the c{t) response is bracketed between 
Ci{t) and Cz{t) of Fig. 10-7-3. If the zero is at —3, the zero cancels the pole at —3 
and the c{t) is equal to Ci(t). As the zero moves toward — 1, c{t) approaches Cz(t) and 
exactly equals cz{t) when the zero is at —1. 

The frequency response for the closed-loop system is given by 


(10-7-21) 


(10-7-22) 


(10-7-23) 


= -r (l(^7-23) 

zijo) + H~ 3) 

If the zero is between the poles at —1 and —3, the \T{j(o) | curve is bracketed between 
\Tiijo}) I and \T 2 ij 0 }) | of Fig. 10-7-6. If the zero is at —3, the zero cancels the pole 
at —3 and |T(;ft))| is equal to \Ti{jw) . As the zero moves toward —1, |T(/£o)| ap¬ 
proaches \Tz{jo)) \ and exactly equals Tz{j(o) \ when the zero is at —1. 

The zero is carried inside the pole at —1 in the next example. 


Example 10-7—4. This example resembles the preceding three except that the 
zero is inside the pole at —1. 

= IW - V+WTT) 

The transform for the unit-step response is 


C(5) = 

The corresponding time function is 


6 (^ + 0.5) 
s(s -h 1)(^ + 3) 


(10-7-25) 


(10-7-26) 
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The time function c{t) is plotted in Fig. 10-7—7 along with Ci(t) and c^it) from Fig. 
10-7—3 which are added for the sake of reference. 

The frequency response of the closed-loop system is given by 


Tijco) 


6(ja) + 0.5) 

(jet} -f l)(ja} "h 3) 


(10-7-27) 



Fig. 10-7-8. 


The resulting \T(j(o) | curve is shown in Fig. 10-7-8 along with \Ti(j(o) | and \Tzijo}) | 
from Fig. 10-7—6 which are added for the sake of reference. 

It is interesting to note that the step function response has an overshoot of 
approximately 45°/o and the frequency response has a maximum value of approxi¬ 
mately 1.58 even though the system’s poles and zeros are on the negative real axis. 
Here is an example in which the system’s frequency response is peaked and yet the 
system’s transient response is not oscillatory; however, the transient response does 
overshoot its steady-state value. 


Example 10-7-5. Some of the concepts discussed in the previous examples are 
used to analyze the transform of the unit-step response as given by 


1.83(^ + 1.5)(^ + 2.5)(^ + 3.5) 
s{s + 1)(^ + 2){s + 3)is + 4) 


(10-7-28) 


This pole-zero pattern is divided into two portions in two different ways. 
First it is divided into 


CM 


(10-7-29) 


sis + 1) 

Czis) being composed of the remaining poles and zeros. Second it is divided into 

c.(‘) - 

C^is) being composed of the remaining poles and zeros. 


(10-7-30) 
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The function Ci(t) is 

cdt) = 1 -e-' (10-7-31) 

The poles and zeros of € 2 ( 5 ) can be divided into three pole-zero pairs as shown in 
Fig. lQ-7—9a. Each pair has the zero inside the pole and Ci(t) can be convolved with 
each pair separately. Therefore, cit) is above Ciit). 



Fig. 10-7-9. 


The function c^it) is 

cs{t) = 1 - (10-7-32) 

The poles and zeros of C^is) can be divided into three pole-zero pairs as shown in 
Fig. 10—7—9b. Each pair has the pole inside the zero and Cs(t) can be convolved with 
each pair separately. 



Fig. 10-7-10. 


It can be seen that c{t) is between C 3 (^) and Ci(i). The c{t) curve of Fig. 10-7-10 
is computed to verify this result. 

Example 10-7-6. It should not be inferred from the preceding examples that 
a zero must be closer to the origin than any pole in order for the step function 
response to overshoot its steady-state value. For example, the transform of a unit- 
step response is given by 


C(s) = 


24.8(s +1.1)" 
s(s + 1)(^ 4- 3)(jr -f" 10) 


(10-7-33) 


This transform has a second order zero at —1.1. It can be reasoned that one of 
these zeros essentially cancels the pole at —1 and the system behaves as if it has a 
simple zero inside the pole at —3. The time function c(t) is shown in Fig. 10-7—11. 



Art. 10-7] 


TRANSIENT AND STEADY-STATE RELATIONSHIPS 


335 



The frequency response of the system is obtained from 

(jco -f \)(jo, + 3)(jaj + 10) 

and the plot of this function is shown in Fig. 10-7-12. 



(10-7-34) 


Example 10-7-7. This example starts with the step function transform 


C(s) = 


-r -5 - 77 and adds a pole-zero pair in two ways as 

s(s^ + 5 + 1 ) 


and 


C^(s) 


_ 2 (^ + 1 ) _ 2 (s + 1 ) 

(5 + 2 ) s{s + 2 )( 5 ^ + + 1 ) 


(10-7-35) 


C,is) = 


0.5(^ + 2) 
(5+1) 


C(5) = 


0 . 5 (^ + 2 ) 

s(s + 1)(5^ +5+1) 


(10-7-36) 


The time function c(t) can be obtained from the generalized curves of Chapter 6 
with C = 0.5 and by letting con = 1- This c(t) is shown in Fig. 10-7-13. The c{t) 
is convolved with a time function having a transform with a zero inside the pole. 
Therefore, this time function contains an impulse of value greater than unity and a 
negative exponential term as 


2Mo(t) — 


( 10 - 7 - 37 ) 
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Fig. I0-7--I3. 


The impulse has the effect of multiplying c{t) by 2 but the negative exponential 
term reduces Ci(t) to a value of unity at t — oo. The function Ci(0 is shown in Fig. 
10-7—13. To obtain C 2 it), c{t) is convolved with a time function which has a trans¬ 
form with the pole inside the zero. Therefore, this time function contains an impulse 
of value less than unity and a positive exponential term as 

(10-7-38) 


The impulse has the effect of multiplying c(t) by 1 /2 but the positive exponential 
term brings C 2 it) to a value of unity at t ~ oo. The function c^it) is also shown in 
Fig. 10-7-13. 

The frequency responses of these three systems are obtained from 


T{jo>) = 


1 

1 — 0)^ ~\r j(x) 


(10-7-39) 


and 


T.ijio) 


2(jco -f 1) 

(j(o -f 2)[1 — JO)] 


TgC/o)) 


0.5(j(o + 2) 

(jo) -f 1)[1 — + jco] 


and the plots of these functions are shown in Fig. 10—7—14. 


(10-7-40) 


(10-7-41) 


A review of this example indicates that adding a pole-zero pair with 
the zero inside the pole tends to make the step function response build up 
more rapidly, increases the overshoot, and builds up the frequency re¬ 
sponse to a higher peak with an increased bandwidth. When the pole-zero 
pair has the pole inside the zero, the corresponding step function response 
builds up more slowly, has a decreased overshoot, and the frequency re¬ 
sponse builds up to a lower peak with a smaller bandwidth. 
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Fig. 10-7-14. 

Example 10-7—8. The effects of the movement of the pole and zero on the step 
function response are shown more completely in the six parts of Fig. 10-7—15. In 
each of the first five parts, the pole remains fixed and the zero is moved as indicated 
on the curves. In each case, the closer the zero is to the origin the greater is the 
overshoot. When the zero cancels the pole, the transform 


Co{s) = 


1 

s{s^ + ^ + 1 ) 


(10-7-42) 


results and co(0> the corresponding inverse transform is shown with a heavy line on 
each part of the figure. 

The curves of Fig. 10—7—15f are for the zero fixed at —1 and pole allowed to 
move as indicated. The closer the pole to the origin, the less the overshoot. The 
curves of Fig. 10-7—15f are obtained by replotting selected curves from the first 
five parts of Fig. 10-7—15. Other sets of curves can also be selected to show the 
effects of the movement of the pole for other zero locations but these are left as 
Probs. 10-30 through 10—33. 


All the curves in Fig. 10-7—15 are variations of the system described by 


C,{s) = 


1 

s{s^ + s + 1) 


(10-7-43) 


as affected by the addition of a pole-zero pair. This original system is 
the f = 0.5 and a)„ = 1 curve from Fig. 6 - 11 - 2 . By the use of scaling, 
(On can be changed from 1 to any other desired value. However, for C to 
be changed an entire new set of curves must by calculated. The relative 
effects of the movements of poles and zeros remain the same and the 
curves of Fig. 10 - 7—15 can be used as a guide in estimating the new 
system response. Actually, as discussed in Chapter 13, this system offers 
the designer a great deal of flexibility and systems based on these curves 
satisfy a wide variety of specifications. 


10--8. Maximally Flat Functions. If the curves of Fig. 6-23-1 are 
inspected, it is seen that the frequency response curve for f = 0.707 has 
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zero slope at co = 0 . This frequency function is one member of a family 
of functions called maximally flat functions or Butterworth functions. 




The pole locations of these functions are shown in Fig. lO—S-^l through 
the eighth order. From this figure, it can be seen that the system with 
C = 0.707 of Fig. 6—23—1 is a second-order function. For the first four 
such functions, the closed-loop transfer functions are given by 


Ist-order Ti(s) = 7 —^—rv 

(s + 1 ) 


2 nd-order T 2 (s) 


3rd-order T^is) 


4th-order T 4 (s) 


1 _ 

(s* + + 1) 

1 

(s + 1 )(^^ +S+1) 

1 

(j" + 1.84785 + l)(s* + 0.76545 + 1) 


( 10 - 8 - 1 ) 

( 10 - 8 - 2 ) 

(10-8-3) 

(10-8-4) 


Ifjo) is substituted for s, the magnitude squared of the ;zth-order func¬ 
tion can be shown to be 

\Tn(J<o)\^ - (1^8-5) 



A few of these functions are shown in Fig. 10-8—2. The function being 
approximated as n increases is the idealized low-pass filter characteristic 
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shown by dotted lines. It can be shown that for a given w, the first 2n~l 
derivatives of \Tri(ja)) are zero at the origin and this is why the function 
is known as maximally flat. 



(From D Graham and R C Lathrup, “The Synthesis of ‘Optimum’ Transient Respense,” Trans AIEE, 72, Part II, 
Applications and Industry (1953) 273, with permission ) 

Fig. IO-S-3. 


The step function responses of the second- through eighth-order 
Butterworth functions are shown in Fig. 10-8—3. It is interesting to note 
that this family of functions does not have peaked frequency response 
curves and yet the transient response is oscillatory. For the eighth-order 
function, the step function response has approximately a 19°/o overshoot. 
It is also interesting to note that if only the poles nearest thejco-axis for the 
eighth-order system were present, the system would have a f = cos 11.25 ° 
= 0.195. Based on Fig. 6—11—3 the step function response would have an 
overshoot of 55°/o and based on Fig. 6—23—2 the frequency response would 
have a value for Mm of 2.5. If the other six poles are thought of as being 
brought up to their locations as a group the net effect is to decrease the 
overshoot to the 19‘^/o value and Mm to 1.0. 

In order to understand how the poles of a given system can be complex 
and yet the frequency response curves not be peaked, the second-order 
function is studied. The function being considered is 

"" (1 - <o^) +yi.414o> 
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The pole location and the phasor for a specific value of/co are shown in 
Fig. 10-8-4. As CO increases from zero, the phasor from the upper pole 
decreases in length. At the same time the phasor from the lower pole 
increases in length in such a manner that the product of the two lengths 
remains essentially constant for low frequencies and gradually increases. 
As jco passes +/ 0.707, both phasors increase in length and the product 
of the two lengths begins to increase rapidly. Since this phasor product 
is in the denominator of T(joo), the shape of the curves for the second- 
order system in Fig. 10—8—2 results. This same type of reasoning can be 
extended to functions of higher order. 

The maximally flat functions may not be encountered very often in 
control systems; however, they are discussed here in order to increase the 
designer’s over-all understanding of pole-zero patterns. 


lQ-9. Non-minimum Phase Functions. For a function to represent 
a stable driving point impedance, the poles must be in the left half plane 
or on the/co-axis. This is also true of the zeros because the function can 
be ‘‘flipped over,” and it then represents a driving point admittance which 
must also be stable. For a control system to be classed as stable, the poles 
must all be to the left of the yea-axis. For a transfer function to represent 
a stable system, all the poles must be in the left half plane; however, the 
zeros are not necessarily in the left half plane. 

The possibility of having zeros in the right half plane brings up the 
interesting fact that a given attenuation function may have more than one 
possible pole-zero pattern. This point is best explained by starting with 
several pole-zero patterns that yield the same attenuation curves. Four 
such patterns are shown in Fig. 10—9—1. As can be seen, the straight line 
approximation for all patterns breaks up by 20 db/decade at w = 1/2, 
down by 60 db/decade at ca = 1, and then up by 20 db/decade at ca = 2. 

The only difference among these four patterns is in the phase charac¬ 
teristics. The patterns of Fig. 10—9—la and d are compared in the fol¬ 
lowing jjjiscussipn. In Fig. 10-9-la, since all three poles are in the left 
half plane, the net contribution to the phase from the poles in going from 
(^=:0toa) = 00 is a rotation in the counterclockwise direction of 3 X 90° 
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10-10. Other Pole-Zero Patterns. The usual control system acts 
as if it were a low-pass filter. Therefore most of the pole-zero patterns 
discussed in this article are not typical of control systems but are explored 
to add to the designer’s over-all understanding of pole-zero patterns. The 
entire discussion refers to Table 10-10-1. 

TABLE 10-10-1 


Transfer 

function 


Pole - zero 
pattern 


Asymptotes for 
attenuation 
diagram 


Characteristics 
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Function (a) in Table 10-10-1 is the transfer function of a low-pass 
filter with the asymptote for the attenuation diagram breaking down with 
a change in slope of 20 db/decade at g> = 1, 2, and 3. 

Transfer function (b) also describes a low-pass filter but the three 
poles have been moved together at —1 and the asymptotes for the at¬ 
tenuation diagram break down by 60 db/decade at co = 1. 

Transfer function (c) is a third-order Butterworth function and the 
asymptotes for the attenuation diagram break down by 60 db/decade at 
(JO = 1. The asymptotes for functions (b) and (c) are identical but the 
actual attenuation curves differ. This is explored in Prob. 10—35. 

Function (d) can be obtained from function (c) by the change in 
variable 5 = 1/s; therefore function (d) describes a high-pass filter. 

Function (e) is typical (except for a gain constant) of a single-stage 
R-C coupled amplifier and the resulting response is that of a band-pass 
filter as shown. 

Because of the arrangement of the poles and zeros of function (f), the 
asymptotes break down at oj = 1, then up at a> = 2, and a> = 4 and down 
at CO = 8. The result is the band-elimination characteristic as shown. 

If a pole-zero pattern has a zero in the right half plane that is located 
as the mirror image with respect to the j co-axis for each pole in the left 
half plane, then the resulting function describes an all-pass filter. Such a 
pole-zero pattern is given as function (g). At each co that a pole would 
cause an asymptote to break down, the corresponding zero cancels this 
effect by an equal break up. All-pass filters, therefore, are non-minimum 
phase. Since the all-pass filter does not cause attenuation at any frequency 
its total effect is one of phase shift. 

10-11. Error Series and Relations to the Closed-Lroop Pole-Zero 
Location. In Chapter 6, the static error coefficients for a unity feedback 
system are introduced. The position constant Kp is defined as 

Kp - limG(s) (10-11-1) 

0 

the velocity constant i?, as 

if, = lim iG(s) (10-11-2) 

S'*© 

and the acceleration constant as 

= lim (10-11-3) 

s-*0 

These constants are of considerable importance, since they are related 
to the steady-state errors in Type 0,1, and 2 systems. In some cases more 
information about the system error than simply Kp, Kpy and Ka is needed. 
A so-called error series is available for a more extended study of system 
errors. This series is obtained by expanding E(s)IR{s) in a power series 
in powers of ^ as 
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E{s) 

Ris) 


Co + C*i^ + CzS^ - 


(10-11-4) 


Under certain conditions Kj,, and Ka are related to Co, Ci, and 
C 2 respectively. To illustrate this, Eq. 10-11-4 is studied first for a 
Type 0 unity feedback system. 


m = C’o + C.5 + + • ■ ■ (10-11-5) 

From Eq. 10—11—5 for a Type 0 system 


Co 


m _ 1 

l+limC(s) 


1 

1 + 


( 10 - 11 - 6 ) 


For a type 1 system Kp is infinite and Co is seen to be zero. For a Type 1 
unity feedback system, then, 


E(s) 

R(s) 


— Ci5 T T * 


1 


1 + G{s) 


- E(s) 

Cl = lim -^ 7 -^ 
s -,0 sR{s) 


s->o s + sG{s) 


K. 


(10-11-7) 

( 10 - 11 - 8 ) 


If Ky is infinite, this procedure can be extended to show that 

C, = -^ (10-11-9) 

The constants Co, Ci, and C 2 can be found in general by any scheme that 
realizes the series form of Eq. 10-11—4. 


Example 10—11—1. The error series is to be found for a general second-order, 
unity feedback, Type 1 system. 


G{s) = 


K 

s(s + a) 


E{s) 

m 


5^ -h „ I 

+ as + K~^ 



( 10 - 11 - 10 ) 

( 10 - 11 - 11 ) 


The error series is easily found by long division as follows 

(alK)s + (1 - aVK)s^ 4 - • 

-f 


.^ 2 . ^3 

as -f 4 ^ 




'•■-p 


( 10 - 11 - 12 ) 
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An alternate scheme for finding Co, Ci, etc., is based on the theory of the Maclaurin 
series from which 


~ R(o) 

- 2 ! |..0 

One additional aspect of the error series is of use. This aspect is the 
relationship between the coefficients in the error series and the closed- 
loop poles and zeros. For a unity feedback system. 


ns) 


= ^ = 1 EQ) 1 

R(s) R(s) 


Co - CiS - Cai" 


K(s”^ + + OiS ap) 

+ bn-is’‘~^ + ■ ■ ■ + biS + bo 


(10-11-14) 

(10-11-15) 


A long division process similar to that used in Ex. 10-11—1 gives 


From Eqs. 10-11-14 and -16 


(10-11-16) 


(10-11-17) 


~C, = 



^_ 

bo / K/ 


(10-11-18) 


in which Kp' and K/ are dynamic error constants and reduce to the 
static error constant only in case the one of next lower order is infinite. 
The correlation of Kp' and K/ with closed-loop poles and zeros is 
obtained by writing 


T(s) = + ^2) • ’ • (^ + Zm) 

(s + pi){s + P2) * • • (5 + pn) 


(10-11-19) 


and noting that ao in Eq. 10-11-15 is the product (ziZ 2 * ’’^m) while bo is 
(piP^ ’ ■ * pn)- Similarly ai is a sum of terms of the form [(5'i3^2 ' * * ^m-i) 
+ (^ 1^2 * ’ ■ ^m -2 ^m) + ^m) + * * *] in which each term 

contains m — 1 zeros. The coefficient bi is formed the same way except 
it involves poles. Eq. 10-11—17 gives 


^ ^ _ Kao __ iC(Product of z’s) 
^ bo — Kao (Product of ^'s)— 

i^(Product of z's) 


( 10 - 11 - 20 ) 
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For an infinite Kp' ~ Xp, it is seen that Bq = 
K,' = K, and 

1 6iao\ _ Ka 

~ir,~ 

JL = ^ _£l 

Ky Bq Gq 


0 


Kqq. For this condition 


Kgo Bi 

Bq Bq 


( 10 - 11 - 21 ) 

( 10 - 11 - 22 ) 


From the discussion above, the ratios in Eq. 10-11-22 reduce to the sum 
of the reciprocals of poles and zeros. Thus 


^ • • • ^m~l ^ 1^2 * • • ^m~2^m 

Gq 5'i-2'2 — ^1^2 ^tu ~2^m1^m 



^0 ^ m 



- 1 


The ratio Bi/Bq reduces in a similar manner. Thus 


n m 

—=y--y- 

^ pi ^ z- 

i=l i=l 

s plane 


(-lo+jio) :j: - 

1 

1 

1 

1 

jw 

-20 -12.51 

I 

1 

<r 

1 

(-lo-jio))!:- 

-jw 


(10-11-23) 

(10-11-24) 


(10-11-25) 


Fig. 10-11-1. 


Example 10-11—2. The dynamic error constant relationship to closed-loop poles 
and zeros is to be studied for a unity feed-back system represented by the poles 
and zeros of Fig. 10-11—1. From Eq. 10-11—20 the gain constant K for an infinite 
Kp is found as 

K _ ^ _ go w° -r.i L°) ga . 320 (iwi-26) 

Qq (12.5} 

For this value of K 

Kl ^ (10 -ilo lo +yio + 20) ” (1X5) 


= 14.3 


( 10 - 11 - 28 ) 
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It is important to notice the effects on of various combinations of 
poles and zeros. For example, the more poles there are the lower the 
velocity constant. Poles close to the origin cause low velocity constants 
unless there are zeros nearby. In contrast zeros, to a certain extent, 
improve K^. In Ex. 10-11-2 the zero at -12.5 if moved to -6.67 results 
in an infinite The relation in Eq. 10—11—25 is used later in the study 
of root locus and the choice of closed-loop pole-zero patterns. A relation 
for Ka can also be established, but it is not as simple or as important as 
Eq. 10-11-25. 

PROBLEMS 

10-1. The impulse response of a system is H- The time function 

rit) = cos St is applied to the system. The output of the system is to be found by 
using Laplace transforms. The so-called steady-state sinusoidal response is to be 
found using the methods of Chapters 3 and 6. Explain the results. 

10 - 2 . Repeat Prob. 10-1 with t{t) == -f and r{t) = cos St, 

10 “ 3 . Convolve with 

10 - 4 . Convolve the derivative of with the integral of u 

10 - 5 . Convolve the integral of with the derivative of 

10 - 6 . Convolve £“* with 

10 - 7 . Convolve the derivative of with the integral of m- 2 (^). 

10 - 8 . Convolve the second integral of with the second derivative oi 

10 — 9 . Convolve 1 — with 

10 - 10 . Convolve the derivative of 1 — g~^ with the integral of 

10 - 11 . Convolve the second derivative of 1 — with the second integral of 

10 - 12 . Convolve the second integral of 1 — e~^ with the second derivative 
of 



Fig. lO-P-IS. 
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10 - 13 . 

10 - 14 . 

10 - 15 . 

10 - 16 . 

10 - 17 . 

10 - 18 . 

10 - 19 . 

10-20. 

10 - 21 . 

10 - 22 . 


Convolve (1 — £~^*) 'with i (1 — e~^). 

Convolve the derivative of (1 — with the integral of J (1 — s~^). 
Convolve/i(t) of Fig. lO-P-15 with itself. 

Convolve /^(t) of Fig. 10~P-15 with itself. 

Convolve feit) of Fig. lO-P-15 with itself. 

Convolve f 2 (t) with fsit). Both functions are shown in Fig. 10-P~15. 

Convolve/ 4 (t) with/ 5 (t). Both functions are shown in Fig. 10—P-15. 

Convolve/ 3 (t) with/ 5 (t). Both functions are shown in Fig. 10-P—15. 

Convolve/ 5 (t) with Both functions are shown in Fig. 10-P~15. 

Given the transform of a unit-step function response as 


CW = 


6 (s + 2.5) 
2.5sis + 2)(^ -h 3) 


Plot the time functions corresponding to 


C,{s) 


2 

s(s + 2) 




and predict the approximate plot of c(t). Actually calculate c(t) and plot as a check. 
10-23. Given 




6(^ + 2.5) 
2.5(^ -f- 2)G + 3) 


Plot the frequency response corresponding to 


T^{s) = 


2 

^ 2 


and TaC^) = 


3 

5 -f- 3 


and predict the approximate frequency plot obtained from T(s). Actually calculate 
T(jco) and plot as a check. 

10-24. Given the transform of a unit-step function response as 

. S0(s + 3)(. + 6) 

lSs{s + 1)(5 -f 5)(^ -f 10) 


Divide this C(s) into an appropriate Ci(s) and C 2 {s) and finish the problem in a 
manner similar to Prob. 10—22. 

10-25. Given 

50(^ + 3){s + 6) 

18 (^ + 1 )(^ + 5 )(^ + 10 ) 

Divide this T(s) into an appropriate Ti{s) and T 2 (s) and finish the problem in a 
manner similar to Prob. 10-23. 

10-26. Prob. 10-22 is repeated with 

r(A — . c (s) -= - _ 

“ s(,s + 2)(s +3) ’ ^ + 2) 
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and 


C.(s) = 


3 

s(s f 3) 


1(^27. Prob. 10—23 is represented with 


and 


ns) = 


e(s + 1) 

(s + 2){s + 3) 


Tds) = 


2 

5 4 -- 2 


n(s) 


3 

5 4-3 


10-28. Predict the general shape of the time response corresponding to 


C(5) = 


10(5 -f 2.1f 
(2A)^s(s 4- 2)(5 + 5) 


Next, actually plot the c{t) curve to check the results. 

10-29. Predict the general shape of the frequency response corresponding to 


ns) = 


10(5 -f 2.1)2 
(2.1)2(5 4- 2)(5 4- 5) 


Next, actually plot the T(/cy) curve to check the results. 

10 - 30 . From the curves of Fig. 1 0-7-15a through e, replot on one sheet of 
paper, the curves with the zero at —0.5 and the pole on the negative real axis taking 
on the values of —0.5, —1, —2, —5 and —oo. 

10 - 31 . Repeat Prob. 10-30 except locate the zero at —2. 

10 - 32 . Repeat Prob. 10-30 except locate the zero at —5. 

10 - 33 . Repeat Prob. 10-30 except locate the zero at — co. 

10 - 34 . Given the transfer function 


_ (5 4- 1)(S -f 2)(5 + 3) 

(5 4- 0.5)(52 +^4- 1)(^ + 5) 

Write all the possible transfer functions that have the same attenuation characteristics 
and differ only in phase from the T(5) as given. 

10 - 35 . In Table 10-10-1, the asymptotes for the attenuation diagrams in 
transfer functions (b) and (c) are identifical. Sketch the actual attenuation curve 
for both parts to see how they differ. 

10 - 36 . Check all diagrams in Table 10-10-1. 

10 - 37 . Use Eq. 10—11—20 to find the position constant for a unity feedback 
system with closed-loop poles at —20 4: j20 and no finite zeros (ao is unity in this 
case). Let K = 400. What is Kv' for this system ? What is Ky ? 

10 — 38 . A Type 1 system with closed-loop poles at —5 4= /lO and no finite 
zeros is to be compensated to increase Ky five times. What is the present K and Ky ? 
A closed-loop pole-zero pair is to be added on the negative real axis near the origin to 
accomplish the compensation. Which singularity must be nearest the origin ? If 
the zero is located at —0.75, where must the pole be located? 
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10—39. Expand the product of factors 

(5 + \)(s + 2 +j2)is + 2 -j2){s + 3) 

and identify the way the coefficients in the resulting polynomial 5^ -f + a 2 s^ 
~h ais + ao are formed. (Sums of various products of the zeros.) 



11 

ROOT-LOCUS METHODS 


11—1. Introduction. A knowledge of the closed-loop poles and zeros 
of a control system is necessary for obtaining various responses. The 
analysis and design methods of Chapters 7, 8, and 9 in this text are con¬ 
cerned mainly with the open-loop poles and zeros and thereby avoid the 
problem of factoring the system characteristic equation. However, these 
open-loop methods allow only indirect correlation between closed-loop 
transient performance and various open-loop system parameters. The 
root-locus methods introduced in this chapter allow study of a control 
system while observing through a semigraphical procedure the general 
relationships between open-loop and closed-loop poles and zeros. 


11-2. The Basis of the Direct Root Locus. ^ The basic equation 
for a unity feedback system like that illustrated in Fig. 11—2—1 is 


C(s) 

Ris) 


= Tis) - 


KG(s) 

1 4- KG(s) 


( 11 - 2 - 1 ) 


The system gain, K, is shown explicitly, since it enters directly in the 
root-locus procedures that follow. For the cases in which the transfer 
function, KG(s)f is a ratio of polynomials 



Fig. II-2-I. 


KG(s) - 


<iis) 

P(s) 


rrc'k - gC-y) _ ^ 
P(s) + q(s) v(s) 


( 11 - 2 - 2 ) 
(11-2-3) 


and it is apparent that the closed-loop zeros of T(s) are the same as the 
open-loop zeros. The closed-loop poles are the zeros of p(s) + q(s) or of 
1 -(- KG(s). Normally the procedure involved in determining the closed- 
loop poles is to factor 


so as to obtain 


p(s) + ^(5) = 0 


( 11 - 2 -- 1 ) 


(s + pi)(s + Pz) * * ' (-y + Pn) — ^ (11—2 5) 

W, R. Evans, Control-System Dynamics, McGraw-Hill Book Co., Inc., New York, 1954. 
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If the open-loop gain K is allowed to vary, the roots of Eq. 1 \—2-4 vary in 
some manner. A plot of these roots in the Laplace ^-plane as K varies is 
called the direct root locus. This plot must have as many branches as 
there are roots of Eq. 11 - 2 - 4 . If these roots had to be found by factoring 
Eq. 11 — 2-4 for each value of the root locus would be of no use; however, 
it is obtained by using the other form for the characteristic equation 

1 + KG{ 5 ) = 0 ( 11 - 2 - 6 ) 

or 

KG{s) = -1 ( 11 - 2 - 7 ) 

Instead of factoring Eq. 11 — 2 — 6 , use is made of the fact that KG{s) is a 
function of a complex variable. Eq. 11 — 2—7 (and Eq. 11 - 2 - 6 ) specifies 
two things: first, the magnitude, |ifG(s)|, must equal 1, and second, the 
angle of KG{s) must be an odd multiple of 180 °. The direct root locus in 
the s-plane is determined by finding those values of s that satisfy the angle 
condition above. If the angle condition is satisfied by ^ = ^i, certainly a 
value oi K = Ki can be found to satisfy the magnitude equation where 




1 


( 11 - 2 - 8 ) 


While the procedure that is used in plotting the direct root locus makes use 
of the angle criterion, it is not a haphazard search for values of This 
becomes apparent when rules for the construction of the root locus are 
considered. 

The direct root locus can also be applied to control systems of the type 
shown in Fig. 11—2—2. In this case 



~ 1 + KG{s)H{s) ^ 

the characteristic equation can be written as 


, KG{s)H{s)^^\ (11-2-10) 

Fig. 11-2-2. 

It is necessary to consider KG{s) H{s) in this case in the same manner as 
KG{s) is considered in the unity feedback case. In addition, the poles of 
H{s) appear as zeros of the closed-loop function T{s). 


11-3. The Basis for the Inverse Root Locus. The problem of 
control system synthesis frequently requires a study of the open-loop poles 
and zeros when a certain closed-loop pole-zero pattern is specified. This 
is the reverse of the previous direct root locus process. Since closed-loop 
performance is generally specified, certain closed-loop poles and zeros are 
required. In addition, a part of the open-loop system will probably be 
fixed by certain major components, thereby imposing restrictions on the 
closed-loop transfer function. It is helpful to be able to visualize these 
restrictions. The inverse root locus makes such a visualization possible. 
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Eq. 11—2—1 can be rearranged as 
KG{s) - j 


(11-3-1) 


qjs) ^ qjs) 

Pis) vis) - qis) 


(11-3-2) 


A similarity of form exists between Eqs, 11—2—2 and 11—3—2 with the 
exception of a sign difference. The open-loop poles in this case are the 
roots of 


t;(s) — qis) = 0 (11-3-3) 

or 

1 - Tis) = 0 (11-3--1) 

Again, it is possible, instead of factoring these polynomials, to plot a 
locus of roots as the gain implicit in T(s) is varied. This locus is called the 
inverse root locus and the points on it must satisfy the following conditions. 

|r(5)| = i (11-3-5) 

ang T{s) = 2nn ; w = 0, ± 1, i 2, . . . (11—3—6) 

The inverse root locus is determined by conditions similar to those for 
the direct root locus except that the angle criterion calls for an even 
multiple of 180'^ instead of an odd multiple. 

If feedback elements are present so that an His) other than unity is 
used, Eq. 11-2-9 serves as a starting point for developing the inverse 
equations: 


= 1 KGis)His) 

^ ^ His) 1 + KGis)His) 


KGis)His) = 


Tis)His) 

1 - Tis)His) 


(11-3-7) 

(11-3-8) 


In this case Tis) His) must be treated as Tis) is treated in the unity feed¬ 
back case. 


11—4. Rules for the Direct Root Locus. The rules for constructing 
the direct root locus are developed for unity feedback cases. For other 
cases KGis)His) is used in place of KGis) in all manipulations. In 
establishing the angle of KGis) for a given value of it is convenient to 
consider the factored form 


KGis) = 


Kjs + z,) 
s(5 + pi)is + pi) 


( 11 -^ 1 ) 


Fig. 11—4—la shows the zeros and poles of this open-loop function. For a 
particular value oi s ~ ^i, the factors Si + Zi, Si, Si + pi, Si + can be 
represented as phasors as in Fig. 11-4—lb. The important point to ob- 
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serve in Fig. 11—4—lb is that all phasor angles can be measured with a 
protractor at the Si point being considered instead of moving the protractor 
to ~pu —^> 2 , etc., in succession. The problem in plotting the 

direct root locus is to find values of s that cause the net angle of KG{s) to 
be an odd multiple of 180°. From Fig. 11-^lb this requires 

(pi — {(p2 H~ 9^3 + (Pa) = (27 + l)jz: ; 7 = i =h 2, * * • (11—4—2) 

The following rules help to find values of s that satisfy such an angle 
equation. 

Rule 1 . Real Axis Sedgments. Certain segments of the real axis are 
generally parts of the root locus. Since the angle of a factor such as 
5 + will be either 180° or 0° for real values of s and it can be seen 
that the segments to be used are to the left of an odd number of poles and 
zeros. It must be added that conjugate pairs of complex poles contribute 
a net angle of zero to the angle of KG(s) for values of ^ along the real axis. 


Example 11-4—1. The open-loop transfer function 

KC(k^ =_ 4-10) _ 

^ ^ s{s + 25)(^ -h 40)(5^ 4- 10^ + 50) 


(11-4-3) 



Fig. 11-4-2. 
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has its poles and zero plotted in the s-plane of Fig. 1 1-4—2. The real axis segments 
of a unity-feedback-system direct root locus for Eq. 11-4—3 also are shown in Fig. 
1 1-4—2. The factors ^ -f 10, ^ + 25, ^ + 40 all have an angle of zero for a value of s 
between 0 and —10 while the factor s has an angle of 180°. The factors 5 + 5 + 7*5 
and ^ + 5 — j5 can be seen to contribute equal but opposite angles ± 99 . Thus any 
5 on the real axis segment from 0 to —10 gives 

angi^G( 5 ) = 0° - (180° + 0° + 0° + 9 ? - 99 ) = -180° (11-4-4) 

and therefore forms a part of the direct root locus. This means that for certain 
values of K the points on this segment are roots of 

1 + KG(s) - 0 (11-4-5) 

Similarly the segment from —25 to —40, which is to the left of 3 real poles and 
zeros, is part of the locus since 

ang KG(s) - 180° - (180° + 180° + 0 + ^ - 9 )) = -180° (11^1-6) 

Thus any segment of the real axis to the left of an odd number of poles and zeros 
forms a part of the locus. 

Rule 2. Starting and Ending Points. As stated before, the direct 
root locus gives the closed-loop poles as the open-loop gain K is varied. 
For == 0, it is necessary that G(s) 00 or approach a pole in order for 
the magnitude requirement 

|XG(5)| = 1 (11^7) 

to be satisfied. Alternatively, from 

1 + KG{s) = 0 - p(s) + q(s) (11-^8) 

as if 0, g(s) 0 and this leaves p(s) = 0; but p(s) contains simply the 
factors that give the open-loop poles. This means that the closed-loop 
poles degenerate to the open-loop poles as the open-loop gain K goes to 
zero. 

If if -> 00 , it is necessary that G(s) approach zero in order to satisfy 
the magnitude criterion. From Eq. 11-4—8 

^ + G(s) = 0 (11-4-9) 

and if if 00 , this degenerates to 

G(s) = 0 (11-4-10) 

or to the open-loop zeros, including those at infinity. Thus, as if -> 00 , 
the closed-loop poles move toward the open-loop zeros. The above facts 
are stated concisely as Rule 2: As the open-loop gain if is increased from 
zero to infinity, the branches of the locus of the closed-loop poles start at open- 
loop poles and terminate on open-loop zeros (including those at infinity). 
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Example 1 \-A~2, A unity feedback system with 

KG{s) = —(11-4-11) 
s 


K»a3 

K»3 

K=1 

K«l/3 


K=*0 

f .. 

-1 

-3/4 

-1/2 

-1/4 




Fig. 11-4~3. 


is considered in this example so that a very simple root locus results. As shown in 
Fig. 11—4-3, the section of the real axis from 0 to —1 forms all of the root locus. 
The actual closed-loop characteristic equation is 

1 + = 0 = i + ii:(^ + 1) 

S 

(11-4-12) 

This gives the closed-loop pole as 


-K 

^ = \+K 

(11-4-13) 

and also 



(11-4-14) 


From Eq. 11—4-13, the correctness of Rule 2 in this case can be established since 
for iC == 0, ^ = 0 and for iC -^oo, ^ —1. Between these extreme values, Eq. 

11-4-14 can be used to determine the values of K that give a closed-loop pole at a 
specific value of 5 on the indicated locus. 

Example 11-4-3, As a second example of Rule 2 

KG{s)=— (11-4-15) 

is studied. This transfer function has a single zero at infinity as well as a pole at the 
origin. The closed-loop characteristic equation is now 

1+—=^-±^=0 ( 11 ^ 16 ) 

5 s 

s=-K (11-^17) 

From Eq. 11-4—17 it can be seen that the closed-loop pole moves from ^ = 0 to 
s = CO along the negative real axis as K varies from 0 to oo. Since most open-loop 
transfer functions have one or more zeros at infinity, there will generally be branches 
of the direct root locus going to infinity along various paths. The following rule 
considers such situations. 

Rule 3. Asymptotes for Large 5 . When there are zeros or poles 
in KG(s) at infinity, asymptotes play an important role in the direct root 
locus plots. The equation 



(11-4-18) 
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which has n zeros at infinity is considered. The roots of the equation, 
5 ” H- = 0, formed from Eq. 11-4-18, have varying magnitudes as K 
varies, but all roots follow a set of lines emanating from the origin of the 
5-plane. These lines make angles of (2^ + \)7t\n radians (^ = 0, 1, • • * > 
w —-1), with the positive real axis. For example, if « = 3 so that 5 ® + K = 0 
is the equation under consideration, the roots follow paths as indicated 
in Fig. 11 -4- 4 a. If the equation is of the form 



the root loci emanate from 5 = —c, but still make the same angles in the 
5-plane as illustrated for w = 3 in Fig. 11- 4 4 b. 

The characteristic equation can generally be written in the form 


KG{%) 


■ (5^' + ara-\S'^ ^ -j- . . . 
+ bn-lS^~^ + * * * + 


= -1 (11-4-20) 


with n > m. For very large values of 5 , only the higher order terms need 
be considered, so that Eq. 11-4—20 can be approximated as 


KG(s) ^ ^ ^ - 1 (11^21) 


Eq. 11-4—21 indicates that the root locus has n — m asymptotic branches 
which are approached at large values of 5 . These asymptotes make 
angles of (2^ + l)jr/(w — m) radians (^ = 0,1, 2, • * *, « —m — 1), with the 
positive real 5-plane axis. 

Since most work in plotting root loci involves a small portion of the 
5-plane near the origin, it is necessary to be able to determine a suitable 
point of intersection for the asymptotes. Neglecting all but the highest 
power of 5 as in Eq. 11 - 4-21 indicates that from infinity the asymptotes 
appear to come together at the origin in the 5-plane. However, as the 
finite region nearer the origin but still for relatively large 5 is considered, 
more powers of 5 in Eq. 11 - 4—20 must be retained. In order to use the 
n ~ m asymptotes established above while obtaining a better approxima¬ 
tion to the actual Eq. 11 - 4 — 20 , a relation of the form 

^ ~ ^ ( 11 ^ 22 ) 
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is generally used. The constant c is chosen so that the term in the 

expansion of 11-4—22 will match the similar term in an expansion of 
Eq. 11-^20 in the form 


KG{$) 


K 




+ 


= - 1 


(11-4-23) 


This requires that {n — m)c = bn -1 — cim -i* From earlier discussion the 
term bn-i is known to be the negative of the sum of the open-loop poles 
while is the negative of the sum of the open-loop zeros. Since 

Eq. 11-4-22 has n — m root loci originating at ~c, the root locus asymp¬ 
totes for the actual system originate at 




(^n-1 _ Clm - 1) 

n — m 


(11-4-24) 


S(Open loop poles) — S(Open loop zeros) 
n — m 


(11-4-25) 


This scheme determines an origin for n — m intersecting asymptotes 
making the specified angles with the positive real axis. 

Finally, Rule 3 can be stated as follows. The segments of the root locus 
for large s and n'> m can be approximated byn—m straight-line asymptotes 
making angles of 

^ ; yfe = 0,1,2, •••,« -w -1 (11-4-26) 

n — m 

with the positive real axis and intersecting at the point given by 

n m 

Il(Open loop poles) — S(Open loop zeros) 

- (11-4-27) 


where n is the number of finite poles and m is the number of finite zeros in the 
transfer function KG{s), 


Example 11-44. Rule 3 is applied to the transfer function of Example 11^1—1, 
namely 

^ s(s + 25)(s +^40)(s* + lOi + 50) (11^28) 

In this case n = 5, m = 1, and therefore there are four asymptotes, which make 



Fl|. 11-4-5. 
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angles of jr/4, 37 i/ 4 , 5jr/4, and UnjA radians with the positive real axis, as shown in 
Fig. 11-4-5, The asymptotes intersect at 


[0 .^ 25 - 40 + (- 5 +75) + (- 5 -j5)] -[- 10] 
4 


-16.25 


(11-4-29) 


The real axis segments are also shown with arrows to indicate the direction of 
movement of the closed-loop poles as the open-loop gain K is increased. As 
mentioned before, the closed-loop poles start at the open-loop poles and move 
toward the open-loop zeros, of which four are at infinity in this case. The straight- 
line asymptotes indicate how these four zeros at infinity are approached. 

It should be noted that the segment from —25 to —40 is also a part of the root 
locus and that two closed-loop poles must move toward each other. At some value 
of gain they coincide, giving a double closed-loop pole. It is found that the locus 
then leaves the real axis with two complex segments. There also must be segments 
starting at the two complex poles at —5 ± jS. 

Rule 4. Complex Conjugate Segments. Since the closed-loop 
characteristic equation 1 + KGis) = 0, involves only real coefficients of 
terms in s, cll closed’-loop coifipl€X roots must occur in conjugate pairs. As 
stated previously, there must be as many branches as there are closed-loop 



Example 11-4-5. For the KG{s) of Example ll^M- there are four complex 
branches as shown in Fig- 11-4—6. Several factors must be considered in order to 
sketch these branches. The first of these factors is the point of departure of the two 
segments between 5 == —25 and —40. The second of these is the angle,at which the 
complex segments leave the complex poles at — 5 4 j5. A process of trial and error 
with a protractor could be used since all that is needed are the values of s that make 
the angle of KG(s) equal an odd multiple of 180°. However, later rules establish 
some simpler methods that are useful in many cases. 

Five segments of the root locus of Eq. 11-4-28 are now available, giving the 
movement of five closed-loop poles as K varies. The need for five segments comes 
from the fact that a fifth-degree polynomial results for the characteristic equation: 


5 ^ 4 155^ 4 1,7005® 4 13,2505" 4 (50,000 + IQslOK = 0 (11-4-30) 


What has really been sketched in Fig. 11 4-6 are the paths of the roots of Eq. 11—4-30 
as K varies from zero to infinity. No factoring has been done; however, it might be 
pointed out that plotting the exact locus and determining its calibration for specific 
values of K corresponding to closed-loop poles at various points requires consider¬ 
able additional work. 
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Rule 5. Departure of Complex Segments from Real Axis. As 
indicated in the previous example, there is a need for determining the 
point of departure of a complex segment of the root locus from the real 
axis. Fig. 11-^7 illustrates a case in which the real axis segment to the 



(a) (b) 

Fig. 11-4-7. 


left of an odd number of poles has been indicated as a part of the direct 
root locus. Since two closed-loop poles approach each other for relatively 
small values of K and since there is a double zero at infinity requiring 
asymptotes at i: 90° emanating from —ajl, there must be two complex 
segments breaking away from the real axis at some point. To locate this 
point, a test point is chosen just off the real axis in the general vicinity of 
breakaway, as shown in Fig. 11-4—7b. If the test point is on the locus, the 
angle of KG{s) must still be an odd multiple of 180°. Thus ~(p 2 — A 991 
= it 180° (since this is the angle for points on the real axis segment and no 
sudden jump in angle should occur). However, <p 2 = 180° — and 
therefore 


—180° “h A9?2 — A(^i = 180° 

(11^31) 

or 


A^?! = A 992 

(11-4-32) 

In reality, this states that no change should occur in the angle of KG{s) 
as s leaves the real axis segment of the locus. By using d and Aco Eq. 

11-4—32 can be written as 


tan tan 

(11-4-33) 

For very small departures from the real axis, the first-term 
tion from a series expansion for the arctangent function gives 

approxima- 

Aco Ao) ^ 

d a -d~ 

(11-4-34) 

1 ' =0 
d a - d 

(11-4-35) 


The point of departure is now found from Eq, 11-4-35 as = a/2. This 
value could have been arrived at by direct reasoning in this simple case 
since only for an isosceles triangle will the two angles and be the 
same. The angles need to be the same here, since only two angles are 
involved, thus requiring one to be decreased by the same amount as the 
other is increased to prevent a change in the net angle of KG{s). The 
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complete root locus in this case follows the real axis to the point —ajl and 
then follows the asymptotes to infinity. 

An equation of the form of Eq. 11—4—33 can always be set up for 
finding d; however, as the system grows in complexity, a higher-order 
equation in d results and the advantages of such a scheme become question¬ 
able. When complex poles are introduced, a more involved quadratic 
term results for each pair of complex poles. These statements are il¬ 
lustrated in the examples that follow. First, in summary. Rule 5 can be 
stated as follows: By assuming a test point near the real axis breakaway, 
setting the change in ang KG(s) equal to zero and using a linear approxima¬ 
tion to the arctangent function, an equation giving the breakaway point can 
be obtained. 


Example 1 1-4-6. For 


KG{s) = 


K{s + 10) 
s{s + 4) 


(11-4-36) 


the procedure for applying Rule 5 is illustrated in Fig. 1 1 —4-8a. It should be noted 
that increases in the angles for zeros have the same effect as decreases in the angles for 



Fig. 11-4-8. 

poles. Thus the angle A <^2 should be the largest angle and 
sum of A 993 and A 931 : 

A992 = A^?! + A9J3 


in fact it must equal the 
(11-4-37) 


tan 






-f tan 


iA) 


(11-4-38) 
< 5 ? and 


The sides of the triangles are set up as normally positive quantities such as 4 
10 — d. Finally 

111 

(11-4-39) 


1 


A - d 10 - d 


d^ - 20^ 4 - 40 = 0 


d== 2,26, 17.74 


(ll^M-0) 


The smaller value of d is logical but the larger value brings up a question as to 
its usefulness. However, only one zero exists at infinity and the real axis segment 
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from —10 to —00 is a part of the locus. Apparently the two complex branches that 
split off at —2.26 must come back together somewhere outside —10 and proceed 
along the real axis to the zero at — 10 and to the zero at — oo. It would seem reason¬ 
able to expect the —17.74 solution above to be the point of return. This fact can be 
checked by setting up the “no change in angle” relation outside —10 using Fig. 


11^8b. 


(—A^s) " (--A992 — A 9 ?i) = 0 


(11-^M-l) 


all A(p’s are decreases in the net angle of each term from the values of 5 on the real 
axis. Thus 


or 


1 

d - 
1 

4 - 


10 d - 4 d 

1 , 1 
d"^ d"^ 10 -d 


(11-4-42) 

(11-4-43) 


which is exactly the same as used before. The value d = 17.74 does give the point of 
return of the locus. The rest of the root locus in Fig. ll-4-8b is roughly sketched 
for completeness. 


Example 11-4—7. As a second example of Rule 5 suppose 
^ s{s + 4)(5 + 6)(5 + 10) 


(11-4-44) 



Fig. 11^9. 


Fig. 11-4—9a illustrates the preliminary information obtained by applying Rules 1 
and 3 and the information required to set up the point of departure relationship of 
Rules. For point (T) 

—(A9?2 + A 973 -j- A 934 — Ag?i) = 0 (11-4- 4 5) 


_ t _^_t_ \ _ t _ - ^ 0 

4 -d^6 -d^l0~d d 

4d^ - 60d^ + 248d - 240 = 0 
d= 5, 8.61, 1.39 


(11-4-46) 

(11-4-47) 

(11-4-48) 


The roots d = 1.39 and d ~ 8.61 are expected, since there are two points of break¬ 
away, one between 0 and —4 and the other between —6 and —10. The root, 
d = 8.61, can be checked .by setting up an equation at point (^. However, the 
presence of the value d = 5 is puzzling at first. The relationship that is set up 
requires no change in angle at the test point from what the angle would be on the 
real axis. The region from —4 to —6 is considered now. Obviously this is not part 
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of the root locus, since the angle of KG(s) for s on this segment is —360°. However, 
if a path left the real axis vertically at r = —5, the angle of KG{s) would not change 
from the 360° value on the segment between —4 and — 6 . This is true since two 
pairs of equal angles are involved as indicated in Fig. 1 l-4~9b. The angles A<pz and 
Aq )4 are increases in the angles of the open-loop pole terms ^ -f 6 , and 5 + 10 while 
and A ^2 are decreases in the angles of the open-loop pole terms 5 and 5 + 4. Since 
Aq)i = Aq )4 and A(p 2 = A(p 2 y there is no net change in the angle of KG{s), as mentioned 
above. Therefore, not all solutions of the departure-point equation give actual 
root-locus departure or arrival points. The increasing order of the equation in d 
should be observed also. 


Example 11—4-8. In order to introduce the effect of complex open-loop poles 
on the procedure of Rule 5 


KG(s) = 


K 

5(5 + 10)(5^ + 45 + 104) 


(11-+-1-9) 



is considered next. The application of Rules 1 and 3 give the information sketched 
in Fig. ll-+-10a. The real poles present no new problems and so attention is 
focused on angles Acp^ and A 993 . Since A(p 2 = (p' 2 . ~ (Pz in the above figure 


{d- a)K^ - Aft,) -(d - a)lp 


tan 


tan’ 


+ [(d - am - Aa>)][(<f - a)!f}\ 
r ^oy{,d - a) 1 

y + W - a)^J 


] 


( 11 ^ 50 ) 

(11-+-51) 

(11^52) 


A<P 3 can be shown to be approximately the same as A 92 and so the net change in 
angle due to the complex poles in Fig. 11—4-lOa is a decrease of approximately 


2 tan”' 


Aai{d — a) 

+ (d - aY 


The complete equation for d is therefore 


(11-4-53) 


A<??4 = A<P2 + A(P2 + A<??] 


( 11 ^ 54 ) 
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1 _ 2(d ~ 2) 1 

10 -d 10" -\- (d ~2y d 

d = 5.8, 2.35 ±y6.27 


(11-4-55) 

(11-4-56) 


Since only real solutions of d are of interest, the value d = 5.8 gives the desired 
breakaway point. Again, a cubic equation has to be factored to obtain this value, 
making it apparent that this approach is of limited value if a larger number of poles 
and zeros is involved. In some cases poles that are far away from the point of break¬ 
away can be neglected, thus simplifying the equation in d while retaining reasonable 
accuracy. The remainder of the root locus is sketched in Fig. 11-4—10b using Rule 6 
which is yet to be discussed. 


Rule 6. Angles of Departure and Arrival at Complex Poles 
AND Zeros. Whenever complex poles and zeros exist in the open-loop 
transfer function, there are branches of the root locus that leave and 
arrive at these points. In many cases an angle of departure or arrival is 
very useful in establishing the general shape of the root locus near these 
singularities. In fact, it has already been used several times previously 
in roughing in the root locus. 

The desired angle is generally determined as follows for complex 
poles. For points very close to the complex poles the angles of all terms, 
except the one for the pole under consideration, are essentially constant 
at the value computed for ^ equal to the pole value. In reality, ^ is not 
equal to the pole value except for X = 0 and so an additional angle for the 
pole term must be considered. This is the desired but unknown angle. 
In the original angle criterion for the direct root locus this angle is taken 
as an unknown pole angle (p. Since it is the only unknown in the angle 
equation, the solution for (p is possible. 

If the angles of arrival at a zero is under consideration, the procedure 
is exactly the same except that the unknown angle results from a zero term. 
The root locus enters or leaves the zero or pole under consideration tangent 
to the line determined by the angle found from the above procedure. 
In summary, Rule 6 can be stated as follows: The angles of phasors from 
all poles and zeros to the one at which the angle of departure or arrival is 
desired are computed. The root locus angle equation using these angles plus 
an unknown one for the angle of departure or arrival is written. This angle 
equation is solved for the unknown angle. 


Example 11-4-9. In order to fill in previous examples, the open-loop transfer 
function from Examples 11-3-1, 11-3—4, and 11-3—5 is considered again 


+ 10 ) _ 

^ ^ s{s 4 - 25)is + 40)(^" + 105 + 50) 


(11-4-57) 


with poles and zeros as in Fig. 11-4—11. From the geometry of the figure the angles 
are computed as listed on the figure or they can be computed from KG{s) by substi¬ 
tuting 5 = —5 + jS in all terms but the pole term s 5 —jS. For a point, 5 i, on the 
root locus but just off the point s = —5 -f- j5, the angles through 935 remain ap- 
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proximately the same but the term Si H- 5 — 7 * 5 , now has an unknown angle (p^. To 
find the root-locus angle criterion gives 

<p2 ~ (spi + 9?2 4- 9^4 + 9^5 + — 180° (11—4-58) 

Actually any odd multiple of 180° can be used. 

45° - (135° + 90° + 14° 4- 8.1° + <p^) = 180° (11-^59) 

q)^ = -382.1° = -22.1° (11-4-60) 

By using this angle and an approximate breakaway point computed by using Rule 5, 
the sketch of the root locus in Fig. 11-4—12 is developed. 



Example 11-4—10. In order to illustrate the angle-of-arrival part of Rule 6 , 
the KG(s) of Eq. 11—4--61 is considered. 


KG(s) = 


K(s^ 4 - 20 ^ 4 - 200 ) 

^(y 4" 2) 


(11-4-61) 


Application of Rules 1 , 3, 5, and 6 gives the information sketched in Fig. 11^4-13a. 
From Rule 6 


((Pi 4- 90°) - (135° 4- 128.6°) - 180° (11-4-62) 

(Pi = 353.6° = -6.4° (ll-4-^3) 


For the point of departure from the real axis between 0 and —2, Rule 5 gives 
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Fig. 11-^13. 


2{10~d) 1 1 

(10 ~d)^ + 10^ 2 -~d d 

9cP - 200d -f 200 - 0 

d = 1.04, 21.2 


(11-4-64) 

(11-4-65) 

(11-4-66) 


the value = 1.04 being the desired departure point. The root locus can now be 
sketched as in Fig. 11-3-13b. 

Rule 7. Calibration of the Direct Root Locus. After the various 
branches of the root locus have been located, it is necessary to calibrate the 
locus in terms of specific values of the open-loop gain K. This process 
establishes points that satisfy the magnitude relation 

|XG(5)| = 1 (11-4-67) 

obtained from the characteristic equation. Written another way this 
relation gives the value of K for a specific value of ^ on the root locus. 

The magnitude |G(^i)| can be determined by measurement of lengths 
graphically or by analytical calculation. The graphical procedure as¬ 
sumes an 5-plane plot with equal scales on the cr- andyco-axes. 

In order to illustrate the procedure, the transfer function 

KGis) = ^ (11-4-69) 

s(s + a) 

having the root locus in Fig. 11—4-14, is studied. In finding the value 
of K that gives closed-loop poles at the points labeled CD on the root locus, 
Eq. 11-4—68 can be used as follows: 

fC = 1 _ did2 

^ “ d^ld^d^ ” da 


(11-4-70) 
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The lengths /i, 4, and h can be measured with a pair of dividers and 
checked against the a- or/co-scales to give du ^ 2 , and A few such 
calculations generally provide adequate calibration of the root locus. 

While there are other special methods of calibrating certain points on 
the root locus, the use of Eq. 11-4-68 is fastest for setting K at a number 
of general points. Rule 7 can then be summarized as follows: To set the 
value of K at points on the root locus, the relation 

is used graphically. 


Example 11--4-11. As an example of the use of Rule 7, the following KG{s) is 
considered: 


KG{s) = 




s-plane 



Fig. 11-4-14. 


K 

s{s + 4) 


(11-4-72) 



The root locus for this function when used in a unity feedback closed-loop system 
is shown in Fig. 11-4—15. To find the gain corresponding to the point (— 1) 


At -2 

while at — 2 i jl 


K = (1)(3) = 3 
K - (2)(2) = 4 

K = (2v^)(2-v/2) = 8 


( 11 ^ 73 ) 

( 11 ^ 74 ) 

(ll-t-75) 


It might be pointed out here that when two or more zeros exist at infinity in the 
transfer function, KG{s), the sum of the closed-loop poles is constant. This is 
apparent in this case since 

1 + KG{s) = 0 = + 4s 4 K (11-4-76) 

where —4 is the sum of poles. 

This means that as one or more poles move left with K changing, the others must 
move right to keep the sum constant. In this case the constant sum of the poles 
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provides a means of pairing points on the horizontal axis that result in the same K. 
Thus —1 and —3 are such a pair. 

Another useful item occurs when one or more open-loop poles exist at the origin 
as in this example. The product of the closed-loop poles is then proportional to K, 
as can be seen in Eq. 11-^76 above, where the product of closed-loop poles is equal 
to K. Thus for closed-loop poles at —2 dz 7*2, the product of poles gives 

K == (^2 + 72)( -2 - 7*2) = 8 (11-4-77) 

11—5. General Comments on Construction of the Direct Root 
Locus.The preceding section has set forth some very useful rules for 
constructing and calibrating the direct root locus. However, one impor¬ 
tant fact should be emphasized before continuing. The construction of 
root loci is not all done analytically, as the rules might lead one to think. 
The complex sections of the root locus have to be refined graphically! A 
rough sketch can be made fairly easily, but to obtain good accuracy a pro¬ 
tractor or some such device^ has to be used to check the angle of KG{s) at 
proposed locus points which are not determined analytically. If a point 
on the rough sketch does not give an angle that is an odd multiple of 180"^, 
the test point is moved and rechecked until it does. The method illu¬ 
strated in Fig. 11^1—lb should be used in measuring angles. In moving 
a test point, it is helpful to notice the effect on the angles of the zeros and 
poles, as compared with previous resultant angles, in order to determine 
the direction in which to move a point. 

Since the imaginary axis is the dividing line between poles that lead to 
stable and unstable response modes, an analytical method of locating the 
points, where the loci cross the 7 co-axis as well as determining the cor¬ 
responding gain is useful. By applying Routh’s test to the closed-loop 
characteristic equation, the above data can be easily obtained in simple 
cases. The procedure is best illustrated by an example. 



2 A device called a Spirule is a useful tool for constmcting root loci (The Spimle Co., 
Whittier, California). 
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Example 11—5—1. For this example a unity feedback system with 


KG{s) = 


K 

s{5 -f 3)(^ + 4) 


(11-5-1) 


is used. The three zeros at infinity mean asymptotes exist at di 60° and 180° 
centered at —3.5 as shown in Fig- 11—5—1. The breakaway point is found at —1.13. 
The characteristic equation can be written 

+ 75^ + 12^ + iC = 0 (11-5-2) 


for which the Routh table is 


5 " 1 

5" 7 

5^ 84 - iC 
K 


12 

K 


In order to have an imaginary axis crossing a row of terms must be zero. The first 
such row would be the third with K = 84. This means that for this K value, 
Is^ 4- 84 is a factor of the characteristic equation, or ^ = ± jl \/3 are the crossing 
points. Since the sum of roots in this case is constant at —7, the point ^ = —7 also 
corresponds to iC = 84 as is checked by Rule 7 

(7)(4)(3) (11-5-3) 



\\ 

\ 


Fig. 11-5-2. 


Example 11—5—2. Another concept that is frequently useful is the behavior of the 
root locus for a system with a double pole at the origin. A unity feedback system 
with 

is considered. The pole pattern in Fig. 11—5—2 illustrates why it is necessary for 
the root locus to leave the double pole vertically. For very small movements 
vertically each pole at the origin contributes an angle of 90° while the pole at —4 
contributes 0°. As the locus moves away it must move into the right-half 5-plane so 
that the total angle due to the double pole decreases as much from 180° as the angle 
due to the pole at —4 increases. Another way of approaching this example is to con¬ 
sider that for very small values of 5 the 5 4-4 factor is approximately 4 leaving 



Art. 11-6] 


ROOT-LOCUS METHODS 


371 


KG(s) ^ J 

The characteristic equation becomes 



(11-5-5) 

(11-5-6) 


for which s must be purely imaginary, or in other words the root locus must leave the 
origin along the imaginary axis. 


11-6. The Inverse Root Locus Rules.® ’^ As mentioned in Art. 
11-3, the reverse relation between open-loop and closed-loop singularities 
can be used instead of the direct root locus of Arts. 11-2 and 11-5. Since 
the relations for a unity feedback system can be easily extended to a system 
with a specified feedback transfer function, H(s), the following rules are 
illustrated by unity feedback systems. For a system with unity feedback 
from Art. 11-3 


KG(s) = (11-6-1) 

where T(s) is the specified over-all closed-loop transfer function. It is 
also pointed out that the zeros are the same for KG(s) and T{s) so that only 
the equation 

1 _ Tis) = 0 ( 11 - 6 - 2 ) 

is of concern in plotting a locus. In this case the locus to be plotted is one 
giving all possible roots of Eq. 11—6—2 as the closed-loop gain implicit 
in T(s) is varied from zero to infinity. Since many of the rules for the direct 
root locus apply as they stand to the so-called inverse root locus, the rules 
for plotting this new locus are similar to those used in Art. 1 1—4- 


Rule I-l. Real Axis Segments. From Eq. 11-6-2 it can be seen 
that the angle criterion to be used for the inverse root locus is that the angle 
of T(s) be an even multiple of 180°. 

ang T(s) = 27ij ; 7 = 0, dz 1, + 2, • • * (11-6-3) 

Therefore the real axis segments to the left of an even number of poles 
and zeros form parts of the inverse root locus. 


Example 11—6—1. As a first example involving the inverse root locus 
^ (s + 10)(i" + lOi + 50) 


(11-6-4) 


^ John A. Aseltine, “Feedback System Synthesis by the Inverse Root-Locus Method,” 
IRE Convention Record, Part II (1956): 13—17. 

^ John Zaborszky, “Integrated 5-Plane Synthesis Using 2-Way Root Locus,” Trans. 
AIEE16, Part III Oanuary, 1957): 797-801. 
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Fig. 11-6^1. 

The closed-loop poles and zeros are illustrated in Fig. 11-6—1. Also, the real axis 
segments that form part of the inverse root locus are shown with heavy lines. For 
s to the right of -—4 the angles for the two factors 5 + 4 and 5+10 are both zero while 
the angles for the two complex-pole terms are equal but opposite. The phase angle 
of T(5) is zero. For 5 to the left of —10 the angle of T(5) is 360°, which also satisfies 
the angle condition above. 

Rule 1—2. Starting and Ending Points. For the inverse root locus 

|T(s)| = l (11-^5) 

which is the same as the requirement for the direct root locus. There is no 
change in Rule 2. Thus, in plotting the inverse root locus, the branches 
start at closed-loop poles and end on closed-loop zeros as the closed-loop 
gain varies from zero to infinity. In Example 11-6—1 branches of the 
inverse root locus start at 5 = —10, and —5 ± 7*5 and end on the zero at 
5 = -^4 and the two zeros at infinity. 


Rule 1-3. Asymptotes for Large s. As indicated above, branches 
of the inverse root locus frequently go to zeros at infinity. The procedure 
used in Rule 3 for the direct locus can be applied here with the exception 
that the angles made by the asymptotes become 

Ink 

Asymptote angles =- ; ^ = 0, 1 , 2, • • w — w — 1 

( 11 - 6 - 6 ) 

where n is the highest power of 5 in the denominator of T{s) and m is the 
highest power of s in the numerator of T{s). 

In establishing a point of origin for the asymptotes, Rule 3 also pro¬ 
vides the solution with the point given by 


Origin of asymptotes 


S (Closed-loop poles) — 2 (Finite closed-loop zeros) 

i-l t-1 


n ~ m 


(11-6-7) 
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Example 11-6-2. Rule 1-3 when applied to the system of Example 11-6-1 
gives n — m ~ 2 —1 = 2, indicating two asymptotes that make angles of 

(2je) 0=O and (11-6-8) 


with the positive real axis. These were already arrived at by Rule I—1. No point 
of origin is needed in this case. 

Example 11—6—3. As another example for a unity feedback system, consider 


T{s) = 


__ 

{s -h 10)(^" + 6s-h 25) 


(11-6-9) 



Fig. 11-6-2. 


which results in the closed-loop pole-zero configuration of Fig. 11-6-2. There are 
three zeros at infinity in this case. Therefore, three asymptotes eere needed which 
make angles 0, 27r/3, and 47r/3 with the positive real axis. Their point of origin is 
found to be 


-10 ~3 +i4 -3 -i4 
3 



( 11 - 6 - 10 ) 


Rule 1-A. Complex Conjugate Segments. Since normal closed- 
loop transfer functions, T{s), have real coefficients, their poles and zeros 
appear in conjugate pairs. Thus, branches of the inverse root locus not 
on the real ^-plane axis occur in conjugate pairs. In Example 11-6—1 there 
are branches of the inverse root locus that start at —5 dh jS, while in Ex. 
11—6—3 branches start at —3 dt 7*4. 


Rule 1-5. Departure of Complex Segments From the Real Axis. 
Whenever a segment of the real axis between two like singularities, as 
between two poles or two zeros, is part of the inverse root locus, two 
complex branches leave or enter this real segment. The approach that 
is used to determine breakaway points for the direct root locus can be 
applied directly to the inverse locus. In the case considered here this 
means that the change in the angle of T(s) must be zero as s moves from 
a real axis locus segment to a nearby complex point. The following 
examples illustrate a method which can be used to find breakaway points 
for the inverse root locus. 
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Example 11-6-4. In order to fill in parts of Ex. 11-6—1 


T{s) = 


Kcis + 4)_ 

{s + 10)(5" + 105 + 50) 


( 11 - 6 - 11 ) 


(-5+)5) A-#', 

A^2 

JW 

s-plane 

+ 

4<*> 

X 1 0 

-10 / -4 M 4 

V: 


T 


Fig. 11-6-3. 


is reconsidered. The partial inverse root locus which is sketched in Fig. 11—6—3 is 
obtained from previous rules. Since the real axis locus segment from —4 to -f oo 
is between two zeros, it is necessary for complex branches from the poles at —5 di 
to intersect the real axis at some point in the above interval. One branch then goes 
left to the zero at —4 while the other branch goes right to a zero at infinity. By using 
the procedure used in previous work in the examples for Rule 5, the following rela¬ 
tions can be written. 


A<??i — (A9?2 -f A 9?3 H- A94) = 0 

1 „ 1 2(d + 5) 

^ + 4 ^ + 10 (J + 5)^ + 52 

d = -0.726; -7.64 dzi3.26 

It can be seen that the intercept is to the left of the origin instead of to the right 
as assumed in setting up the above equations. 

Rule 1-6. Angles of Departure and Arrival At Complex Poles 
AND Zeros. By now it is almost monotonous to say that the procedure 
used for the direct root locus can also be applied to the inverse locus. 
It is fortunate, however, that such is the case in so many of the rules. 
In the case of Rule 1—6 the only change necessary when applying the 
approach of Rule 6 is that the angle of T{s) must be an even multiple of 
7t radians. Examples 11-6-5 and 11-6-6 illustrate Rule 1-6 while filling 
in information needed for previous examples. 

Example 11-6-5. In order to fill in Example 11-6-1, the angle of departure of 
the inverse locus branch from the pole at —5 4- 7*5 is found for 

+ 4) 

(s + 10)(s^ + 105+ 50) 


( 11 - 6 - 12 ) 

(11-6-13) 

(11-6-14) 


T(s) = 


(11-6-15) 
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Figure 11-6-4 illustrates the angles used when applying Rule 1—6. The angle of 
T{s) for a point very near the pole at —5 + jS is 

(101.3°) - (90° -f- 45° 4- 9?o) = 0° (11-6-16) 

= -33.7° (11-6-17) 

where (po is the angle of departure of the locus segment from the pole at —5 4-/5. 

Example 11-6-6. From Example 11-6—3 






{s + 10)is^ + 6s 25) 


(11-6-18) 


The angle of departure of the inverse root locus from the pole at — 3 + j4 is desired. 
The angles involved in this case are shown in Fig. 11-6—5. It should be pointed 
out that the conjugate branch of the locus emanating from the pole at ~3 — y4 
leaves this pole at the negative of the angle found for the branch starting at —3 + j4. 
The relation needed in this case is 


-(29.7° + 90° 4- 9?o) = 0 (11-6-19) 

<Po - -119.7° (11-6-20) 

This angle of departure together with information obtained from the previous 
examples provides all of the major characteristics needed for making a rough sketch 
of the complete inverse root locus as shown in Fig. 11-6-6. The complex branches 



Fig. 11-6-6. 
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must be checked graphically by measuring angles to points on the rough sketch and 
adjusting the sketch as necessary to satisfy the angle of T{s) criterion. For example, 
if point © in Fig. 11-6-6 is really on the inverse root locus, the angle of T(s) given 
by —(951 + 9^2 + 953 ) must be zero or an even multiple of 180°. If the point © on 
the original rough sketch does not satisfy the above requirement, a new point 
nearby is chosen and the angle of T(s) redetermined. This process is repeated until 
enough points which satisfy the angle requirement are found to allow an accurate 
sketch of the locus. 

Rule 1—7. Calibration of the Inverse Root Locus. In addition to 
the angle condition established by 

1 ^ T{s) = 0 (11-6-21) 

the magnitude condition 

\T(s)\ - 1 (11-6-22) 

must be satisfied for each specific value of the gain constant, Kc, which 
is inherent in T(s). As discussed in Rule 1—2, the inverse root locus starts 
at the closed-loop poles for Kc = 0 and goes to the closed-loop zeros 
when Kc = 00 . In order to find the value of Kc corresponding to a 
given point on the accurate sketch of the locus, T{s) is set equal to KcT'{s) 
and then 


(11-6-23) 

The magnitude of T'{s) can be determined by measurement using a 
pair of dividers on the sketch of the locus as in Rule 7. The following 
example illustrates the method of calibrating the inverse root locus. 



Example 11-6-7. The T{s) used in Ex. 11-6-1 and its inverse root locus which 
is sketched in Fig. 11—6—7 is used as a first example of the calibration procedure. 
The complex segments have been determined by using the graphical approach 
mentioned earlier while employing a Spirule. The point —2 -f~ j2 is on the sketch 
and is chosen as a typical point for which the gain Kc is desired. In other words, 
what Kc would cause a zero of 1 — T(r) to fall at —2 -h 7*3 ? By measuring the 
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segments di, Jg, <^ 3 , and directly on the diagram the gain Kc is found by Eq. 
11-6-23 as 

K. . . 73.1 (lI-<^24) 

3.6 

From the relation 

1 - T{s) - + 20^^ + (150 - Kc)s -f (500 - 4iC,) = 0 (11-6-25) 

it can be seen that the sum of the roots is —20 for all Kc ) therefore, the location of 
the third root for Kc = 73.1 can be found directly as 

(-2 +y3) + (-2 -7*3) + ^3 = -20 ; rs = -16 (11-6-26) 

This point can be checked easily by using the magnitude relation above since only 
one length has to be measured — that from —5 di jS to —16. The other lengths 
are simple numerical differences. 

Since a pole of KG{s) at ^ = 0 is frequently desired, the value of Kc that causes 
such a result is of interest. From Eq. 11-6—25 the necessary conditions is for 
500 — 4i^c = 0 or iCc = 125. This means also that the d-c gain of the closed-loop 
system for this Kc is 1. The other two roots of Eq. 11-6—25 are found from either the 
quadratic equation remaining after factoring out s or by measurements on the graph 
and calculation of iCc- These roots turn out to.be —18.66 and —1.34 which sum to 
—20 as required. Generally only a few points need to be calibrated, as in Eq. 11-6-24. 
This should present no difficulty when using the procedure of Rule 1-7. 

11—7. Additional Items Concerning the Inverse Root Locus. 

While the formulation of the previous rules is based on closed-loop 
functions with an excess of poles over finite zeros, some mention of other 
cases should be made. If the number of zeros of T{s) equals or exceeds 
the number of poles, difficulty is encountered in realizing the open-loop 
function for negative feedback. Since such cases are not common, this 
difficulty is mentioned here only with reference to the literature for those 
interested in further study.® 

Since the two root loci discussed in this chapter relate open- and closed- 
loop transfer functions, a further look at this relationship is in order. 
By combining the two procedures, a method is available for starting with 
KG{s), first finding T{s) for a given K, and then using this T{s) and going 
back to the KG{s). Thus, if a given direct root locus for a certain KG(s) 
gives a certain T(s) for some value of the inverse root locus for this 
T(s) must give back the original KG{s) for a corresponding value of Kc^ 
As mentioned previously, if there are one or more zeros at infinity in 
KG{s)y K and Kc are the same. 

Example 11-7—1. If KG{$) for a unity feedback control system is 

^ John A. Aseltine, loc. cit. 
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the direct root locus of Fig. 11—7—la results. For a system gain constant K ~ 20 
the closed-loop poles are at —2 as shown. The T{s) function can then be 

written as 


+ 20 

However for T{s) specified as 

TTTF+lo 


(11-7-2) 


(11-7-3) 


the inverse root locus is shown in Fig. 11-7-lb. If Kc is now set at 20, open-loop 
poles result at —4 and 0 as indicated giving a 

In this case K and Kc are the same. Also, the roots move along the two loci in 
opposite directions as K and Kc increase. While the two loci include common parts 
between 0 and —4 and —2 dr ^4, they also include additional sections. The direct 
root locus includes all possible values of s for closed-loop poles which result from a 
given open-loop function as K varies. The inverse or reverse root locus shows all 
possible open-loop poles that result from a given set of closed-loop poles as Kc varies. 

It should now be apparent that a circular process results from com¬ 
bining the direct and inverse root loci. This will be an advantage later 
in system design- 


11-8. The Gain Adjustment Problem. While much has been said 
about constructing the direct and inverse root loci, nothing has been 
presented regarding the application of these tools in analysis and design. 
Generally the first step in such application work is to interpret the system 
specifications in terms of closed-loop poles and zeros. The design then 
proceeds by trying to reconcile the characteristics of certain major fixed 
system components with the desired closed-loop poles and zeros. The 
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simplest case arises when a gain adjustment in the open-loop system 
gives suitable closed-loop poles and zeros. No alteration of the basic 
system dynamics is needed in this case. A straightforward use of the 
direct root locus makes evident whether or not a desired set of closed-loop 
poles and zeros can be obtained by gain adjustment. 

Example 11—8—1. For a system of the form shown in Fig. 11—8—1 it is desired to 
determine whether or not the following over-all performance specifications can be 
met by gain adjustment only: = 6 sec"\ overshoot for unit-step input ^ 25 per 

cent, rise time ^ 0.3 sec. 


Fig. 11-8-1. Fig. 11-8-2. 

Since the system is of second order, the curves of Chapter 6, Fig. 6-11-3 can 
be used to relate overshoot, etc., to damping ratio, C* A ^ 0.4 is found to provide 

suitable overshoot and so a line making an angle of ip ~ cos"^ C with the negative 
real axis is drawn on an 5 -plane plot containing the direct root locus for Fig. 11-8-1. 
From the direct root locus of Fig. 11-8-2 it can be seen that the given system results 
in closed-loop poles at —2 zb 7*4.58 for a damping ratio of 0.4 with an undamped 
natural frequency, co„, of 5 radians/sec. From the curves of Fig. 6-11-2, the 
normalized 10-90 per cent rise time, is seen to be approximately 1.5 radians. 

Unnormalizing this gives a rise time of — 0.3 seconds. Finally the velocity con¬ 
stant can be found as Kv = KjA- which, for a C = 0.4, is 25/4 = 6.25. Therefore, 
the three specifications are all met merely by setting the system gain a.tK = 25 with 
no modifications to the open-loop pole-zero pattern. This simple case could have 
been handled directly without the direct root locus, but it provides valuable knowl¬ 
edge of closed-loop pole position vs. gain. For more involved systems the advantages 
of the direct root locus are more apparent since many more closed-loop poles can be 
observed simultaneously. 

11—9. Lead Compensation by Using the Direct-Root-Locus 
Approach. For some cases in which the fixed part of the open-loop 
pole-zero pattern does not lead to satisfactory closed-loop poles and zeros 
a simple lead compensation network can be inserted in series in the for¬ 
ward gain path. The goal in this scheme is to provide leading phase 
shift in the open-loop transfer function in the region of frequencies that 
normally result in 180° lagging phase angle. This is depicted in Fig. 
11-9^1 which shows part of a simple Nyquist diagram. When this 
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KG(s)- plone 


Added phase lead 
at W| 


technique is considered earlier in Chapters 8 and 9, it is approached from 
the Nyquist and Bode diagram standpoints. The lead effect on the open- 
loop phase is quite apparent in such schemes. The effect of a simple 
lead network, whether it be electrical, mechanical, or pneumatic, can be 
seen in terms of the direct root locus by adding a zero and a pole along the 
negative real axis with the zero nearer the origin. The fact that this 
scheme gives leading phase shift can be demonstrated by letting s travel 
up the yf/>-axis while observing the phase angle of the compensation 
function 

= (11-9-1) 

In order to see the effect on the root locus, the following example is 
considered. 



S'plane 

t*0A 
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Fig. 11-9-2. 

Example 11--9-1. The system of Fig. 1 l-9~2a is to be modified by use of a lead 
network. It is desired to obtain a faster rise time without severe overshoot, together 
with a larger velocity constant. Normally the specifications would include phase 
margin restrictions when the work is carried out on the Nyquist diagram or the 
Bode plot. However, an attempt to show only the general effect of a simple lead 
network on the root locus is undertaken here. In order to fix values, an overshoot 
in the order of 25 per cent is allowable. From the transient step response curves of 
Chapter 6 for a second-order system it is found that a f == 0.4 would meet this 
requirement. Since Fig. 1 l-9-2a is a third-order system, this is only approximately 
valid; however, generally a third-order pole stabilizes an oscillatory response. 

Digressing for a moment, the following general Type I third-order closed-loop 
transfer function is considered for a step input: 


s{s -f- 4- iCojnS 


(11-9-2) 
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Some appropriate geometrical terms are shown in Fig. 11-9—3a and b in order to 
simplify the inversion of C(s) to c(t). For the third-order system 

c(t) = 1 sin(/SJ + v.) (11-9-3) 

Uz U2P 

with = — (pI ~ 9 ? 2 - For a second-order system with the same complex pole pair 
(same ^ and cd„), 


c{t) = 1 + ^ Sin(^f - (H-9-4) 

P 

The amplitude and phase of the oscillatory terms of Eqs. 11-9-3 and 11—9-4 can 
be related as follows: 


Third order _ y 
Second order 


(11-9-5) 


Thus \{ y < dz the oscillatory term is certainly reduced, but —<pz is also important 
since it shifts the maximum value of the sinusoid as indicated in Fig. 11-9-4. While 



the scale change yjdz is not shown in this figure, it does point out that a reduction 
in overshoot can result even though y > d^. Actually the circular arc of radius y 
centered at — y as drawn in Fig. 11—9—3a quickly shows whether y is greater or less 
than d 2 » Furthermore, the exponential term due to the pole at — y subtracts from 
the oscillatory term. If y is much greater than a, this exponential term decays 
rapidly and contributes little to the overshoot. 

Returning to the original example, a line for C = 0.4 is drawn on the root-locus 
diagram of Fig. 11-9—2b and the intersections with the root-locus complex branches 
are found. Thus the closed-loop transfer function would have to be 


_ ^^2 _ (11 9 6 ] 

R(s) (s + 10.4)[(j + 0.78)^ + (1.8)^] ^ ^ 

The remote location of —-y means that it has little effect, and the response c(t) for 
a unit step gives a rise time using second-order curves of about 0.75 seconds, an 
overshoot of about 25 per cent and is found as approximately 2. 



382 


CONTROL SYSTEM THEORY 


[Ch. 11 


If a simple lead network is added, one goal is to speed up the response as generally 
associated with raising the system bandwidth. At the same time it is desirable to 
hold the overshoot figure and raise the velocity constant. Normally, the lead net¬ 
work is set to give maximum phase lead slightly above the frequency at which the 
uncompensated system open-loop function has 180° phase lag. The added phase 
lead must be sufficient to give the necessary phase margin. In the root-locus method 
only the frequency at which the lag is 180° is readily apparent as evidenced by the 
frequency at which the root locus crosses the imaginary 5-plane axis. This aids in 
locating the lead zero and pole. It is easy to show that maximum lead for a compen¬ 
sation function of the form of Eq. 11-9-1 occurs at the geometric mean of the two 
break frequencies. If the lead function is written as 

G^(s) = ; k>l (11-9-7) 

s -j- ka 


the maximum lead occurs 2it Wm = a^/k and the maximum phase shift is 
tan“^[(^ — A convenient k is 10 giving a maximum lead of 54.9°. Since 

the root locus of the original system crosses the imaginary axis at cu = 4.48, a rough 
guess for the parameter a is a ^ 4.48/VlO. Due to the increase in phase lag with 
frequency a is set equal to 2 to cancel the pole at —2. This leaves a compensated 
function 


KG(s) = 


K 

s{s + 10)(5 -f 20) 


(11-9-8) 


While the new root locus can be easily constructed, a look at the lead network pole 
and zero in the 5-plane reveals the mam effect on the original root locus. In Fig. 
1 l-9-5a the angle of Gi{s) of Eq. 11—9—7 is constructed for a general complex value 
of 5 = 5i and the factors 5i + « and 5i -f ka are shown. The angle of Gi{s) of Eq. 
11-9-7 is seen to be a leading angle (pi ~ (p 2 > The effect of Gi (5) on the root locus of a 



Rg. 11-9-^. 
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function with poles at the origin and at —pi is shown in Fig. 11—9—5b. It can be seen 
that a given point on the original root locus such as must be shifted to the left 
to ^ 2 , so that the lead angle is offset by the increase in the lag angles cpi and The 
direct root locus for Eq. 11—9—8 results in Fig. 11—9—6, which also shows the line 
for a constant damping ratio C = 0.4. If the gain is set at approximately jRT = 1230, 
the closed-loop poles are at —3 i j6.5 and —24, so that 

C{s) _1230_ 

Ris) {s + 24)[(s 4- 3)^ 4 (6.5)^] ^ ^ 

A comparison of Figs. 11-9-6 and 11—9—2b makes it apparent that the root locus has 
been shifted to the left, as discussed above. From Eq. 11—9—5 the oscillatory term 
m the step response for the system of Eq. 11—7—9 is altered from that for a second- 
order system with the same complex poles by the factor 


4/-<P2 = 1.09/-17.2“ 


(11-9-10) 


The phase lag causes the maximum to shift approximately 

= 780° X J (11-9-11) 

with the exponential decreasing by a factor 

= g-O 139 ^ Q 37 (11-9-12) 


in this interval. Since the maximum overshoot in the second-order system occurs 
at approximately a>n^ = 3.4, from the curves of Fig. 6—11—2, ^rna\ should now be at 
approximately 

+ 0.0462 0.52 sec (11-9-13) 

and the term 


1 ? 


(7.iy 

( 22)2 


- (24)(0 52) 


(11-9-14) 


from Eq. 11-9^ is negligible. Thus the overshoot should be about (1.09)(.87) 
0.95 times that for a second-order system with C — 0.4. Therefore, 25 per cent 
is still a good overshoot figure. 

The velocity constant is now 

1230 

K, = ^ = 6A5 (11-9-15) 


By neglecting the effect of the pole at —-24, the rise time is found from second-order 
system curves to be about 0.2 seconds. 

All of the effects of the lead network on system response are due to moving the 
closed-loop poles away from the origin. The bandwidth has been increased, so 
that higher signal (and noise) frequencies can be transmitted through the system. 

If the lead pole and zero had been moved out to say —30 and —3 respectively, the 
alteration in the root locus is more apparent while there is little change in the response. 
Fig. 11-9—7 shows the results. The response term due to the pole at approximately 
—3.4, while it decays slowly, is of very small amplitude compared with the oscil¬ 
latory response term. 
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11-10. Lag Compensation and the Direct Root Locus. As dis¬ 
cussed in Chapters 8 and 9 lag or integral compensation is mainly used to 
allow an increase in the low-frequency gain without altering the high- 
frequency behavior. The added pole and zero must not contribute 
appreciable phase lag at frequencies near cutoff for the system. The only 
way to accomplish this is to locate the compensating pole and zero very 
close to the origin as compared with other system poles and zeros, with 
the added pole inside the zero. In this case the compensation function 
can be written 


Gi(i) = K -^ - ~ ; k> \ (11-10-1) 

^ -j— CL 

and the frequency of maximum phase shift is still a\/%. The maximum 
phase shift at this frequency is ~tan“^[(/e — l)l2\/k]. In order to see 
the effect on the direct root locus, Example 11—10—1 is considered. 


Example 11—10—1. The open-loop function which is used in Example 11—9—1, 
namely 


KG,(s) = 


K 

s(s + 2)(s + 10) 


( 11 - 10 - 2 ) 


is reconsidered. It is desired to increase the velocity constant by 10 times while not 
appreciably altering an overshoot of about 25 per cent. The compensated function 
has a velocity constant given by 




K{k) 

20 


(11-10-3) 


where k is from Eq. 11-10-1. Thus ^ 10 would appear suitable. To prevent 

altering the root locus near the original system closed-loop poles and zeros (those for 
C = 0.4 in Fig. ll-9-2b, the added pole and zero have to appear to merge from the 
complex pair of poles at —0.78 dt -8. While the exact location of the compensa¬ 
tion pole and zero is not critical, there is no need to use excessively small values, 
running into component trouble. Therefore, the zero is located at —0.1 and the 
pole at —0.01. From the complex closed-loop poles of Fig. 11—9—2b this gives an 
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additional lag of less than 3° as shown in Fig. 11—10-la. This means that the root 
locus at this point for the compensated system is shifted to the right decreasing the 
lag (pole) angles just enough to offset this compensation lag. The gain Kzt —0.78 
i yi -8 is not changed appreciably since di ^ and these are the only really new 
factors in determining K. Near the origin there is considerable change as shown in 
Fig. 11—lO-lb which pictures an enlarged version of the region of the s-plane around 
the origin. The poles at —2 and —10 contribute negligible phase angles in this 
region and are neglected in everything except the determination oi K. It can be 
seen from Fig. 11-10-lb that a closed-loop pole lies in the vicinity of the origin 
between —0.1 and —0.195. However, the exponential response term that results 
from this pole, while it decays slowly, is small because of the nearby zero at —0.1 
(see length d^ in Fig. 11-10-lb). 

The over-all compensated root locus is shown in Fig. 11—10—Ic with the closed- 
loop transfer function for a C = 0.4 given by 

C{s) __ 39.5(^ + 0.1) _ ni-10-4^ 

R{s) {s + 0.1047)(^ -h 10.41)[(5 + 0.75)^ + 1.75^] ^ 


The pole at —0.1047 is found by trial and error, using a known gain of 39.8. In fact 
neither exponential term due to the two real poles contributes much to the time 
response. The final open-loop function is 


KG{s) = 


(39.5)(r + 0.1) 
s(^ + 0.01 )(5 + 2){s + 10) 


(11-10-5) 


from which a velocity constant of 19.8 is realized, which is approximately that desired. 
It might be mentioned that in cases like this a slightly larger lag-network time- 
constant ratio would have given the desired factor-of-10 improvement in the 
velocity constant. 

11-11. General Compensation Using the Direct Root Locus. 

While the direct root locus makes the open-loop to closed-loop pole 
relationships directly available for a given set of open-loop singularities, 
there is still considerable work involved in carrying out a reasonably exact 
correlation of the closed-loop time response with the closed-loop pole-zero 
pattern. While general relations are easily established, more exact de- 
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termination of such things as rise time, settling time and overshoot for 
all but simple cases involves determining the time-response equation 
and further plotting or calculation from this point. Frequently several 
terms can be thrown out as causing negligible effect on the time response. 
By checking ratios of the lengths which represent various factors in the 
coefficients of the time-response terms, those that are negligible can be 
determined. 

In order to increase the rise time and settling time, it is generally 
necessary to move the closed-loop poles to the left by some means such 
as canceling and unwanted open-loop pole with a compensation zero 
and then introducing a new pole farther to the left. At the same time, this 
generally shifts the direct root locus and the closed-loop poles. Move¬ 
ment of the closed-loop poles to the left also increases the velocity constant 
as can be seen by studying the relation between the closed-loop poles 
yj, zeros and which is given by 

1 =2i_2l (11-11-1) 

K.V ill X 

If all closed-loop poles and zeros are multiplied by 10, is increased 10 
times. Another way to increase K.v in some cases, without shifting closed- 
loop poles and zeros, is to use the lag-network scheme of Art. 11—10. 
The student should analyze the effect of the lag network on Eq. 11-11-1. 

In compensating systems, a check on the number of added poles and 
zeros must be maintained so that the final compensated open-loop 
function and the uncompensated open-loop function have the same or a 
greater excess of finite poles over finite zeros. This prevents the com¬ 
pensation function from having a pole at infinity, which is physically 
unobtainable. 

11-12. Use of the Inverse Root Locus. Ideally it would be desir¬ 
able in designing control systems to specify certain overall requirements, 
from these requirements derive a set of closed-loop poles and zeros, and 
from these poles and zeros obtain the open-loop poles and zeros needed. 
However, there are several problems not readily solved in this scheme. 
First, interpreting the commonly used specifications in terms of a set of 
closed-loop poles and zeros is not a unique process nor is it easily done in 
most cases. In other words, more than one set of closed-loop poles will 
meet a given set of specifications. For certain configurations of closed- 
loop poles and zeros considerable study has resulted in normalized 
transient response curves for step inputs which allow choosing suitable 
over-all transfer functions. These cases are primarily the cases involving 

1. Two closed-loop poles (Chapter 6) 

2. Two closed-loop poles and one zero® 

3. Three closed-loop poles® 
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4. Three closed-loop poles and one zero®’ 

5. Three closed-loop poles and two complex zeros® 

6. Four complex closed-loop poles® 

The addition of a finite zero to the basic second-order system serves 
to increase the velocity constant, bandwidth, and overshoot. In many 
cases these effects on bandwidth and overshoot are objectionable. The 
addition of a third closed-loop pole on the negative real axis is useful in 
counteracting these effects while also allowing more complicated open- 
loop systems to be included. Addition of many more poles and zeros 
soon leads to more confusion than can be easily manipulated. Therefore, 
unless the fixed part of the open-loop system has more than three poles 
and one zero the configuration of Case 4 above is generally a suitable 
choice for a closed-loop transfer function. 

Assuming that a set of closed-loop poles and zeros can be found, the 
next problem is to determine what open-loop blocks are needed. This 
is where the inverse root locus enters the picture since it presents graphi¬ 
cally the desired information. If a suitable choice of open-loop poles on 
the inverse root locus cannot be made, because of some existing com¬ 
ponents, a cyclical process of adjustments of both open- and-closed loop 
singularities is now possible, using both direct and inverse root loci as 
guides. The symmetry in this procedure is pointed out by Zaborszky.^ 
This point is best illustrated by considering an example. 

Example 11-12-1. As a problem illustrating the above discussion a unity- 
feedback-control system is to be designed to meet the following specifications: 

Velocity constant ^50 

Overshoot for unit-step input ^20 per cent 

Rise time ^0.1 sec. 

BW ^30 radians/sec. 

A fixed part of the system with a transfer function 

- Krfio) 

is assumed. Investigating KG^is) only with the loop closed for a maximum over¬ 
shoot of 20 per cent gives a = 123, a velocity constant of 12.3, a rise time of 0.15 
seconds, and a BW of 14.7 radians/second. Apparantly the velocity constant as 
well as the rise time must be improved. While a simple added zero might suffice, 

® Olle I. Elgerd and William C. Stephens, “Effect of Closed-Loop Transfer Function 
Pole and Zero Locations on the Transient Response of Linear Control Systems,” Trans. 
AlEEll (May, 1959): 121-127. 

’ C. R. Hausenbauer and G. V. Lago, “Synthesis of Control Systems Based on Approxi¬ 
mation to a Third Order System,” Trars. AIEE 11 (November, 1958): 415-421. 

* John Zaborsky, loc. cit. 
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It would lead to difficulties m realizing the compensation device and so the closed- 
loop system function is chosen with a dominant pair of complex poles, a negative real 
pole, and a finite negative real zero. To start with the over-shoot problem is con¬ 
sidered. Since the added zero increases the overshoot from the values given by a 
dominant pole pair alone, an overshoot considerably below the 20 per cent figure 
allowed is used to help locate the dominant poles. From Fig. 6 — 1 1—3 on overshoot 
for second-order systems, it is seen that ; = 0.707 gives about 5 per cent overshoot 
and this is used as a starting point. Additionally, from simple second-order system 
equations 

Tpeak = - - - = (11-12-2) 

<W„Vl - ? ^^damped 


Since the rise time is of the order of codamped ^ 16 is chosen here. This means 
that the complex poles are located at —16 di ilb. For the added zero and pole the 
velocity constant equation gives 


K, 

50 


= 1+1 + 1 
Jl 72 73 



J_ _ JL 

73 cn 


1 


O'! 


(11-12-3) 

(11-12-4) 


The pole 73 should be far enough out that it does not appreciably affect the transient 
response, whereas the zero cannot be too far in. For simplicity <Ti = 16 and 73 = 50 
are chosen so that a rough closed-loop transfer function is 


T{s)^ 


K,(s + 16) 

(s -h 50)[(^ -h ley ~h (16)^] 


(11-12-5) 



It is now time to sketch the inverse root locus as shown in Fig. 11—12—1. For 
an open-loop pole at s- = 0 , Kc = 1600 and the open-loop function is 


KG{s) = 


1600(^ -h 16) 
sis -h 6 . 8 )(^ 4- 75.2) 


( 11 - 12 - 6 ) 


While this transfer function could be used, it would require that the compensation 
device cancel the pole at —10 as well as add the zero at —16 and the pole at —75.2. 
Actually it may be possible to shift the pole at — 6.8 to —10 without too adverse an 
effect on the closed-loop pole-zero pattern. Therefore such a shift is made as well 
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as a shift in the pole at —75.2 to —100 in order to move the closed-loop pole further 
out. A direct root locus of the new function is now made, as shown in Fig. 11-“12-2: 


KG(s) = 


K{s + 16) 
s{s + 10)(s + 100) 


(11-12-7) 



For a velocity constant of 50, K = 3125, which throws the complex poles out 
beyond —40 and brings a real pole in near —25. The bandwidth is also excessive 
now, as can be found from a quick Bode plot of T(Jco) for a K near 3100. The unit- 



step response for iC == 3175 is shown in Fig. 11—12—3. The BW is 53 radians/sec 
for this case. It can be seen from Fig. 11—12—2 that if the zero at —16 had been 
moved out, the root locus would have been more suitable in shape. However the 
closed-loop poles are adjusted again, this time keeping the original pole at —50 and 
using complex poles at —20 di j20 and a zero at —20. An inverse root locus of this 
configuration is drawn as shown in Fig. 11-12-4. 


T(s) = 


Kc(s + 20 ) 

(s + 50)[(^ + 20)^ + (20)^] 


For an open-loop pole at ^ = 0, Kc — 2000 and 


KG(s) = 


(2000)(5 + 20) 
{s)(s + 10)(^ + 80) 


( 11 - 12 - 8 ) 


(11-12-9) 
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Fig. 11-12-4. 


which includes the pole at —10. The BW of 42 is slightly excessive but this point 
is assumed not to be of major importance here. The required compensation is 


KG^(s) 


KG(s) 2000 (s -h 20) 
G2(s) K (s + 80) 



t (seconds) 


Fig. 11-12-5. 


( 11 - 12 - 10 ) 


The unit-step response for this system is given in Fig. 11—12—5, which shown the 
overshoot to be about 16 per cent and the rise time to be 0.046 second. 

If the zero had been moved to —20 with the open-loop pole kept at —100, the 
direct root locus 


KG(s) = 


K(s -f 20) 
s(s -f 10)(^ + 100) 


( 11 - 12 - 11 ) 
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would be as shown in Fig. 11-12-6. For a velocity constant of 50, K == 2500 and 
the closed-loop poles fall at —70.3, —19.9 zt yi7.8. The step responses for this 
gain setting and for K = 3530 are shown in Fig. 11—12—7. A curve for K = 2010 is 
also shown in this figure. The brandwidth for K = 2500 is about 44. 



Fig. 11-12-7. 

While the above example illustrates the cyclical procedure for using 
the inverse and direct root loci, it does not necessarily give the most 
desirable solution. With experience, an ability to correlate pole-zero 
patterns with various responses and loci patterns will develop making it 
easier to carry out the required design. Extreme accuracy is not necessary 
in making the locus sketches required to refine the design. Only the final 
sketch (which is generally a direct root locus) needs refinement. 

11-13. Non-Unity Feedback Systems. So far very little has been 
said about applying the direct and inverse root loci to control systems 
which have feedback elements H(s), The direct root locus procedure 
must be applied to KG(s)H(s), while the inverse root locus must be 
applied to T(s)H(s) as pointed out in Art. 11—3. The poles of H(s) appear 
as zeros of T(s) when using the direct root locus. Similarly the poles of 
H(s) appear as zeros of KGis) in applying the inverse root locus. Example 
11-13—1 illustrates the inverse root locus procedure as applied to a non¬ 
unity feedback system. 

Example 11-13-1. Fig. 11-13-1 is used as an example of a closed-loop transfer 
function with feedback elements. 

Use of the inverse root locus to find KG(s) means that the procedure for this 
locus must be applied to Tis) H(s) as indicated above. 

2.5i^c(^ + 20) 

(s -h 33.4)[(^ + 13.3)^ -h (20)^] 


T(sm = 


(11-13-1) 
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The result of this procedure is shown in Fig. 11-13-2 from which Kc — 386 for an 



open-loop pole at the origin. The other poles are at —10 and —50. KG(s) H{s) has 
the same zeros as T{s) Therefore 


and 


KG{s) H(s) - 


(2.5)(386)(^ H- 20) 
s(^s “I*- 10)(5 “h 50) 


(11-13-2) 


KG(s) - 


386 

s(s + 10) 


(11-13-3) 


The appearance of the various gain constants should be checked in this example. 


11-14. Concluding Remarks. The two root-locus methods pre¬ 
sented in this chapter are only the simple forms of a general approach 
to the study of system equations. Any system parameter can be varied 
in studying root loci in more general problems. However, these problems 
are beyond the scope of the presentation here and the reader is referred to 
more advanced texts or to the literature. Also only ratios of polynomials 
have been considered. Inclusion of dead-time delays® e~ ^ ^ and distributed 
time delays e' in system transfer function can also be handled by the 
root-locus method. In fact, such systems are probably best analyzed this 
way. Here again, this material is left for more advanced work. 


PROBLEMS 

11-1. Plot the roots of the following equations in the s-plane as K varies from 
0 to 00 . 


(a) 1 + f = 0 


(b) 1 + 


K 


(c) 1+4 = 0 
r 


(d) 


K 

s + 1 


(e) 

(f) 


K 


= -1 


+ 1 ) 

Kjs + 1) 

(s + 2)(^ + 3) 

(g) Ke-‘ +1=0 

K 


+ 1=0 


(h) 1 - 


(s + 10)(y + 3) 


“ Yaohan Chu, “Feedback Control Systems with Dead-Time or Distributed Lag by Root- 
Locus Method,” Trans. AIEE 71, (November, 1952): 291—296. 
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R(s)+/ 


-NElsj 

KG(s) 

1 . C(s) 

r 

rn 




B(s) 

H(s) 

_ 


r 


Rg. I l-P~2. 

11-2. Determine the relationships between the open- and closed-loop poles 
and zeros for the system of Fig. 11—P—2. Don’t solve any equations for roots, but 
set up all equations that are needed. Note how open-loop gains, zeros, and poles 
appear. 


(b) KGis) ^ ^ 

(c) KG(.s) = ; H(,s) = K^s 


11—3. Construct the direct root locus for each of the unity feedback systems 
with the following KG(,s) transfer functions. Make use of the appropriate Rules 1 
through 7 in this chapter. 


(a) KG(s) 

(b) KG(s) 

(c) ii:G(r) 

(d) KGU) 

(e) KGis) 

(f) KGis) 


Kjs + l)(r + 3) 
sis + 2) 

K 

+ 5)^ + (12)^] 

Kis + 2) 

s^s + 3) 

K 

sis 4- 10)[(5 + 0.01)" 4- (0.01)"] 
K 

is + l)is + 4)(r + 100) 

Kjs 4- 0.05) 
sis 4- 0.4)(s 4-10) 


(g) KGis) 

(h) KGis) 


K 

(r 4- 100)"(r 4- 150) 

jq:(r + 1)" + 1"] 

s(s 4- l)(i 4- 4) 


(i) KGis) 


Kjs - 4) 
+ 4) 


G) 


KGis) 


Ke-‘ 


s 
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11-4. Construct the direct root locus for each of the following systems. As¬ 
sume a basic negative feedback connection. 

<•> - HTTIo) ■ 

• «<*> - (Trirfi) 

(c) KGU) = _|. 3 oJ : = (J + 40He + 50) 

11-5. Construct the inverse root locus for each of the following unity negative 
feedback control systems. 


(a) T(r) = 

(b) m = 


K, 


4- 4s + 25 

K,(s + 10 ) 

(s + 15)(s" + 2s + 2) 


1 ^ ^ - jC,(s^ + 377^) 

ic) (s) ^ 220s + 400®)(s + 500) 

rrcl - + 100) 

(d) r(s) - ^ 20s + 625 


(e) T(s) 


(f) T(s) 


K, 


(s + 10*)(s + 5 X 10")(s + 4 X 10^) 

_ Kc(is + 0 . 1 ) _ 

(s + 0.2)(s + 100)(s" + 40s + 400) 


11-6. Construct the inverse root locus for the following non-unity feedback 
systems and determine KG{s) for each case so that it has an integrating pole at the 
origin if possible. 


(a) 


T(s) - 


Kc(s + 40) 

4- 50^ + 625 


His) = Ku 


(b) Tis) - 


(c) T{s) = 


sis + 30) 


His) - 5^ 


K,is + 20) 

is 4- 0A)is^ + 130s 4- 150") 


His) = 


5 

^ 4 - 20 


11-7. Use the direct root locus method to set K in Prob. 9-10 so that the closed- 
loop poles have a damping ratio of 0.5. What is the system velocity constant? 

11-8. Use the direct root locus method to determine K in Prob. 9-11 for a 
dominant pole damping ratio of 0.6. 

11-9. Draw the direct root locus for a lag compensated modification of the 
system of Prob. 9—11. The system Ky is to be increased 5 times with the damping 
ratio kept at 0.707 for the complex pair of closed-loop poles. 

11-10. Repeat Prob. 9-14 except design so that the dominant closed-loop 
poles have a damping ratio of 0.6 if possible. Use the second-order system curves of 
Chapter 6 or Chapter 13 to obtain an approximate overshoot figure. Determine the 
final system bandwidth by using a Bode plot of the closed-loop transfer function. 
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11-11. Using the direct root locus, adjust the gain of the system of Prob. 9~17 
before compensation for C = 0.5. Redraw the direct root locus including the lead 
compensation pole and zero given in Prob. 9-17. How is the locus modified.^ 

11-12. A unity feedback system with KG(s) = K/($y(s + 20) is to be lead- 
compensated to make it stable so as to have an overshoot of 25 percent or less to a 
unit-step input. Construct the original and the compensated root locus. Is the 
final system desirable if the gain changes ? 

11-13. Determine the maximum overshoot and the time at which it occurs for 

^ sm e (fit -n + d + q>.) 

This c{t) is an approximate version of the actual c{t) resulting from a pole-zero 
pattern of two dominant complex poles ( —a ± 7 /^ = one real pole ( —pi)^ 

and one real zero (—sti). The exponential term has been dropped. The 

terms Qz and are phasor distances from the zero at —Zi and the pole at ~pi 
to the pole at —a -f while the angles q)z and (p^ are the angles of these phasors. 
This scheme gives a reasonably accurate but simple method of finding overshoot 
for higher-order systems. Additional poles and zeros can easily be added. What 
effect do added poles have on the overshoot? What effect do added zeros have on 
the overshoot? 

11—14. The cyclical process of the direct and indirect root loci is to be used to 
investigate the possibility of compensating a system with KGz{s) == Kzl{s){s + 5) 
so as to meet the following specifications: 

K, ^ 50 

Overshoot ^ 10°/o 
Rise time ^0.2 sec 
BW ^ 20 radian/sec 

Consider the uncompensated system first and set Kz for 10 per cent overshoot 
(use the second-order system curves of Fig. 13—2—1.) Determine what quantities 
must be changed. Choose a new set of closed-loop poles and zeros that give the 
right Kv, approximate BW (use a Bode plot if necessary), and overshoot (use the 
approximation of Prob. 11—13 if valid). Can the rise time be met now ? Construct 
the inverse root locus and determine the open-loop transfer function such that the 
pole at the origin in the original KGz{s) is included. What compensation is required ? 

11—15. Repeat Prob. 11—14 except use 

Kz 

"" i(20i + 1)(100^ + 1) 

K, ^ 0.5 
Overshoot ^ 20°/o 
BW ^ 1.0 radians/sec 

11—16. Repeat Prob. 11—14 using the same system and specifications except 
use one more cycle of the direct-indirect root locus process and try to simplify the 
compensation. 

11-17. In Ex. 7-7-3, the Nyquist diagram is used on 

to reason that the poles of the closed-loop system are located on a line ^ = —0.5 jco. 
Use the direct root locus to verify this result. 
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11“18. In Ex. 7-7-4, the Nyquist diagram is used on 


KG(s) = = 1 


and the conclusions are reached that if K is above unity the closed-loop system is 
stable. Use the direct root locus to verify this result. 

11-19. Chapter 7 contains many problems that are to be solved by using Ny¬ 
quist diagrams. These same problems are to be reworked by using root locus 
methods as assigned in the following parts: 


(a) Prob.7-12 

(b) Prob.7-13 

(c) Prob, 7-14 

(d) Prob. 7-15 

(e) Prob. 7-17 


(f) Prob. 7-19 

(g) Prob. 7-20 

(h) Prob. 7-21 

(i) Prob. 7-22 
O’) Prob. 7-23 


(k) Prob. 7-24 

(l) Prob. 7-25 

(m) Prob. 7-26 

(n) Prob. 7-28 

(o) Prob. 7-29 



12 

NETWORK SYNTHESIS 


12—1. Introduction. Network theory can be divided into two cate¬ 
gories. The more familiar category is analysis, in which the network is 
known and the problem is to find the response of the network in a certain 
situation. The second category is synthesis, in which certain properties 
of the network are specified and the problem is to determine the network. 

Synthesis, in turn, is composed of two divisions. The first of these is 
referred to as the approximation problem. The network to be synthesized 
may be specified indirectly. For example, the input and the output func¬ 
tions may be given graphically. From these graphical data, a transfer 
function must be determined such that the data are approximately met 
but at the same time the transfer function must be such that it is physically 
realizable. 

The second division is the realizability procedures. After a transfer 
function is determined, it is necessary to find a network that yields such 
a function. In general, not only one network can be found but an infinite 
number of networks are possible. 

In control systems, the network to be synthesized is for use at low 
frequencies. In most situations it is impracticable to use inductors be¬ 
cause of the weight, size, and cost limitations. Therefore control system 
theory is primarily concerned with RC networks. However, certain RC 
synthesis procedures are closely related to LC procedures; therefore, both 
types of networks are considered in parts of this discussion. 

12—2. Poles and Zeros of LC Driving-Point Impedance. An LC 

network has the operational impedance 


Z{s) = 


E{s) 

m 


Njs) 

D(s) 


( 12 - 2 - 1 ) 


The network can be excited by an impulse of current and the transformed 
response is 


E(s) = Z(s) - 


N(s) 

D(s) 


( 12 - 2 - 2 ) 
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The network can be excited by an impulse of voltage and the transformed 
response is 


1 D(s) 

Z(s) N(s) 


(12-2-3) 


When the network is driven by a current source, the terminals of the 
network are open-circuited since the internal impedance of a current 
source is infinite. Therefore, the poles of Z{s) can be referred to as the 
natural frequencies of the network with its terminals open-circuited. 
When the network is driven by a voltage source, the terminals of the 
network is driven by a voltage source, the terminals of the network are 
short-circuited since the internal impedance of a voltage source is zero. 
Therefore the zeros of Z(s) can be termed the natural frequencies of the 
network with its terminals short-circuited. 

Since the network contains no resistors, it will oscillate indefinitely 
after it is excited by either a current source or a voltage source. There¬ 
fore all the poles and zeros of Z(s) must be on the jcu-axis. These oscilla¬ 
tions do not build up; therefore, it can be reasoned that the poles and 
zeros are simple. 

Since the network is composed of only reactances, the phase angle of 
the impedance in the a-c circuit sense is either 90^ or —90^. This phase 
angle is the angle that results from Z(jco) as w moves up theyco-axis. It can 
be reasoned that the Z(joj) phase angle can remain either 90° or —90° 
only if the poles and zeros are interlaced.^ 

The physical realizability conditions for an LC driving-point im¬ 
pedance (reactance function) are established. These conditions are that 
the poles and zeros must be simple and be on the j co-axis with the poles 
and zeros interlaced. 


12-3. Poles and Zeros of RC Driving-Point Impedance. Eqs. 
12-2—1,12—2—2, and 12-2—3 apply to RC as well as to LC networks. Since 
the network does not contain any inductors, there can be no exchange of 
energy between inductors and capacitors and hence the response is non- 
oscillatory when the network is excited by either a current or voltage 
source. Therefore all the poles and zeros of Z(s) must be on the negative 
real axis. 

The relative locations among the poles and zeros can be established 
by going to sinusoidal steady-state conditions and reasoning that the 
angle on the phasor impedance must lie between 0° and —90°. If a 
number of poles are grouped together on the negative real axis, and a 
number of zeros are grouped together farther out on the axis, the net 
phase on Zijco) can certainly exceed —90°. It can intuitively be seen 

^ This result can best be visualized by assuming a small amount of dissipation so that the 
poles and zeros are slightly to the left of they6>-axis. If two zeros (or two poles) are adjacent, 
the total phase angle falls outside the range of ±90° as co moves up theyoi-axis in the vicinity 
of the two zeros (or poles). 
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that for the phase angle on Zijo)) to have a value in the range of 0° to —90° 
for all frequencies, the poles and zeros must be simple and be interlaced. 
In addition, since the total phase angle is negative, the critical frequency 
(a term used to mean either a pole or a zero) nearest the origin must be a 
pole and the highest critical frequency must be a zero. 

The physical realizability conditions for an RC driving-point imped¬ 
ance are established. These conditions are that the poles and zeros be 
simple and lie on the negative real axis with the poles and zeros interlaced. 
In addition to this, the lowest critical frequency is a pole and the highest 
critical frequency is a zero. 

12-4. Poles and Zeros of RL Driving-Point Impedance. RL net¬ 
works are little used in control systems; however, their physical realiza¬ 
bility conditions can be determined in a manner similar to that used for 
RC networks. These conditions are that the poles and zeros be simple 
and on the negative real axis with the poles and zeros interlaced. In addi¬ 
tion to this, the lowest critical frequency is a zero and the highest critical 
frequency is a pole. 

It can be seen that a function that can be realized as an RC driving-point 
impedance can also be realized as an RL driving-point admittance, and 
vice versa. 

12—5. L-C Realization Methods. The basic philosophy of any syn¬ 
thesis method is removal of a physically realizable element from a network 
in such a manner that the remaining network is also physically realizable 
and in general is simpler. 

LC networks can be synthesized in any one of four canonic forms. A 
canonic form is a network that realizes an impedance function with a 
minimum number of elements. As is discussed later, these canonic forms 
can be mixed in any one synthesis problem. The four canonic forms 
are Foster’s first and second forms and Cauer’s first and second forms. 

An example is used to illustrate all four forms. As discussed in Chapter 
7, if a polynomial is Hurwitz, the ratio of the even part to the odd part 
or the odd part to the even part is a reactance function. The polynomial 
of Ex. 7—3—2 is used. The polynomial is repeated as 

+ 42^^ + 601s^ + 3552^" + 7220^ + 11600 (12-5-1) 


An LC driving point impedance is formed as 

+ 60U" + 7220^ 
42^" + 35525^ + 11600 


(12-5-2) 


Foster’s First Form. The first Foster form expands Z(s) into partial 
fractions as 
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V _ 601 ~t“ 7220s 

"" 42(s" + 3.4)(s^ + 81.1) 

s" + 601 s^ + 7220s 

~ 42(s -il.845)(s +yi.845)(s -i9.0)(s + j9.0) 

s 0.795 0.795 5.35 5.35 

42 s -yi.845 ^ s + yi.845 s -j9.0 s +y9.0 

= _L -I_^ _I_ l^lZf — (12- 

42 ^ s" -h 3.4 ^ s" + 81.1 ^ 


Since these three terms represent an impedance, the corresponding net¬ 
work must consist of three groups of elements connected in series. In 
order to recognize the second and third terms of the expansion, the op¬ 
erational impedance of the parallel LC circuit of Fig. 12—5—1 is deter¬ 
mined: o 



Fig. 12-5-1. 


, _ sL X (1/sC) 
^ ’ sL 4- 1/sC 


( 1 / 0 ^ 

s" + 1/LC 


(12-5-4) 


The second term is realized as an LC parallel combination to demon¬ 
strate the procedure. This is done by equating 


(1/C)s 


1.595 


from which 


s® + 1/LC s" 4- 

i - 1.59 


3.4 


(12-5-5) 


and 


LC 


= 3.4 


From these equations, the values of L and C are found as 

L = 0.468 C = 0.628 (12-5-6) 

An alternate method of finding L and C is to note that at low fre¬ 
quencies an LC parallel combination acts as if it were an inductor, and 
for small values of r the second term of the expansion in Eq. 12—5—3 
becomes 


1.59 
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from which 


L - 0.468 

At high frequencies an LC parallel combination acts as if it were a capac¬ 
itor, and for large values of s the second term becomes 

1 ^ 1.59 
Cs s 


from which 


C - 0.628 

0468 0.131 



The third term can be evaluated in the same manner and the network 
that realizes the LC function is shown in Fig. 12—5—2. 

Foster’s Second Form. Foster’s second form expands Y(s) in partial 
fractions as 


425^ + 3552s^ + 11600 
s(s^ + U.2)(s^ + 589) 

425^ + 3552^^ + 11600 
s{s -y3.94)(5 +y3.94)(s --y24.3)(^ +y24.3) 

1.607 1.82 1.82 18.38 18.38 

^ if -y3.94 "^ ^ + 7*3.94 ^ ^ -y24.3 + 7*24.3 


1.607 3.64^ 36.76^ 

5 5" + 12.2 + 589 


(12-5-7) 


Since these three terms represent an admittance, the corresponding net¬ 
work must consist of three groups of elements connected in parallel. To 
recognize the second and third terms, the operational admittance for the 
series LC current of Fig. 12—5—3 is determined: 


O—-1(— 

Fig. 12-5-3. 


-o 
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Ls + lICs + 1/LC 


(12-5-8) 


The second term is realized as an LC series combination to demonstrate 
the procedure. The second term is 


3.645 
5 " + 12.2 


(12-5-9) 


At low frequencies a series LC combination acts as if it were a capacitor. 
For small values of 5 , this second term becomes 

Cs = ^s (12-5-10) 


from which 


C = 0.298 


(12-5-11) 


At high frequencies a series LC combination acts as if it were inductor. 
For large values of 5 , this second term becomes 


_ 3.64 
Ls s 


(12-5-12) 


from which 


L = 0.275 


(12-5-13) 


The third term in the expansion can be evaluated in the same manner 
and the network that realizes the LC function is shown in Fig. 12-5-4. 



Cauer’s First Form. The first Cauer form removes the pole at 
infinity. If Z{s) has a pole at infinity, the pole is removed. However, 
if Z{s) has a zero at infinity the function is ‘‘flipped over” and the pole 
is removed from the admittance function. In the example, 


5 ® + 6015^ + 72205 
425^ + 35525^ + 11,600 


(12-5-14) 


The impedance function has the pole at infinity. Therefore the procedure 
begins by removing this pole. 
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For large values of s, Z(s) behaves as 

= ^ (12-5-15) 

To remove the pole at infinity, i/42 is subtracted from Z(s) and the re¬ 
mainder function is called Zi(s). 


-t- 601s® -f- 7220s s 516s® -H 6940s 

42s^ + 3552s® -b 11,600 42 “ 42s^ -h 3552s® -f 11,600 

(12-5-16) 

Zi(s) has a zero at infinity, therefore Zi(s) is “flipped over” and the pole 
at infinity in yi(s) is removed leaving y 2 (-f): 

516s® -I- 6944s 516 516s® 4- 6940s 

(12-5-17) 

y 2 (s) has a zero at infinity, therefore y 2 (s) is “flipped over” and the pole 
at infinity in -Z 2 (s) is removed leaving .Z’8(s): 

516s® -b 6940s 516s 4900s 

2980s® -h 11,600 2980 2980s® -|- 11,600 

(12-5-18) 

Zs(s) is of such a form that it can be recognized as a parallel LC combina¬ 
tion. However, the method of removing the pole at infinity is continued: 


y4(^) = 


2980s® -b 11,600 
4900s 


2980s 

4900 


2.37 

s 


(12-5-19) 


When all of these terms are collected, the following expansion has been 
made on Z(s): 

1 


Z(s) = 0.0238s -h 


0.0814s H- 


1 


0.173s 4- 


1 


0.608s -b 


1 


0.422s 


(12-5-20) 


This t 3 Tpe of expansion is known as the continued-fraction expansion. 
Since it represents an impedance function, the 0.0238s term is an inductor 
L = 0.0238 in series with the remainder of the network. The impedance 
term on the right is equal to 1 over an admittance function. The admit¬ 
tance is made up of a capacitor C = 0.0814 in parallel with the remainder 
of the network. The admittance is 1 over an impedance function which 
is made up of an inductor L — 0.173 in series with the rest of the network. 
This process is continued until the network of Fig. 12—5—5 is obtained. 
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0.0238 0.173 


)-- 

. —.vMil/- 


0.0814 p 

0.608;:: 



0.422 


Fig. 12-5-5. 


The polynomial of Eq. 12—5—1 is used to obtain the reactance function 
or these examples. It is of interest to develop the Routh table for this 
)olynomiaL For convenience, the polynomial is repeated as 

+ 42s^ + 601s^ + 3552s^ + 7220^ + 11,600 (12-5-21) 

The Routh table is given as 

601 7,220 

3,552 11,600 

6,940 
11,600 

(12-5-22) 

The ratio of the first row to the second row is the reactance function 
;ynthesized in these examples. The ratio of the second row to the third 
*ow is Fi( 5), as can be seen by comparing the coefficients in the table 
vith the reciprocal of Eq. 12—5—16. The ratio of the third row to the 
burth row is Zsis), as can be seen from the reciprocal of Eq. 12—5—17. 
The ratio of the fourth row to the fifth row is y 3 (^), and finally the ratio 
)f the fifth row to the sixth row is Z 4 (s). Therefore it can be seen that 
he Routh table is another method of obtaining a network synthesized by 
Hauer’s first form. 

The coefficients in the continued fraction expansion of Eq. 12—5—20 
:an be obtained from the ratio of successive numbers in the first column 
)f the Routh table. These ratios are 

1/42 = 0.0238, 42/516 = 0.0814, 516/2980 = 0.173, etc. 

Cauer’s Second Form. The second Cauer form removes the pole 
Lt the origin. If Z(s) has a pole at the origin, the pole is removed. How- 
;ver, if Z(s) has a zero at the origin, the function is ‘‘flipped over” and 
he pole is removed from the admittance function. 

The substitution 


1 

42 

516 

2,980 

4,900 

11,600 


s 


1 


z 


(12-5-23) 
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exchanges the roles of the origin and infinity. With this substitution, 
the polynomial 

^5 42^4 501s" + 3552s" + 7220s + 11,600 (12-5-24) 

becomes 

11,600^" + 7220^" + 3552;^" + 60U" + 42^+1 (12-5-25) 


The Routh table is formed as 



11,600 


7,220 


2,585 


488.6 


35.1 


1 


3,552 42 

601 1 
40.39 
1 

(12-5-26) 


The continued-fraction expansion is obtained from the ratio of suc¬ 
cessive numbers in the first column and the substitution z = 1 /s is again 
used. An examination of the method in which this expansion is obtained 
indicates that it represents an admittance function: 


y(s) = 


1.61 

s 


2.79 1 

s ^ 5.3 1 

5 13.9 1 

JT 35.1 


(12-5-27) 


The network of Fig. 12—5—6 is obtained. 


0.359 0.072 



Discussion. Each of the networks obtained by the four canonic forms 
contains five elements. However, there are more than four networks 
that can synthesize this function with five elements, because the canonic 
forms can be mixed. For example the series inductor can be removed 
by Foster's first form, and the synthesis procedure then switched to 
Foster's second form to remove a shunt LC series combination, etc. 
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It is also possible to synthesize this same impedance function with an 
infinite number of networks each containing an arbitrary number of 
elements. For example, each inductor and capacitor can be divided into 



Fig. 12-5-7. 


a group of series elements, as indicated in Fig. 12—5—7. This example 
may seem as if it is a trivial case; however, this same type of division of 
elements can be disguised by removing Li in Fig. 12—5—7, and then 
expanding the remainder function in another form such as Foster's second 
form. The residue at one of the finite poles can be calculated but instead 
of removing all the pole, only a part of the pole is removed. After this 
partial pole removal, the network can be “flipped over” and a part of a 
finite pole in Foster's first form can be removed. The network obtained 



Fig. 12-5-8. 


by these steps is indicated in Fig. 12-5-8. The function describing the 
remainder of the network is as complicated as the original function be¬ 
cause none of the poles has been removed. This type of expansion can 
be continued indefinitely. 

12-6. RC Realization Methods. RC networks can be synthesized 
in any one of four canonic forms, which are analogous to the LC forms 
and for convenience are referred to by the same names. 

Foster’s First Form. Foster's first form expands the impedance 
function Z{s) into partial fractions. A Z{s) and its expansion are given as 




{s + l)(s + 3) 
s(s + 2)(5 + 4) 


0.375 , 0.250 , 0.375 
■^^ + 2 "^5 + 4 


s 


( 12 - 6 - 1 ) 
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Fig. 


In order to recognize the second and third terms of this expansion, 
the operational impedance of the parallel RC circuit of Fig. 12—6—1 is 
determined. 


Z(s) = 




( 12 - 6 - 2 ) 


The second term of Eq. 12-6—1 is used to demonstrate the manner of 
determining the R's and C's. At low frequencies this RC combination 
acts as a resistor, and for small values of s the second term becomes 


0.250 


(12-6-3) 


At high frequencies, this RC combination acts as a capacitor, and for large 
values of s the second term becomes 

1 _ 0^ (12-6-^) 


from which C is found as 


C = 4 


(12-6-5) 


The third term can be evaluated in a similar manner and the network 
that realizes the RC function is shown in Fig. 12-6—2. 



408 


CONTROL SYSTEM THEORY 


[Ch, 12 


This discussion can be generalized to demonstrate several properties 
of RC networks. Suppose that a Z(s) and its expansion are 


Z(s) = 


{s + Zi){s + Z2)(s + ^ 3 ) 

(s 4- pi)(s + p 2 )(s + Ps) 


s + pi S + p 2 


K-p. 

s + Pz 


( 12 - 6 - 6 ) 


Where pi < Zi < p 2 < < Pz < ^ 3 . Each of the Ks is positive, as can 

be seen from the following discussion. The residue K p, is obtained by 
“covering up” the s pi factor and substituting ^ = —pi in the remain¬ 
der of the function. Since pi is smaller than any of the other p^s and ^’s, 
all the factors that make up K~pr are positive, and therefore K-p, is 
positive. K-p, is obtained by “covering up” the s + p 2 factor and sub¬ 
stituting 5 == —p 2 in the remainder of the function. Since p 2 is larger 
than pi and ^ 1 , two of the factors that make up K-p, are negative, with 
the result that K-p, is positive. By a similar line of reasoning, it can be 
seen that K p, is also positive. 

If ^ in Eq. 12-6-6 is restricted to its real values s = a, the equation 
becomes 


Z(a) = 1 


K^p^ ^ K-p. 
fj pi c p‘ 


(12-6-7) 


( 12 - 6 - 8 ) 


When Z{a) is differentiated with respect to a, the result is 

6i[Z((x)] _ K~pi K.-~pi _ K—pj, ("12—6—81 

da {a + piY (a + pzT (<7 + PzY 

From this it can be seen that the derivative of Z{a) with respect to a is 
negative for all values of a. A plot of the Z(a) of Eq. 12—6—6 is shown in 
Fig. 12—6—3. 


(o + pz)^ 
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Another property of RC networks is that the magnitude of the im- 
pedance at 5 = 0 in always greater than the magnitude at 5 = 00 . This 
statement is true because all the capacitors become short circuits at 5 = co. 


Foster’s Second Form. Foster’s second form expands the admit¬ 
tance functions in partial fractions. If this is done on YC^) without any 
preliminary step, all the residue terms are negative and it is impossible 
to recognize a network. In order to explore the type of expansion that 
is desired, the operational admittance of the RC series circuit of Fig. 
1 2-6-4 is found as 


Y(s) = 


1 

R + IjsC 


s + IIRC 


(12-6-9) 


Therefore y(^) must be expanded so that the ^ factor appears in the 
numerator of each term. To do this, Y(s)ls is expanded and the result 
multiplied by s to yield Y(5). This is done for the example 
of Eq. 12-6-1: 


Y(s) (s + 2)(s + 4) 


1 + 


1.5 


(s + 1)(^ +3) ^ ^ + 1 

from which y(5) is found to be 


+ 


0.5 
5 "-f- 3 


1 55 

Y(s) = s + + 


0.55 


5 “h 1 5-1-3 


( 12 - 6 - 10 ) 


( 12 - 6 - 11 ) 


Fig. 12-6-4. 


The second term of Eq. 12-6—11 is used to demonstrate the method 
of determining the jR’s and C’s. At low frequencies the series RC circuit 
acts as a capacitor, and for small values of 5 the second term becomes 


from which 


Cs == 1.55 
C = 1.5 


( 12 - 6 - 12 ) 


At high frequencies this RC combination acts as a resistor, and for large 
values of 5 the second term becomes 


from which 



R = 0.667 


(12-6-13) 



Fig. 12-6-5. 



410 


CONTROL SYSTEM THEORY [Ch. 12 


The third term can be evaluated in a similar manner and the network 
that realizes the RC function is shown in Fig. 12“6~5. 

Cauer’s First Form. Cauer’s first form removes the pole at infinity. 
An RC impedance can never have a pole at infinity but it may have a 
zero at infinity. If it does, the function is ‘'flipped over’" and the pole 
at infinity in the admittance is removed. If the impedance does not have 
a zero at infinity, a preliminary step is required to create this zero. 

The previous example is used again: 


(s+ 1)(^ + 3) + 45 + 3 

s(s + 2)(s + 4) 5 " + 65 " + Ss 


(12-6-14) 


Z(s) has a zero at infinity; therefore, it is “flipped over” and the pole at 
infinity in y( 5 ) is removed leaving TiC^). 


_ 5 ^ + 65 ^ + 85 _25^ + 5s 

~ + 4s + 3 ^ “ s" + 4s -t- 3 


(12-6-15) 


To continue the process, Fi(s) is “flipped over” and the constant value 
at infinity is removed to create a zero at infinity in Zz(s): 


Z,(s) = 


s'’ + 4s + 3 
2s'’ 4- 5s 


-0.5 = 


1.5s + 3 
2 s^ 4 - 5 s 


(12-6-16) 


Z 2 (s) is “flipped over” and the pole at infinity is removed leaving y 3 (s): 

- or+3 

Although ¥ 3 ( 3 ) can be recognized as a series RC combination, the proce¬ 
dure is continued by “flipped over” and removing the constant 

value at infinity and leaving Z 4 (s) 

Z,(s) = Ly ^ - 1-5 = y (12-6-18) 


The above work can be condensed into a division process: 


s_ 

s^ 4 “ 4s 4 ” 3 |s^ 4“ 6 s^ 4" 8 s 
s® 4- 4s® 4- 3s 

2s® 4- 5s |s® 4- 4s +T 

s® 4- 2.5s (1.33s) 

1.5s 4- 3 |2s® 4 - 5s 
2s® 4- 4s 
s 


(12-6-19) 


(1-5) 

|1.5s + 3 
1.5s (s/3) 

|s 

£ 

0 


3 
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The result can be put into the continued-fraction form as 



Fig. 12-6-6. 


The resulting network is shown in Fig. 12—6-6. 

An examination of the division in Eq. 12-6—19 shows that the first 
division removes the pole at infinity in y(s) and the remainder divided 
by + 4^ + 3 is yi(.y). yiW is “flipped over*’ by the manner in which 
the next division is carried out and the constant term at infinity is removed. 
The remainder divided by 2s^ + Ss is Z^is). Z 2 (s) is “flipped over” by 
the manner in which the next division is carried out, etc. 

Cauer’s Second Form. Cauer’s second form removes the pole at zero. 
An RC impedance may or may not have a pole at zero. If it has a such 
pole, this pole is removed. If it does not, then Z{s) is flipped over,” and 
yi(^) is created with a zero at ^ = 0 by removing the constant value in 
Y(s) at zero. This procedure is repeated until the network is synthesized. 
The previous example is used again: 

( 12 - 6 - 21 ) 

Since Z(s) has a pole at zero, no preliminary step is needed before this 
pole can be removed. The entire procedure is condensed into a division 
process similar to that in Eq. 12-6-19: 
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The result can be put into the continued-fraction form as 




Fig. 12-^7. 


The resulting network is shown in Fig. 12—6—7. 

2 

-h 
5) 

2 ' 

Fig. 12-7-1. 

12-7. Two-Terminal-Pair Networks. A two-terminal-pair net¬ 
work is shown in Fig. 12—7—1. Of the several sets of parameters available 
to describe this network, two sets are featured for the present purposes. 
The first set of parameters is defined by the equations 

= ^iili + - 2 ^ 12/2 (12—7—1) 

£*2 = ^22^^ (12—7—2) 

Each of these voltages, currents, and z*s is a function of but the s is 
dropped for convenience in writing. 

If I 2 in Eq. 12-7-1 is zero, the resulting equation can be solved for 
^11 as 

El 

(12-7-3) 

-*1 

Therefore is the driving-point impedance of the 1-T terminals, with 
the 2—2' terminals left open. 
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In a similar manner, it can be seen that Z 22 is the driving-point im¬ 
pedance of the 2—2' terminals with the 1—1' terminals left open. 

If 1 1 in Eq. 12—7—1 is zero, the resulting equation can be solved for 

^12 

(12-7^) 

and in a similar manner, Z 21 can be found to be 



As a result of the reciprocity theorem, 

■2i2 — ■8^21 


(12-7-5) 

(12-7-6) 


The parameter Z 12 is a transfer impedance as the current is supplied 
at one set of terminals and the resulting voltage is found at the other set. 



The network of Fig. 12—7—1 can be represented by an equivalent T net¬ 
work as shown in Fig. 12—7—2. The driving-point impedance at the 1—1' 
terminals with the 2—2' terminals open is zn and that at the 2—2' terminals 
with the 1—T terminals open is 2 r 22 - Also, the network can be driven by 
a current 1 2 and the resulting voltage is 

£1 = I 2 Z 12 (12-7-7) 

or by a current Ii and the resulting voltage is 

£2 = I 1 Z 12 (12-7-8) 

Therefore, this network is the equivalent curcuit. 

The second set of parameters is defined by the equations 

11 = jii£i + 3 ^ 1 2£2 (12-7-9) 

1 2 = 3^2 i£i + 3 ^22£2 (12—7—10) 

If £2 in Eq. 12—7—9 is zero, the resulting equations can be solved foryn 


(12-7-11) 
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Therefore 3^11 is the driving-point admittance of the 1 - 1 ' terminals with 
the 2 — 2 ' terminals shorted. 

In a similar manner, it can be seen that 3/22 is the driving-point admit¬ 
tance of the 2 - 2 ' terminals with the 1 —T terminals shorted. 

If El in Eq. 12—7—9 is zero, then the resulting equation can be solved 
for 3^12 as 



and in a similar manner y^i can be found as 

h 

3^21 = ^ 

As a result of the reciprocity theorem, ^ 


yi 2 — 3^21 


(12-7-12) 


(12-7-13) 

(12-7-14) 


The parameter yi^ is a transfer admittance because the voltage is 
supplied at one set of terminals and the resulting current is found at the 
other set. 



The network of Fig. 12—7—1 can be represented by an equivalent 71 
network as shown in Fig, 12—7—3. The fact that this is the equivalent 
circuit can be reasoned in a manner similar to that for the equivalent T. 

The z^s and the 3 ;’s are not reciprocals because the z*s are obtained with 
the other pair of terminals opened and the 3 ;’s are obtained with the other 
pair of terminals shorted. 

To find the relationship between the 3 ;’s and ^*s, the 2—2' terminals 
of Fig. 12—7—2 can be shorted and the admittance at the 1—T terminals 
becomes 3 ;ii. An equation can be written for this circuit, and yn can be 
found to be 


.. ^ ^22 

3 ; —-- 

^11^22 —^12 

In a similar manner, and yi 2 can be found to be 

gii 

1-^82 — 


(12-7-15) 


3^22 — 


(12-7-16) 
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yi2 == 


_ ^12 _ 

211^22 — ^ 12 ® 


The three equations for the z’s in terms of the y’s are 


(12-7-17) 


= 


_ 3^22 _ 

3 ^ 11^22 3 ^ 12 ^ 


(12-7-18) 


and 


^22 


3^11 

3 ^ 113^22 3 ^ 12 ^ 


^12 = 


3^12 

3^113^22 yi2^ 


(12-7-19) 

(12-7-20) 


12—8* Poles and Zeros of jRC Transfer Functions. Of the para¬ 
meters discussed in the previous article Zn, Z 22 , 3 ^ 11 , and 3^22 are either 
driving-point impedances or admittances of an RC network; and the loca¬ 
tions of the poles and zeros of these t 5 ^es of functions have already been 
discussed. However, Z 12 and yi 2 are transfer functions and nothing has 
yet been said about the locations of their poles and zeros. Based on an 
idea suggested by Cauer and developed by Brune, the condition for 
physical realizability for any transfer function can be found by reducing 
the problem to a driving-point impedance by the artifice shown in Fig. 
12—8—1. For the present purposes, the discussion is limited to RC net¬ 
works. 



Fig. 12-8-1. 


The RC network is described by arn, Z 22 y and Zi 2 > A perfect trans¬ 
former with a turns ratio of a:l is connected to the 1 — 1 ' terminals and 
another perfect transformer with a turns ratio of 6:1 is connected to the 
2—2' terminals. Since the entire circuit is made up of R's and C’s, the 
driving-point impedance Z at terminals A—B must be that of an RC net¬ 
work. An expression for the impedance Z is found in the following steps. 
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The original network is described by equations 

Ey = ( 12 - 8 - 1 ) 

£*2 = - 3 * 12-^1 H " 3 ' 32^2 ( 12 — 8 — 2 ) 

These equations can be rewritten in terms of the voltage and currents on 
the other sides of the transformers as 


^ = z,ral\ + Z,^bl\ (12-8-3) 

a 

^ = z^2a^^ + Z22bl'2 (12-8-4) 

Because of the manner in w^ch the circuit is connected, 

(12-8-5) 

and the equations can be rewritten 

E\ = ztra^r, + Zr2abl\ (12-8-6) 

E'2 = z^2abI\ + Z22b^l\ (12-8-7) 


The driving-point impedance is 

2 - = ( 12 - 8 - 8 ) 
i 1 

When Eqs- 12-8-6 and 12-8-7 are substituted, the equation for Z is 
obtained as 

Z = + 2ari2<3!^Ti + Z22b^ri (12-8-9) 


Z = + 2zi2ab.+ %22b^ (12-8-10) 

The location of the poles and zeros of Z, Zn, and ;sr 22 are known 
because these are RC driving-point impedances. The location of the 
poles and zeros of Zi 2 can be deduced by the following steps. 

Eq. 12-8—10 is solved for Izi^ab: 

2zi2ab = Z — ziia^ — -s'22^^ (12-8-11) 

Since Z^ Zn, and Z 22 all have simple poles on the negative real axis, Z 12 
mu^t also have simple poles on the negative real axis. 

It can also be determined by examining Eq. 12-8-11, that all the coef¬ 
ficients in the numerator polynomial of Z 12 must be real; however, some 
of these coefficients may be negative. 

As explained in the discussion of Foster’s first form, when an RC 
driving-point impedance is expanded in partial fractions, all the residue 
terms are positive. For example, if 


^ — ~~Pi> '~'p2i —pz 


( 12 - 8 - 12 ) 
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are poles of Z, then Z can be expanded on 


Z = 


K 

s -\r pi 


+ 


K , 

S + p2 


+ 


Kp. 

s pz 


(12-8-13) 


where each of the is positive. If 5 is allowed to approach the value 
~pi the first term on the right of Eq. 12—8—13 becomes so large compared 
with the other two terms that Z behaves in essentially the same manner as 
the first term. In a similar manner, if s = —pi is a pole common to Z, 
^nd Z12, then as s approaches —pi, each of the terms of Eq. 12-8—1 0 
(repeated here for convenience): 


behaves as 


Z = Ziia’^ + Izi^ab + 


(12-8-14) 


K ^ Kiia^ Ki,ab 
s + pi S + pi s + pi s + pi 

From this equation it can be seen that 

K = Kiia^ + Ki^ab + K^^b^ 


(12-8-15) 


(12-8-16) 


where K, Kn, and K 22 are positive real numbers. Regardless of the size 
or signs of a and b, the right side of this equation must be positive. From 
the theory of positive definite quadratic forms, this leads to 

K 11 K 22 ~ Ki2^ ^ 0 (12-8-17) 


This equation is referred to as the residue condition. 

If Ki 2 is zero, the residue condition can be satisfied with Kn and K 22 
taking on any positive value including zero. However, if K 12 is not zero, 
then neither Kn or K 22 can be zero. From this it can be reasoned that 
Zii can have a pole not appearing ins:i 2 orin; 2 : 22 > and that 2:22 can have a 
pole not appearing in 2:12 or in 2 rii. However, if Z 12 has a pole, this pole 
must appear in both Zn and Z 22 - 

It should also be noted that K 12 is real but there is no restriction on its 
sign. Therefore K 12 can be negative. 

From this discussion it can be seen that the poles of Z 12 must be simple 
and on the negative real axis but that the zeros can be anywhere and can be 
of any multiplicity. When the zeros are complex, they must appear in 
conjugate pairs. 

The final point to be considered, is the behavior of 2:12 as ^ approaches 
infinity. Eq. 12-8—10 is again referred to for this discussion, being 
repeated as 

Z = Ziia^ + Izizab + Z22b^ (12-8—18) 

As 5 approaches infinity, each of the driving-point impedances is either a 
resistance or a short-circuit. For the moment, each driving-point 
impedance is assumed ^o be a resistance. Therefore, regardless of the 
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size or sign of a and the right side of Eq. 12—8—18 is positive as 5->oo. 
From this a condition somewhat similar to the residue condition results: 

2^11(00)2:22(00) — 2 i2^(oo) ^ 0 (12-8-19) 

If 2 'i 2 (co) is zero, 211(00) and 222(00) can have any values including 
zero. However, if either 2n(oo) or 222(00) is zero, then 212(00) must also 
be zero. Also if 212(00) has a value other than zero, then neither 211(00) 
nor 222(00) can be zero. 

The realizability conditions for 3711, 3/22, and 3/12 can be developed in a 
similar manner. However, if these parameters are divided by 5 as yn/^, 
y 22 isy and these new functions satisfy exactly the same set of condi¬ 
tions discussed for the 2’s. 

An example best illustrates the way the conditions on the 2^s can be 
used. 

Example 12-8-1. The following 2 ’s are given: 


(s + 1)(^ + 3) 

+ 2)(s + 4) 

(12-8-20) 

(s + 3Xs + 5) 

(s + 2)(s + 4) 

(12-8-21) 

H{s + 1) 

(s + 2)(i +. 4) 

(12-8-22) 


It is desired to determine the largest possible value for the constant H without 
violating the residue or 5 = 00 conditions. 

The condition 


^ 11 ( 00 ) 222 ( 00 ) — 212 ^( 00 ) ^ 0 (12-8-23) 

is satisfied with an equality sign as both 211 ( 00 ) and 212 ( 00 ) are zero. 

To continue the example, the 2 ’s are expanded as 


0.375 , - , 0.250 , 0.375 
--- , +0 + , + 2 + . + 4 

(12-8-24) 

^2s-0+1+^^2 + , + 4 

(12-8-25) 

„ , „ 0.527 , 1.5H 

-- = 0 + 0 , + 2 + . + 4 

(12-8-26) 


The residue condition K 11 K 2 Z — i^i 2 ^ ^ 0 is applied at the pole at ^ = —2 as 

(0.250)(1.5) - (0.5H)^ ^ 0 (12-8-27) 

from which 

1 . 22 s (12-8-28) 

This is repeated for the pole at s = —4 as 

(0.375)(0.5) ~ (1.5H)2 S 0 


(12-8-29) 
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from which 

0.288 (12-8-30) 

Therefore, the maximum possible value for H is 0.288 in order to synthesize 
the three z's as an RC network. 

In this book, no synthesis procedures are attempted in which all three 
;s:’s (or y's) are specified. Such procedures almost invariably involve 
perfect transformers as circuit elements. The use of the perfect trans¬ 
former can be avoided in many situations by using synthesis procedure in 
which two of the three z's (or y’s) are specified. This is explored in the 
following articles. 



(a) 


(b) 


E 



(c) (d) 

Fig. 12-9-1. 

12-9, Introductions to S 3 mthesis Procedures for Transfer 
Functions. In control systems, the RC network is usually inserted in the 
system. Such a network is shown in Fig. 12—9—1 a and the Norton 
theorem equivalent in Fig. 12—9—lb. If the network is driven by a triode, 
Rs is finite. If it is driven by a pentode, the circuit of Fig. 12—9—2b is 
preferred for representing the circuit, and in many cases Rs can be as¬ 
sumed to be infinite when compared with the impedance at the 1—1' 
terminals. In many cases, if the network is driven by a cathode follower 
or by some other low-impedance device, Rs can be assumed to be zero 
when compared with the impedance at the 1—1' terminals. 

The output terminals may be connected to a finite load jR ^ or to the 
grid of the next tube or some other high-impedance device in which case 
R L can be assumed to be infinite. 
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Since the network itself contains resistors, the Rs and Rl can be con¬ 
sidered to be part of the network. For example, if is finite, the network 
of Fig. 12—9-"lc can be used but the RC network must be synthesized so 
that it begins with a resistor. All or part of this resistor is identified as jR^- 
Similarly if i?/. is finite, the RC network must be synthesized so that it 
terminates in a resistor, and all or part of this resistor is identified as Ri,. 
Therefore the network of Fig. 12—9-lc with the proper synthesis procedure 
can be used to obtain the network of Fig. 12—9—la; likewise, the network 
of Fig. 12—9-ld can be used to obtain the network of Fig. 12—9-lb. 



For the present purposes, the network of Fig. 12—9—1 c is considered. 
The RC portion of the circuit is replaced by an equivalent T as shown 
in Fig. 12-9-2. The voltage E 2 in terms of Ei is 


the transfer function is 


E2 




^11 


E2 ^ 2:12 
El ^ii 


(12-9-1) 


( 12 - 9 - 2 ) 


From Eqs. 12—7—18 and 12—7—20, the transfer function can be re¬ 
written 


E 2 _ __ yi 2 l(yiiy 22 ~ yi 2 ^) _ __ yi 2 n 2—9—3) 

■^1 y22l(yiiy22 3^12^) 3^22 

The minus sign is the result of the direction chosen for currents and can 
be ignored for the present purposes. 

The conditions necessary for E 2 IE 1 to be realized with an RC network 
can be determined from either Eq. 12-9-2 or Eq. 12-9-3. For this discus¬ 
sion, Eq. 12—9—2 is used. The zeros of E 2 IE 1 are either the zeros of Z 12 
or the poles of 2:11 not in ^12. The poles of E 2 IE 1 are the zeros of not 
in Zi 2 ^ The poles in Z 12 do not create poles in E 2 IE 1 because each of 
these poles also appears in 

The poles of E 2 IE 1 are the zeros of Zn which occur on the negative 
real axis. Since the lowest critical frequency of Zn is a pole, js^u cannot 
have a zero at the origin and hence E 2 IE 1 does not have a pole at the origin. 
If ^11 has a zero at infinity, by Eq. 12-8-19 ^12 must also have a zero; 
therefore, EzjEi cannot have a pole at infinity. 
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12—10. Transfer Functions with Zeros on the Negative Real Axis. 

If the zeros of E 2 IE 1 are on the negative real axis, a ladder network can 
be used realize the transfer function. A ladder network is shown in Fig. 



Rg. 12-10-1. 


12-10-1 with two series and two shunt impedances. The zeros in trans¬ 
mission are created either by a series impedance becoming an open circuit 
or by a shunt impedance becoming a short circuit. The necessary ad¬ 
ditional comments are included in the discussion of the examples. 


Example 12—10-1. The following transfer function is given 
Bz _ {s + 1)(^ -f 8) 

+ 2){s -h 4) 


( 12 - 10 - 1 ) 


The network to realize this E^jEi is first to be synthesized without regard to loading. 
It is decided to use the identification of Eq. 12—9—3: 


from which 


= + l)(^ + 8)/g(^) 

El y 22 (s + 2)(s + 4)/^(s) 


( 12 - 10 - 2 ) 


(s + 1)(^ + 8) _ (^ + 2)(^ + 4) 

g(s) q(s) 


(12-10-3) 


The polynomial q(s) must be chosen so that ^22 is physically realizable as an RC 
driving-point admittance. This means that ^(^) must contain a factor 5 -f a where a 
is between 2 and 4. The polynomial ^( 5 ) can also contain a second factor s + 



Rg. 12-10-2. 
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where ^ is any number larger than 4. To make 5^22 as simple as possible, the 5 + a 
factor is used by itself. The constant a is arbitrarily chosen as 3. 


(s + 1 )(^ -f 8 ) 


(s + 2)(s + 4) 


(12-10-4) 


The procedure to be followed is to synthesize 3/22 in such a way that the desired 
transmission zeros of yi 2 are realized. As a help in explaining this procedure, a plot 
of 3^22 versus a is shown in Fig. 12-10-2. The zero at —2 in 3^22 can be moved to —1 
by subtracting the proper constant value from 2 ( 5 )• This constant value is found as 


(-1 + 2)(~1 + 4) 3 

-14-3 2 


This value is subtracted from 3^22 leaving 3 ;^ 


(s + 2)(s + 4) 3 


is + 1 )(^ + j) 


(12-10-5) 


( 12 - 10 - 6 ) 


The above steps have created a zero at ^ = —1 in 3 ;^ and with 3 ;^ “flipped over,” 
the result has a pole at ^ = —1 

1 S ~f“ ^ -1 rv i-t\ 


is + l)(s + 1) 


This pole is removed by calculating the residue in the pole at —1 as 


-1434 

-i+-~^ 
^ 2 


The resulting function is labeled 1 / 3 ;^ 


(12-10-7) 


( 12 - 10 - 8 ) 


from which ys is Qbtained: 


(5 + l)(i + ^ j ^ ^ Jt + 

+ I) 


(12-10-9) 


( 12 - 10 - 10 ) 


A plot of ys versus <t is shown in Fig. 12-10-3. The zero at is moved to ”8 



Fig. 12-10-3. 
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Cs\ 


~ yB |s = '8 = 5( —8 + Tj) 


- 8 C 



This Cs is subtracted from y b leaving y c 

3^c = 5(s + |)-g^=||(. + 8) 
The following expansion has been performed on 3 / 22 * 


3^22 


■ 4- 


4/5 
^ 4- 1 


1 


16 




( 12 - 10 - 11 ) 

( 12 - 10 - 12 ) 


(12-10-13) 


(12-10-14) 



The network realizing 3/22 is shown in Fig. 12-10-4. The admittance 3/22 is 
found at the 2—2' terminals with the 1—T terminals shorted. A comparison of Fig. 
12-10-4 with Eq. 12-10-14 indicates that this is so. However, the circuit is judici¬ 
ously arranged so that the proper zeros of 3/12 also are realized. When Ei is applied 
to the 1-1' terminals, the R = 2/35, C = 35/16 combination creates a zero in 
transmission at ^ = —8 and the R = 4/5, C = 5/4 combination creates a zero at 
5 = - 1 . 

In order for a zero in transmission to be realized by a pole removal as in Eq. 
12-10-9, all of the pole must be removed. If only a part of the pole is removed, the 
resulting network acts as a voltage divider. Fig. 12-10-5 shows a simple example. 
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The RC combination in the series portion of the ladder does not create the desired 
zero in transmission because the remainder of the network also contains the same pole. 
Similarly when a shunt arm is removed to create a zero in transmission, all the pole 
in the corresponding admittance function must be removed. Otherwise, the current 
entering this portion of the circuit will divide between two short circuits and will 
affect the output. 

The transfer admittance yia is realized only within a constant multiplier. This 
results from the fact that is not realized as such but only the zeros of 3 ; 12 are 
realized. Therefore to be correct, yi 2 of Eq. 12-10-4 should be written 


3^12 = 


K(s + l)(s + 8 ) 
5 -j- 3 


(12-10-15) 


The constant K can be evaluated from the network of Fig. 12-10-4. This is most 
easily done by letting s approach zero. From Eq. 12—10—15, yi 2 becomes 


yi2 


s-O 



(12-10-16) 


2 4 



and the network degenerates to that shown in Fig. 12-10-6. The transfer admittance 
is determined from this circuit as 



(12-10-17) 


When Eqs- 12—10—16 and 12-10-17 are compared, K is determined as 



Example 12-10-2. The same transfer function 

E 2 _ K{s + 1)(^ -h 8) 
El (s -[“ 2)(s -f- 4) 

and the same 3^12 and 3^22 


(12-10-18) 


(12-10-19) 


3^12 — 


K(s + l)(s + 8 ) 
5 "h 3 


3^22 = 


(s + 2)(s 4- 4) 
s -|- 3 


( 12 - 10 - 20 ) 


of Example 12 — 1 0-1 are realized by a different development. The zero in transmis¬ 
sion at ^ — —8 is realized first. The zero at 5 ~ —4 in 3^22 is moved to ^ = —8 by 
removing a capacitor. It is suggested that the reader draw the appropriate sketches 



Art. 12-10] 


NETWORK SYNTHESIS 


425 


of the 3 ;’s and 1 jy’s to visualize each of the following steps. The value of C is found 
by setting up the equation 


-SC = y22 


( 12 - 10 - 21 ) 


and solving for C as 


( 12 - 10 - 22 ) 


This Cs is subtracted from ^22 leaving 3 ;^ 


_ (s + 2)(s -f 4) 3 

s + 3 5 ^ 

The admittance 3 ^^ is “flipped-over*’ 


^ ij (^ + 8) 


(12-10-23) 


yA (2 


l)(j + 8) 


The residue in the pole at 5 = —8 is calculated as 

, -5 25 

“ 16 , , 11 

-y+l 

The pole is removed and the remainder function is labeled l/y^ 


(12-10-24) 


(12-10-25) 


(? + 


25/11 _ 1 

5 + 8 22 / 

Tl^ 


(-1 


The zero at ^ = “5/2 in 


“(-I) 


(12-10-26) 


(12-10-27) 


is moved to ^ = —1 by removing a resistor. The value of R is found by setting up 
the equation 




(12-10-28) 


After this R is removed from 3 /^, the remiiinder function is to be called yc'- 


22/ ^5\ 33 22. 


(12-10-29) 


The following expansion has been performed on 3^2 


5^ 25/11 


5+8 ' ^ ^ , .X 

5 + -5^^ + 


(12-10-30) 
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Again the circuit is judiciously arranged to yield the proper 3^22 with the 1—1^ 
terminals shorted and to realize the zeros of 3 ;i 2 - The resulting circuit is shown in 
Fig. 12-10-7. 



The constant K associated with 3 ;! 2 is determined by letting s approach infinity. 
The 3^12 from Eq. 12-10-20 becomes 

3 ;i 2 1.^00 ^Ks (12-10-31) 



As 00 , the circuit of Fig. 12—10-7 becomes that of Fig. 12—10-8 as far as determin¬ 
ing K is concerned. The current F 2.2 is 

- /'22 = OAs (12-10-32) 

From a comparison of Eq. 12-10-31 and 12-10-32, K is determined as 


K = 0A 

Example 12-10-3. The same transfer function 

E 2 Kis + 1 )(^ + 8 ) 
E^ (s + 2)(^ + 4) 


(12-10-33) 

(12-10-34) 


is realized except that the development is carried out in terms of 


E 2 _ K(s "T 1)(5 -{“ 8)/g(jr) __ Zi2 
El (s + 2)(s + A)/q(s) jafu 


(12-10-35) 


The following identifications are made 

(s + 2)is + 4) Kis + 1)(^ -h 8) 

-- W) 


(12-10-36) 
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The polynomial q(s) must be chosen so that Zn is an RC driving-point impedance. 
To simplify ^ 12 , one factor of g(s) is chosen as ^ + 1 and the other factor is arbitrarily 
chosen as 5 -f 3. The to be realized are 


_ (s + 2)(s + 4) Kis + 8 ) 

(s + 1 )(^ + 3) ’ s + 3 


(12-10-37) 


The pole in 2^11 at 5 = —1 is removed first. The residue in this pole is deter¬ 
mined as ^-1 — 3/2 and the pole is removed 


(s + 2Xs + 4) 3/2 _ s 7/2 

(s + 1 )(^ + 3) ^ + 1 5 + 3 


(12-10-38) 


A convenient way to proceed is to move the zero at 5 — —7/2 to 5 = — 8 . The 
Za is evaluated at 5 = —8 as 9/10 and this amount is removed as 


i±JJ2 9 _ (lll0)(s + 8 ) 
^ + 3 10 5 + 3 


(12-10-39) 


The Zb is “flipped over” and l/zsS is explanded and the result multiplied by 5 
to yield 


1 _ 15 (25/4)5 

4 5 + 8 


(12-10-40) 


The following expansion has been performed on zi 1 


Zii = 


+ ■ 


1 


3/2 _ 

5 + 1 ■ 10 ' (25/4)5 ^ 
5 + 8 4 


(12-10-41) 


The resulting circuit is rearranged slightly and is shown in Fig. 12-10-9. 
The gain K can be calculated to be 


K = 0.1 (12-10-42) 
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Discussion of the Previous Examples. In the previous three ex¬ 
amples, the y's and the ^’s are developed without regard to loading on 
either end of the network. The circuit for the first example is shown in 
Fig. 12-10-4. This circuit can be readily adapted to loading on the 
receiving end by moving the 2/3 ohm resistor external to the 2-2" terminals 
and by scaling the circuit impedances so that the resistor equals the 
desired load resistance. 

The circuit for the second example is shown in Fig. 12-10-7. This 
circuit cannot be adapted to loading at either end. 

The circuit for the third example is shown in Fig. 12—10—9. The 4/15 
ohm can be moved external to the 2—2' terminals for loading at the receiving 
end and the 9/10 ohm resistor can be moved external to the 1-1" terminals 
for loading at the sending end. The circuit impedance can be scaled so 
that the loading impedance demands at both ends of the network are met. 
If for example, in doing this, the 9/10 ohm resistor is scaled to a larger 
value than demanded by the loading, a resistor equal to the difference 
between the two values is left internal in the RC network- 

When loading is demanded at one or both ends of the network, the 
designer must anticipate the appropriate steps in the synthesis procedure 
so as to realize the loading. This point of view is discussed in the next 
example. 


Example 12—10—4. The same transfer function 

Fa K{s + l)(s + 8) 
E^ is -h 2)(^ -f 4) 


(12-l(M-3) 


is realized in terms of y 12 and 3/22 but it is desirable to have loading at both ends of the 
network. 

For the loading at the receiving end, the synthesis procedure can begin as in 
Example 12-10-1. However, in Example 12-10-1, both yi 2 and 3^22 have poles at 
infinity and this cannot possibly lead to loading at the sending end. Therefore, 
another pole is chosen outside the zero at —4 to yield the 3 ;’s as 


V _ (^ + 2)(5 + 4 ) Kjs + 1 )(^ + 8 ) 

(s + 3 )(^ + 6 ) ’ (.s + 3)(s + 6 ) 


(12-10-44) 


The zero at ^ = —2 in 3;22 is moved to s = ~1. The 3;22 is evaluated at 5 = —1 
as 3/10 and this amount is removed as 


yA 


(s + 2)(s + 4) 3 _ ^^( 10 ^ 5 ) 

(s + 3){s + 6) 10 (i + 3)(j + 6) 


(12-10-45) 


The is “flipped over’* and the pole at ^ = —1 is removed. The residue in 
this pole is determined as = 100/19 and the pole is removed 
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1 (s + 3)(^ + 6) 100/19 s -f 82/19 

~ ^ ^ 5 4 - 1 ” 7 , 13 

+ ^Hio^ t) To^ T 


(12-10-46) 


A convenient way to proceed is to move the zero at 5 = —82/19 to s 
The l/j^j 3 is evaluated at ^ = —8 as 70/57 and this amount is removed as 


1 + 82/19 70 (SI57)(s + 8 ) 


7 .13 57 

10^ s 


7 , 13 

10^ 5 


(12-10-47) 


The impedance is “flipped over” and yds is expanded and the result multiplied 
by ^ to yield. 


_ *»I / I j. 

“ 64(i + 8) 320 

The following expansion has been performed on y^z- 


(12-10-48) 


10 100/19 70 1 

s + 1 ^ 57 17U/64(5 4 8 ) + 741/320 


(12-10-49) 



Fig. 12-10-10. 


The circuit is judiciously arranged as shown in Fig. 12-10-10. The gain K can be 
calculated to be 

K = 0.325 (12-10-50) 

The desired transfer function has been realized in such a manner that loading 
resistors are available at each end of the network. 

Example 12-10-5. Since the single ladder network achieves zeros in transmis¬ 
sion by the series impedance opening or the shunt impedance shorting, this type of 
structure can produce zeros only on the negative real axis. If the zeros are complex 
conjugate pairs, the transfer function can be realized on the admittance basis by a 
parallel ladder development as demonstrated by the example 

K{s^ + 2) _yiz 
El (^ + 2)(s + 4) 3222 


(12-10-51) 
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The following identifications are made 

K(s^ + 2) 


is 4- 2)is 4 4) 


(12-10-52) 


and q(s) is arbitrarily chosen as s 4 3: 

Kis^ 4 2) 


is + 2)(s 4 4) 


(12-10-53) 


The yi 2 and 3^22 are divided into two parts as 


K(s^ 4 2 ) ^ aKgS^ 

^■43 5’43 5'43 


(12-10-54) 


is 4 2)is 4 4) ais 4 2)is 4 4)^ pjs 4 2)is 4 4) 


(12-10-55) 


The a and ^ networks are developed separately and are connected in parallel 
to achieve the desired y’s. The Ka and Ki, are the gains that result from the syn¬ 
thesis procedures on the two separate networks. The a and ^ factors are gain 
adjustment factors that are necessary to make the total gain aKa and pKb equal as 

aKa == (12-10-56) 

The other equation evolving a and ^ is a result of Eq. 12-10-55 as 

a 4 = 1 (12-10-57) 


The a network is designed from 


; (y22)a 


is 4 2)(^ 4 4) 


(12-10-58) 


The ( 3 / 22)0 is developed so that two zeros in transmission at the origin are realized. 
This can be done by developing ( 3 / 22)0 in Cauer’s second form as 


(3^22)0 3 9 


10s 100 1 

3 1 


(12-10-59) 


which leads to the network of Fig. 12-10-11. 



Fig. 12-10-11. 
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The network is designed from 


Ka , , (^4-2)(^ + 4) 

-h 3) ’ ~ (5+3) 


(12-10-60) 


The ( 3 ^ 22 )^ is developed so that one zero in transmission at infinity is realized. This 
can be done by developing in Cauer’s first form as 

(3^22)0 = 5 + -j- — - 


which leads to the network of Fig. 12-10—12. 


(12-10-61) 




Fig. 12-10-12. 

The gain Ka can be determined for the network of Fig. 12-10-11 as 

Ka = \ ( 

The gain can be determined for the network of Fig. 12—10-12 as 

Xe, = 4 

If the two networks were connected in parallel, the result would be 

Kas^ + + + 8 

y 12 I o I ' 

5+3 5 + 3 


(12-10-62) 


(12-10-63) 


and the desired yi 2 would not be realized. However, the admittance level of each 
network can be adjusted by the a and factors, which are determined from 

aKa = (12-10-64) 


and from 


a + = 1 


(12-10-65) 


upon substituting the known values for Ka and K^, these equations can be solved 
for a and yielding 


4 . 1 

a = 5, ^=3 

The admittance of a resistor and capacitor are respectively 


( 12 - 10 - 66 ) 


and Cs 


(12-10-67) 
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To change the admittance level of the a network by a factor of 4/5, the R's are 
multiplied by 5/4 and the C’s by 4/5. 

To change the admittance level of the ^ network by 1 factor of 1/5, the R's are 
multiplied by 5 and the C’s by 1/5. 

After the admittance levels are adjusted, the two networks are connected in 
parallel as shown in Fig. 12—10-13. 



Fig. 12-10-13. 


With the 1 — 1 ' terminals shorted, y 22 is the sum of the admittance of the two 
separate networks. The current that exists in the short between the 1 — 1 ' terminals 
is the sum of the currents from the individual networks; therefore, 3^12 is the sum 
of the transfer admittance of the individual networks. No analogous method is 
possible on the impedance basis. 

The gain K for the entire circuit is 

K=aKa= = I (12-10-68) 

12—11. Concluding Comments. This chapter is intended as an in¬ 
troduction to network synthesis. Only enough concepts are explained 
here to provide the background necessary for the next chapter. For a 
more complete coverage of network synthesis, the reader should consult 
one of the books devoted exclusively to this subject. 

PROBLEMS 

12-1. Determine which of the following functions can be synthesized as an LC 
driving-point impedances: 


^ ^ (s^ + l)(s^ + 9) 


^ ^ (s^ + 4)(^" + 16) 
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(c) 

s{s^ + 1)(/ + 3) 

(e) 

(s" + 2)(,s^ + 4) 

(d) 

+ l)(i^ 4- 3) 

(f) 

s{s^ + 2)(s® + 4) 


^5 40 ^" + 3005 

5 ^ + 255 " + 100 

5 ® + 305 " 4 - 405 
5 " + 205 " + 90 


12—2. Some of the following functions can be synthesized as RC and others as 
RL driving-point impedances and still others by neither type of circuit. Classify 


each 


(a) 

(b) 

(c) 


part. 



is + 2)is + 4) 

(d) 

is‘ + l)(s^ + 3) 

(s + l)(r + 3) 

is^ + 2)is^ + 4) 

s + 2 

(e) 

is + 2)is + 3) 

is + l)(r + 3) 

is + l)(r + 4) 

sis + 2)(s + 4) 

(f) 

is + l)(s + 3) 

is + l)(s + 3) 

sis + 2)is + 4) 


12-3. Each of the following functions is to be such that it can be synthesized 
as an LC, RC or RL network. Find the range of a so that they can be so synthesized 
and identify the type of function for each part. 


sis‘ + a)is^ + 25) 
is^ + Dis^ + 16) 

(d) 

is + 2)is + 6) 
is + l)(i + a) 

s + 4 

(e) 

+ 3) 

is + a)(s + 5) 

is + 2)is + a) 

is^ + l)is^ + 9) 

(f) 

is + l)(r + 8) 

sis^ + 6)is^ + a) 

(5 + 0.5)(5 4* a) 


12—4. Given the function 

^ 2^)(s^ + 4 ^) 

find the network for the second Foster form and the first Cauer form, labeling the 
L's and C’s. 

12-5. Given the function 


Zis) = 


(5" + 2")(5" H- 4") 
5(5" + 3") 


find the network for the second Foster form and the first Cauer form, labeling 
the Us and C’s. 

12-6. Given a Hurwitz polynomial 

5^ + + 65" + 45" + 85 + 3 


obtain an impedance function by forming the ratio of the even part to the odd part 
of this polynomial. Find the network for the two Foster and two Cauer forms, 
labeling the Us and C’s. 

12r-7. Repeat Prob. 12-6 except form the impedance function as the ratio of 
the odd part to the even part. 
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12—8. Given a Hurwitz polynomial 

+ 26^® -h 2995^ + 1812^^ + 6086^^ + 10,7805 4- 7696 

obtain an impedance function by forming the ratio of the even part to the odd part 
of this polynomial. Find the network for the two Cauer forms, labeling the L’s 
and C’s. 

12-9. Repeat Prob. 12-8 except form the impedance function as the ratio of 
the odd part to the even part. 

12—10. Repeat Prob. 12-9 for the polynomial 

5® 4-11^^+ 475'" 4- lOU^ + 1165^ 4 - 68s 4 - 16 

12-11. Synthesize 

^ 2(^ + 2)(5 + 6) 
s(s 4- 4)(5 4 - 8) 

as an jRC network by Foster’s first and second forms. 

12—12. Synthesize the function given in Prob. 12—11 as an RC network by 
Cauer’s first and second forms. 

12—13. Repeat Prob. 12—11 and 12—12 except the function as given is to be 
synthesized as an RL admittance. 

12—14. Synthesize 

(s 4- 2)(s 4- 8) 

as an RL network by using Foster’s first and second forms. 

12-15. Synthesize the function given in Prob. 12-14 as an RL network by 
Cauer’s first and second forms. 

12-16. Repeat Prob. 12-14 and 12-15 except that the function as given is to 
be synthesized as an RC admittance, 

12—17. Synthesize 

Z(s) = ^ 

(s 4- 3)(5 4- 10) 

as an RC network into all four canonic forms. 

12—18. Given the impedance function of Prob. 12—17, calculate the residue in 
the pole at 5 == —3. Instead of removing all of the pole at 5 = —3, the residue is 
divided by 2, and only this much of the pole is removed. The remainder function 
is “flipped over” and divided by s, so as to expand on the admittance basis. The 
residue in the finite pole is calculated. The residue is divided by 2, and only this 
much of the finite pole is removed. The remainder function is expanded by Cauer’s 
second form to complete the network. 

12—19. Given the impedance function of Prob. 12—17, for y(5) divided by s 
calculate the residue in the pole at 5 = —6 but divide the residue by 2, removing 
only this much of the pole. The remainder function is “flipped over’ ’ and the residue 
in the larger of the two poles is calculated. This residue is divided by 2, and only 
this much of the pole is removed. The remainder function is expanded by Foster’s 
second form to complete the network. 

12-20. The following z^s are given 

(5 4~ 2)(5 4” 8) 5 4" 3 JEfs(s 4” 2) 

"" (s 4- 1)0 + 4) ■’ ^ (s + l)(j + 4) ’ "" (s + 1)(^ + 4) 
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Determine whether these three z's form a consistent set that can be used to describe 
an RC two-terminal-pair network. If so, find the maximum value for H. 

12—21. Repeat Prob. 12—20 for the following z’s: 

_ (5 + 2)is + 8) ^ + 3 ^ Hs 

(s + DU + 4) = U + l)(^ + 4) ’ u + 1)(^ + 4) 

12—22. Repeat Prob. 12—20 for the following z’s: 

u + 2)U + 8 ) (^ + 3 )(^ + 6 ) _ HsU + 2 ) 

U + DU + 4) ’ U + l)(s + 4) ’ U + Dt + 4) 

12—23. In Ex. 12-10-1, check the gain constant K — 7/16 by letting ^ go to 

infinity. 

12—24. For the network of Fig. 12-10-4 in Ex. 12—10—1, write the necessary 
equations and solve for the transfer function E 2 /E 1 . From the result check == 7/16. 
12—25. In Ex. 12-10-2, check the gain constant K = 0.4 by letting s go to zero. 
12-26. For the network of Fig. 12-10-7 in Ex. 12-10-2, write the necessary 
equations and solve for the transfer function E^jEi . From the results check K = 0.4. 

12-27. In Ex. 12-10-3, check the gain constant K = 0.1 by any convenient 
method. 

12-28. In Ex. 12-10-4 check the gain constant K = 0.325 by any convenient 
method. 

12-29. Given the transfer function 

E 2 Ksis + 1) 

E^ (s + 2)(^ + 4) 

The network to realize this E 2 IE 1 is to be synthesized without regard to leading. 
The ratio E 2 IE 1 is to be identified as y 12 / 3 ^ 22 - After the network is developed, 
determine K, 

12—30. Repeat Prob. 12—29 except identify the ratio E 2 IE 1 as Z 12 IZ 11 . 

12—31. Repeat Prob. 12-29 except that loading is required at both the sending 
and the receiving ends of this network. 

12-32. Repeat Prob. 12-29 except for 

E 2 K(s -h 6)0 4 8 ) 

(s + 2)0 4 4) 

12—33. Develop a network that realizes the E 2 IE 1 of Prob. 12—32 except that 
loading is required at.both ends of the network. Identify E 2 IE 1 as Z 12 I 211 . 

12—34. Repeat Prob. 12—32 except that loading is required at both ends of the 
network. 

12-35. Given the transfer function 

E 2 Kjs^ 4 4) 

Ex 0 + 1)(^ + 6) 

find the network that yields this transfer function. 

12—36. Given the transfer function 

E 2 Kis^ 4 8) 

0 + 3)0 + 8) 

find the network that yields this transfer function. 
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DIRECT SYNTHESIS METHODS 

13—1. Introduction. As indicated in numerous places in the preceding 
chapters, a direct method of relating closed-loop performance charac¬ 
teristics to open-loop transfer functions is a desired goal in control system 
work. Direct synthesis is a procedure whereby a set of closed-loop 
specifications are interpreted in terms of a pole-zero pattern and a 
physically realizable open-loop transfer function is directly obtained from 
the closed-loop pole-zero pattern. This scheme contrasts sharply with the 
direct analysis and *‘synthesis by extended analysis’’ methods of Chapters 
8, 9, and 11. These methods generally work in terms of the open-loop 
characteristics and attempt to achieve suitable closed-loop performance 
by indirect means such as the use of phase margin, M circles, and various 
other criteria. The root-locus schemes of Chapter 11 are about as direct 
an attack on system performance as any method considered in earlier 
chapters. 

One useful direct synthesis scheme is the Guillemin method^ for 
systems of the form of Fig. 13—1—1. This method follows the basic steps 
outlined below which in reality must apply to any similar direct synthesis 
method. 

G 



(1) A closed-loop function T(js) = C{s)jR{s) is formed from the over-all system 
specifications. 

(2) The open-loop transfer function G(s) = C{s)IE{s) is determined from T(s). 

(3) The necessary compensation function Gi(s) is found from the transfer 
function for the fixed part of the system, ^ 2 ( 5 ), and the over-all open-loop 
transfer function, G{s) as Gi{s) — G(s)IG 2 (s). 

^ John G. Truxal, Automatic Feedback Control System Synthesis, McGraw-Hill Book Co., 
Inc., New York, 1955, pp. 278-316. 
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(4) The compensation function Gi(s) is synthesized by network synthesis 
techniques (Chapter 12). 

The above steps appear quite straight-forward; however between the 
lines are many hidden obstacles. For example, the compensation func¬ 
tion Gi(s) is generally required to be capable of realization by a network of 
resistances, capacitances, and an amplifier. This restriction also requires 
that the poles of Gi($) be on the negative real 5-plane axis and that no 
poles exist at the origin or infinity as discussed in Art. 12—9. The com¬ 
plexity of the fixed part of the system, G 2 (s), must also be considered in 
choosing T(s). In general the number of finite poles of T(s) must exceed 
the number of finite zeros of T(s) by at least the same pole-zero excess as 
contained in G 2 (s). Otherwise Gi(s) will have a pole at infinity (Prob. 
13—1). Of course T(s) must also satisfy the system specifications- The 
details of the Guillemin method of synthesis account for the various 
restrictions but not without some rather involved steps. Considerable 
trial and error is required, if simplified compensation functions are to be 
realized. 

A somewhat more direct synthesis approach for a Type 1 system of the 
form of Fig. 13-1-1 has been developed around a third-order system 
with a zero^’^. This scheme is considered in detail in the following 
Articles. 


13-2. Choice of Form for rC^). As mentioned in Art. 13-1, T{s) 
must meet system specifications and must normally have a certain pole- 
zero excess. However an excessive number of poles and zeros makes 
T(s) completely unmanageable as far as direct control of such items as 
overshoot, bandwidth, rise time, etc. are concerned. Ideally a simple 
pair of poles as required for a basic second-order system (Chapter 6) are 
desirable. However the range of specifications which can be met by this 
system is quite limited as shown in Fig. 13—2—1. This figure is based on 
normalization of the equations 

T(s) = 


+ 2^<o„s + 


(13-2-1) 


G(5) = 


(On^ 

sis + 2C(U„) 


(13-2-2) 


as follows 


Tip) = 
Gip) 


p^ + 2C/> + 1 


1 


pip + 20 


(13-2-3) 

(13-2-^) 


* C. R. Hausenbauer and G. V. Lago, “Synthesis of Control Systems Based on Approx¬ 
imation to a Third-Order System,” Trans. AIEE 77, Part II (November, 1958): 415—4-21. 

^ C. R. Hausenbauer, Synthesis of Feedback Systems, Ph.D. thesis, University of Missouri, 
1957. 
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where ~ sjcon- In terms of bandwidth, BW, velocity constant, Kv, and 
time, t, in the original system, these quantities are now BWjon, Kvicony 
and f = o)nt. The 5-plane is changed to a^-plane and the complex poles 
are on a unit radius circle. This normalization scheme is used at various 
places throughout the remainder of this chapter. 
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The addition of a simple zero to the basic second-order system extends 
the range of normalized velocity constant and bandwidth slightly but 
increases the overshoot and resonant peak for given t values as follows: 


Tip) 


p + k 

k(p^ + 2fp + 1) 


Gip) 


_ p + k _ 

kp\p + (2c - im 


(13-2-5) 


(13-2-6) 


Fig. 10—7—15e presents typical transient responses. The effect of a zero 
on the normalized velocity constant is seen from Eq. 11-11-1 


Ky Oi J 


(13-2-7) 


where is the negative of the unnormalized closed-loop poles and ax is 
the negative of the unnormalized closed-loop zeros. Any zero in the left 
half 5 -plane tends to lower conlKy or to raise Ky/con- The increase in 
system bandwidth can be seen by considering phasors in the 5 -plane as s 
takes on values on the 7 co-axis. As co approaches k the phasorjco + k 
counteracts to some extent the increase in denominator phasors, thereby 
causing the half-power frequency to be higher than in the basic second- 
order case. It might be noted that ^ > l/2f for open-loop stable systems 
and that the pole-zero excess of this system is only one. 

The addition of a simple pole to the basic second-order system provides 
very few benefits over a second-order system. The pole-zero excess is 
three. However for a fixed C for the complex pole pair the velocity 
constant is lowered as shown by Eq. 13-2-7, the bandwidth and overshoot 
are lowered, and the rise time is slower. A more detailed consideration 
of this system is reserved for problem work (Probs. 13—3 through 13-6.). 

As a final form for Tis) the third-order system with a zero is considered: 


Tis) = 


yzCOn^ _ S + Oi _ 

0*1 ( 5 * + y3)(-y^ + 2Cct>n^ + (On^) 


Tip) 


m p k 

T ip + m)ip^ + IZp + 1 ) 


(13-2-8) 

(13-2-9) 


From the discussion of Chapter 10 and Fig. 10-7—15a to f, it is known that 
as long as A < m this system has higher overshoot and faster rise time than 
a second-order system of the same C- From Eq. 13—2—7 it can be seen that 
a larger normalized velocity constant results, if ^ < m. For a considerable 
range of m and k the open-loop poles are real and on the negative real axis 
(Prob. 13—7). While the pole-zero excess is only two for the Tis) of Eq. 
13-2—8, the third-order system with a zero is the most versatile transfer 
function yet considered and it leads to manageable functional relations for 
the velocity constant, bandwidth, etc. Curves that summarize the per- 



CONTROL SYSTEM THEORY 



Fig, I3~2~2. 

(From Trans. AIEE, Applications and Industry, with permisston.) 
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rmance capabilities of a system with the T{p) of Eq. 13—2—9 are presented 
Fig. 13—2—2 for constant values of i^v/co„ with f = 0.5 and in Fig. 13—2—3 
r C = 0.707. One new quantity appears in these figures. This is the 
yjBW ratio which is independent of con- It is therefore, a convenient 
jsign parameter that can be used before an a>n is chosen. Because of 
e wide range of specifications which can be met and because of the direct 
lations between specifications and pole-zero patterns, the third-order 
^stem with a zero is chosen as the basic form for T{s) in the Hausenbauer- 
ago synthesis procedure. 

13-3. The Hausenbauer-Lago Synthesis Procedure. As in the 

uillemin synthesis procedure, the system of Fig. 13—1—1 is the basis of 
le Hausenbauer-Lago method. This method approaches the restric- 
Dns mentioned in Art. 13—1 in the following manner. The complexity 

G 2 {s), the fixed part of the system, is ignored in forming T(s). A 
^rmalized third-order system with a zero is chosen as the basic prototype 
ip). This permits direct satisfaction of many sets of specifications 
ugs. 13—2—2 and 13—2—3) but it also allows poles at infinity in the com- 
insation function, Gi{s), In order to cause Gi{s) to be i^C-realizable, 
iditional open-loop poles are added so that the phase margin of G{s) is 
Dt adversely affected. The condition equation 


^ ^ ^ 1 — (c - W2)- 

1 the T(p) of Eq. 13-2—8 is used to assure that the poles of G{p) are on 
le negative real p- and 5-plane axis. No other difficulties in obtaining 
1 jRC-realizable compensation result for a Type 1 system. 

A consideration of Step (3) of the basic synthesis procedure outlined 
Art. 13—1 indicates a way of simplifying the compensation functions, 
1 ( 5 ). From the relation 


Gi(5) = G(s)IG2(s) (13-3-2) 

can be seen that any poles and zeros common to G(s) and G 2 (s) can be 
inceled. Therefore, if G(s) can be deliberately formed to contain some 
ngularities of ^ 2 ( 5 ), the compensation function Gi(s) can be simplified, 
or the third-order system with a zero the open-loop transfer function is 


G(p) 


m 


p + k 


k p(p + p4)(p + p5) 


(13-3-3) 


here m and k are defined by the closed-loop relation of Eq. 13—2—8 
:peated as 


'he positions of p 4 and p^ in Eq. 13—3—3 can be varied over a reasonable 
inge while still allowing T(p) to meet various specifications. Thus there 



CONTROL SYSTEM THEORY 


. c = 0.707 
’ --m = OC 




5 = 0.707 

"n ■ ’ --m = C>0 




\oh 


4 6 8 


5 . S = 0.707 
^ ’ — m = OC 




Jli .,0. ^ = 0.707 
wn ’ —m = 00 


M. 

Kv 



4 6 8 


0 2 4 6 


Fig. 13-2-3. 


(From Trans. AIEE, Applications and Industry, with permission.) 
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(From Trans, AIEE, Applications and Industry, with permission.) 

is considerable freedom in moving p 4 or p 5 to cancel fixed open-loop 
poles and give simplified compensation functions. Fig. 13—3—1 presents 
curves that allow direct consideration of the positions of p 4 and /)5 as 
functions of the closed-loop pole m for f = 0.707. 

The actual steps of the Hausenbauer-Lago synthesis procedure can 
now be outlined as follows. 
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(g) 

Fig- 13-3-1 (cont.). 


(1) The Kp/BW ratio is formed and used to determine a suitable set of design 
curves from Figs. 13—2—2 and 13—2—3 and a suitable value of ca„ based on 
the required BW. 

(2) G 2 is) is normalized to G^ip) using (On from Step (1). 

(3) A T(p) and a G(p) are formed using the design curves of Fig. 13-3-1 to try to 
obtain pole cancellation between G(p) and G 2 (p) while simultaneously using 
the specification curves of Figs. 13—2—2 and 13—2—3. 
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(4) The idealized compensation function Giip) is determined from G(p)IG 2 (p)- 

(5) Since Gi(p) of Step (4) may not be jRC-realizable because of poles at 
infinity, remote poles are added using a Bode plot as a guide so that the 
phase margin is not seriously affected. 

(6) The final modified Gi{p) is synthesized as an RC network using the pro¬ 
cedures of Chapter 12 and unormalized with p — sicon to obtain the final 
compensation function. 

(7) The actual final T{p) is checked if any doubt exists as to its meeting the 
original specifications. 

The details of carrying out the above procedure are illustrated in the 
examples of the following article. 

13-4. Examples of the Hausenbauer-Lago Synthesis Procedure. 

The following examples not only illustrate the synthesis procedure under 
discussion, but also provide an application of the RC network synthesis 
procedures of Chapter 12. 


GgCs) 



Rg. 13-4-1. 


Example 13-4—1. A Type 1 unity feedback system with the fixed part of the 
system as shown in Fig. 13-4—1 is to be redesigned to meet the following specifica¬ 
tions: 

^ 100 ; BW ^40 radians/sec ; Overshoot ^ 20”/o 

As a preliminary step the Gi{s) is set equal to unity to see what conditions exist in 
the basic system by itself. The following conditions are determined mainly from 
Fig. 13-2-1. 


(x)n ^ S radians/sec BW — 6.4 radians/sec 

C = 0.5 K,IBW - 0.78 

Kv = 5 sec“^ Overshoot = 16.5”/o 

Thus a factor of 20 times improvement in Kv has to be obtained along with a wider 
bandwidth and little change in the overshoot. For the desired specifications, 
KvIBW ^ 2.5. A preliminary study of the design curves of Fig. 13—2—2 and 
13—2—3 indicates that Kylcon == 5 and C = 0.707 meet the requirements if w > 5.6. 
For most of the remaining figures either KyjBW is too low or the overshoot is too 
high. For a choice of Ky/con = 5, C = 0.707, con = 20 provides that Ky = 100 and 
BW = 40 radians/sec. For this con the fixed part of the system is normalized as 

1/16 

pip + 0.25) 


G2ip) ~ 


(13-4-1) 
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The curves of Fig. 13-3-1 indicate no possibility of canceling the open-loop fixed 
pole at p = —0.25 and so this allows m to be chosen subject only to specifications. 
The following values are determined from Fig. 13—2—3 for m = 8.0: 


10 ^ == 7.46 
KJBW = 2.7 
BWjcon = 1.9 


p, = 9.24 
20^4 = 3.45 
Overshoot = 18.5°/o 


t'r ~ 0.88 Kyi (On = 5 

t d ~ 0.57 (Ofi — 20 

C = 0.707 = 100 

The normalized closed-loop transfer function is 

^ m _ P + k _ 

k(p^ m)(p^ + 2^p + 1 ) 

= 10.71_ t+^ _ 

(P + 8)(p^ + V2p + 1) 
The normalized open-loop transfer function is 

_ (10.71)(p H- 0.746) 

P(P + 0.173)(p -f 9.24) 


(13-4-2) 

(13^3) 


(13-4-4) 


Eq. 13-4—1 allows the compensation function to be determined as 


G(p) (171.2)(p + 0,25)(p + 0,746) 
G^ip) (p + 0.173)(p H- 9.24) 


(13-4-5) 


As indicated above, no pole cancellations occur, and the compensation function is 
rather involved but certainly realizable by an RC network (assuming part of the 
system is electrical). Either Gi(p) or Gi(s) can be synthesized with no difference in 
results. If Gi(p) is synthesized, the unnormalization process requires that all 
capacitors be divided by since the operational admittance of a capacitor is 

Cp = C— = —s (13-4-6) 

CUn <On 


The transfer function Gi(p) is synthesized as a voltage ratio using Gi(p) = 
yiilyzz from Art. 12—9. Thus 

K(p + 0.25)(j) + 0.746) 


yii(p) = 
y3i(p) = 


g(p) 

(p + 0.173)(p + 9.24) 

lip) 


(13-4-7) 

(13^1-S) 


Since y^^ip) must have a zero inside its pole closest to the origin, and since ynip) 
is simplified, one pole is chosen at p = —0.25. Another pole is arbitrarily chosen 
at —15 so that loading at both ends of Gi(/>) can be realized. This results in 


yiiip) = 


Kip 4- 0.746) 
P + 15 


Psa(p) = 


(p + 0.173)(p + 9.24) 
ip + 0.25)(p + 15) 


(13-4-9) 


(13-4-10) 
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Fig. 13-4—2 shows a sketch of y 22 for values of p along the negative real axis. The 
pole at —0.25 must be removed as a shunt branch if extra zeros of transmission in 
yi 2 are to be avoided. Also a shunt resistance must be removed for loading purposes. 
The pole at —0.25 in y 22 (p)lp is removed, since its removal does not affect the 
ability to remove a shunt resistance branch later. 


y'22(p) _ y22(p) _ ^-0 ,25 

P P P 0.25 


(13-4-11) 


1 T(p 4 0.173)(p + 9.24) 
p 4 0.25L p(p + 15) 


-0.1877 


y'22(p) 


(0.8123)(p 4 7.86) 
P + 15 


An admittance branch 


0.1877P 
p 4 0.25 


(13-4-12) 


(13-4-13) 


is removed from y^ 2 by the above operation. Fig. 13-4—3 a shows the partial network 
thus far. 


The zero in 3^22 at — 7,86 can be moved to —0.746 by removal of a shunt 
conductance for loading purposes and also to provide the zero in y 12 . 

y,,(_0.746) = = 0.4054 (13^14) 

y'\^(p) = y\.ip) - 0.4054 = (0-4069)(^ + 0.746) (is^lS) 

^ 4 15 

Fig. 13-4—3b shows the partial network after removal of the two shunt branches. 
To realize the zero in yi 2 at —0.746, y" 22 ip) is inverted and a series impedance 
branch is removed as the pole in lly'^zip) at —0.746. 


__1_ _ _(P + ^5 )_ _ 1 fe-0,746 . „ 

y"zt(p) (0.4069)(p + 0.746) 0.4069 p + 0.746 

14.25 
0.4069 


( 13 ^ 17 ) 
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47.02X1 




47.02X1 470.2k 



47.02X1 47.02X1 



Fig. 13-4-3. 


The pole removal provides parallel RC elements in a series arm and the remaining 
resistance placed in series for loading. Figs. 13-4“3c and d show the final normalized 
network. The unnormalized network is obtained by dividing all capacitors by 
(Jt)n = 20 to give the network of Fig. 13-4-3c. Since yi 2 is only realized within a 
gain constant iC, this constant must be determined. From Eq. 13-4—9 as p ap¬ 
proaches infinity, yi 2 approaches K. All capacitors in the network approach short 
circuits and by definition yi 2 is found from Fig, 13—4-3h as 

^ 4?7 = 0.407 (13-4-18) 
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Thus K — 0.407. The gain constant can also be found at d-c from the E 2 IE 1 

relation and Fig. 13 - 4.4 g. With the above K an ideal amplifier must be used to 

obtain the gain constant 171.2 in Eq. 13-4—5. The gain required is 


A = 


171.2 

0.407 


- 420.6 


(13-4-19) 


as shown in Fig. 13-4—3f which also shows the impedance level of the network 
scaled up by a factor of lO'^. This last scaling operation provides reasonable com¬ 
ponent values and does not alter time constants or gains, since all resistors are 
multiplied by 10"^ and all capacitors are divided by this factor. 

Several facts should be pointed out before leaving this example. The basic 
network provides modified lag-lead compensation. Since the fixed part of the 
system had a pole-zero excess of two as did T(p), no pole occurred at infinity in 
Gi(p). Thus no remote poles had to be added to make Gi(p) jRC-realizable. 



G, 


8000 

C 



s(s +20)(s2 + 45+l00) 








Fig. I3^M. 

Example 13-4—2. As a second example of the Hausenbauer-Lago synthesis 
procedure, the system of Fig. 13 4 4 is considered. The requirements for this 
system are ^ 50 sec“\ BW ^ 30 radians/sec, overshoot ^ 30°/o. For the 
basic system = 4 and the rough root-locus plot of Fig. 13-^1—5 shows the system 



Fig. 13-4-5. 
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to be very near instability. The specifications require KyjBW ^ 1.67. Of the 
several design curves in Figs. 13—2—2 and 13—2—3 which are suitable, the one for 
K^jcon = 5, C = 0.707 is chosen again. For this case BWIcon < 2, so that an 
— 10 radians/sec is suitable. Normalization of G 2 (^) results in 


pip + l)(p^ + QAp + 1) 


(13-4-20) 


a check of the curves of Fig. 13—3—1 indicates a possibility of including the pole at 
—2 in G(p) if m is small. By repeated trials an m = 0.652 is found suitable for which 
the remaining system quantities are 


k = 0.364 
p5 = 2.0 
p4 = 0.0652 
K,IBW - 3.45 
BWIcon = 1.45 
t'r = 1.3 


t'a = 1.05 

Overshoot = 27.8®/o 
KvI (On — 5 
(On = 10 radians/sec 
BJV = 14.5 radians/sec 


Thus the required transfer functions are 


T(p) 


(1.79)(p + 0.364) 

(p + 0.652)(p^ + V2p + 1 ) 


= (1.79)(p + 0.364) 

pip + 2)(p + 0.0652) 


G.(p) 


(2.24)(p + 0.364)(^" + 0.4j) + 1) 
p + 0.0652 


( 13 ^ 21 ) 


(13^22) 

(13-4-23) 


In order to obtain an jRC-realizable compensation two remote poles must be added 
along the negative real axis. A Bode plot of G(p) indicates crossover in the vicinity 
of 0-85 dimensionless frequency units with a phase margin of 48°, Since the 
overshoot is already nearly 30 per cent, the poles should contribute very little phase 
lag at this frequency. To show the effect on overshoot, poles that are marginal 
are added at p = —15 and —25 with a decrease of 5.2° in the phase margin. A 
detailed check shows that the final 42.8° phase margin results in about 33 per cent 
overshoot. Nevertheless the above poles are retained. The modified compensation 
function 


G\(p) 


(15)(25)(2.24)(p + 0.364)(/>^ + OAp + 1) 
(p -f 0.0652)(p + 15)(p + 25) 


(13^24) 


is again realized as a voltage ratio 

El 

E, 


G\(p) 


■ ^ 
y22, 


( 13 ^ 25 ) 


The complex zeros suggest the use of the parallel ladder development of Art. 12-10. 
For the over-all network 


3^12 = 

3^22 = 


K(p + 0.364)(p^ + 0.4p + 1) 
q(p) 

ip + 0.0652)(f> + 15)(» 4- 25) 

q(p) 


(13-^26) 


(13-4-27) 
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from which a suitable q{p) is 

^{^>) = (P + 0,364)(/> + 20) 

A split up of 3^12 into a and ^ parts which are realizable by ladders is 
, I + 2.5) 

p + 20 p 4- 20 

} ■ 


(13-^-28) 


(13-4-29) 


The a network can be realized by a use of Cauer’s second form after removal of a 
pole term to prevent a triple zero in 3 ;i 2 - The pole at —0.364 is removed from y 2 zlp 
as follows. 


= 15.07 (p 4 21.5)(p + 3.14) 

p p p 4 0-364 p(p 4 20) 

y\ 2 a is now developed as 


67.25 , 1 

y 22a 20 20 1 

21.27p 21.27 I 1 

1.27 1.27/p 


0.788 1.064 



(13"4~30) 


(13-4-31) 


Fig. 13^1-6. 


to give the network of Fig. 13-4-6. The p network requires only a single zero at 
—2.5. The expansion of is started in a manner similar to the ^220 expansion by 
removing the pole at —0,364 from yzzpip. An excess of zeros still exists thereby 
indicating the removal of a shunt capacitance as follows. 


y 22p — y 22p P — 


(p 4 21.5)(p 4 3.14) 
P 4 20 


-P 


(13-4-32) 


4.63p 4 67.25 

p 4 20 


(13^33) 


The zero in y" 22 p can now be moved to —2.5 by conductance removal. 


_,.// '2 iot _1.45(p 4 2.5) ^ ^ 

y 220 — y 220 3 .I 0 I — —^ 20 — (13—4—34) 

The zero in yi20 at —2.5 is now obtained by inverting y"\20 and removing the pole 
in \ty'"220 at —2.5. 


1 


1.4Sl^ ^p + 2.s; 


( 13 - 4 - 35 ) 
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0.0829 



The remaining resistance, 1/1.45, is also placed in series as shown in the network 
of Fig. 13--4—7. The a and P gain constants Ka and Kp must now be determined so 
that final scaling of 3/2 2 ’s can be accomplished. From Fig. 13-4—6 at very high fre¬ 
quencies and Eq. 13-4—29, 


0.7 0.945 



0.7/ii.f 0.945/itf 
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yi2a 


KaP = Cp 


(0.788)(1.064) 
0-788 H- 1.064^ 


Ka = 0.453 


Similarly for 


-> 0.4iC^ = 1/0.69 = 1.45 


= 3.625 


( 13 ^ 36 ) 

(13-4-37) 

(13-4-38) 

(13-4-39) 


Parallel connection of the a and p networks requires scaling of each network so that 
yi 2 gain constants are equal and so that the total y 22 is that given by Eq. 13^1—27. 
Thus 


aKa = pKp ; a + ^5 = 1 (13^H40) 

0-453a = 3.63p ; a = 0.889, p == 0.111 (13-4-41) 

Scaling of a network admittances by 0.889 and p network admittances by 0.111 
gives the final normalized network of Fig. 13-4—8a. The amplification required is 
determined from the gain in Eq. 13—4—24 and the over-all yi^ constant aKa or pK^ 


(15)(25)(2.24) 

(0.111)(3.63) 


= 2086 


(13^4-42) 


Division of all capacitors by Wn = 10 converts the network to a real time base and 
indicates a final impedance level change of 10® for reasonable component values. 
The final scaled network is shown in Fig. 13-4—8b. 


The above examples illustrate the Hausenbauer-Lago synthesis 
procedure for Type 1 unity feedback control systems. For such systems it 
provides a direct design procedure with immediate correlation between 
specifications and transfer functions. 


PROBLEMS 

13-1. Show that T(s) — C(s)IR(s) must have the same or greater pole-zero 
excess as contained in G2(5), if Gi(s) is not to contain a pole at infinity. Use two 
methods: (a) consider limits as s approaches infinity of the expression 

T(A = 

IH- G^(s)G2(s) 

(b) consider Gi(s) and G2is) as ratios of polynomials and construct T{s). 

13-2. Develop an expression for the unit-step response of the system of Eq. 
13-2-5 in terms of t' — cont and sketch the response for k ~ 2, ^ ~ 0.4. Determine 
the normalized velocity constant Ky/con for this case. Compare the results with a 
basic second-order system with C = 0.4. 

13-3. Using a closed-loop transfer function of the form 

C{s) _ _jW_ G(s) 

R(s) (s -f 73)(^^ + 2C(OnS 4- COn^) 1 "h G(s) 

normalize this so that the complex poles lie on a unit radius circle. Determine the 
restrictions on ys/con for the poles of G(p) to be on the negative real axis. 
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13-4. By use of the conventional velocity constant definition 

K, = lim sG{s) 

s-*0 

show that the same answer is obtained for the system of Prob. 13—3 as by using Eq. 
13-2-7. 

13-5. For a t = 0.5 and ysloin = 2 find the step response of the system of 
Prob. 13-3. Compare this with a second-order system with f = 0.5, 

13—6. Construct a Bode plot of the closed-loop transfer function of Prob. 13—3 
for C = 0.5 and y^lo^n = 2. Determine BW from this plot and compare with the 
BW for a second-order system with C = 0.5. 

13-7. For 

T'Cft'l = ^_ P + k _ 

\ + G{p) k(p + m)(p= + + 1) 

determine G(p). What condition equation is imposed on mjk for the poles of G{p) 
to fall on the negative real axis ? 



Fig. I3-P-8. 



Rg. I3-P-9. 


13“S. Using the design curves of Figs. 13—2—2, 13—2—3, and 13—3—1, design a 
control system based on Fig. 13—P-8 that will have 

K, ^ 40 sec-' 

BW ^ 30 radians/sec 

tr ^ 0.1 sec 

Overshoot ^ 25®/o 

Synthesize the required compensation function as a voltage ratio using an R-C net¬ 
work. Include input and output loading and scale all elements to reasonable sizes 
(C < 100/zf, R < 10 megohm). 

13-9. Repeat Prob. 13-8 except use 

K, ^ 30 sec-' 

tr ^ 0.05 sec 

Overshoot g 10®/o 

and the basic system of Fig. 13—P—9. 
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13—10. Repeat Prob. 13—8 except use 

K, ^ 20 sec-' 

Overshoot ^ 25°/o 

BW ^ 20 radians/sec 
tr ^ 0.1 sec 

+ 1.6s + 4) 

Neglect input loading in synthesizing the compensation function. 



14 

ANALOGS AND ANALOG COMPUTERS 


14—1. Introduction. The response of many physically different 
systems is characterized by differential equations which are similar in 
form. On this basis mechanical, electrical, hydraulic, pneumatic, and 
many other types of systems can be considered as having certain analogies. 
Thus in one scheme mechanical force is analogous to electrical voltage as 
is shown in Art. 14—2, By using such analogs, knowledge in one field 
can be brought to bear on problems in another field. Also, easily con¬ 
structed electrical circuits can be used to study the behavior of not-so- 
easily constructed mechanical or hydraulic devices. 

A slightly different use of analogs occurs in electronic analog computers. 
These devices actually solve system differential equations by using various 
voltages as analogs for the dependent variables in the system equations. 
Such a scheme has great possibilities, since it can be used to perform 
nonlinear operations as well as linear ones. The restriction to linear ap¬ 
proximations which is used in previous chapters is thus removed, and 
more accurate studies can be made. Increased complexity can also be 
handled with relative ease. Thus analogs and analog computers are wel¬ 
come additions to the control engineer’s family of tools for analysis and 
synthesis. The following articles describe some of the basic system 
analogs and electronic analog computer operations. 

14-2. Mechanical-Electrical Analogs. The Force (Torque)- 
Voltage Analog. Two forms for analogs between mechanical systems 
and electrical circuits are considered in this book. The first of these 

systems is termed the force (torque)-voltage analogy which is investigated 
R 



Fig. 14-2-1. 
457 


(a) 


(b) 
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in this article. This analogy is established by using Fig. 14-2-la and b 
instead of the individual parameter equations of Chapters 3 and 4. For 
the simple series circuit of Fig. 14-2-la Kirchhoff s voltage law leads to 
the equation 

+ ^ Jjdt = e* (14-2-1) 

In terms of electric charge, q ~ f idt, Eq. 14-2-1 can be written as 

For the mechanical system of Fig. 14-2—lb the equation defining motion 
is 

M~+fr^ + K,x = F (14-2-3) 

The “equality of form” between Eqs. 1^2—2 and 1^2-3 is readily ap¬ 
parent, thus facilitating identification of one set of analogous quantities 


TABLE 14-2-1 





Mechanical 


Electrical 







Translational 

Rotational 


Voltage 

e 

Force 

F 

Torque 

T 

Charge 

(f 

Linear 

displacement 

X 

Angular 

displacement 

e 

Current 

i 

Velocity 

dxjdt 

Angular 

velocity 

(JO 

Inductance 

L 

Mass 

M 

Moment of 
inertia 

J 

Resistance 

R 

Viscous friction 

fv 

Viscous friction 

D 

coefficient 

coefficient 

Elastance 

(reciprocal 

capacitance) 

1/C 

Spring 

constant 

K. 

Spring 

constant 

K, 


for mechanical and electrical systems. Table 14-2—1 presents a summary 
of these analogous quantities for the force (torque)-voltage system. Use 
of Table 14-2-1 makes it easy to substitute parameters and variables in 
system equations; however the problem of numerical relations is more 
involved. This problem of numerical values and consistent sets of units 
is considered in the following examples. 
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Example 14—2—1. An electrical circuit is to be constructed to study a mechanical 
system of the form of Fig. 14—2—lb. The mechanical parameters are M = 0.5 slug, 
fv = 0.5 lb/(ft/sec), Ks == 0.5 Ib/ft, and F = 0.5 lb. One possible analogy would 
have force in pounds represented by voltage in volts and displacement in feet 
analogous to charge in coulombs. If there is no change in the time variable between 
systems, then L = 0.5 henry, R — 0.4 ohm, C ~ 2 farads. The above scheme has 
several disadvantages resulting from component size and time duration of transients. 
A quick analysis indicates a natural angular velocity of 1 radian/sec so that the period 
of an undamped oscillation is 6.28 sec. If this is speeded up, an oscilloscope can 
be used to study the system response. Another point of concern is the amount of 
charge representing a foot of displacement. The basic problem is really one of 
amplitude and time scaling. The quantities in the analogy can be rescaled as follows. 
Each term in the mechanical equation is a force. Thus 

H“ fv^ + KgX ~ F (14—2-4) 

Accelerating Viscous Spring Applied 

force drag force force 

force 

Each such term is analogous to a voltage term in the electrical equation 

where t is time in the electrical circuit. Three quantities can be scaled-force, 
displacement (velocity or acceleration), and time. The general scaling problem 
can be illustrated as follows, using the viscous friction force term and the voltage 
drop across the resistance. The analogy is indicated by 

volts (14-2-6) 

ax 

A scale factor aj Ibs/volt between force and voltage allows the following equation 
to be written. 





(14-2-7) 


Next a scale factor at electrical seconds/mechanical second requires t = Utt. The 
substitution of this relation gives 


{fva\dx ^ 

( afjdx dr 


(14-2-8) 


Finally a scale factor a^ feet/coulomb establishes the relation x = which results in 


( axaifi\ dq ^ 

\ af J dr dr 

^ / < 2 A volt-electrical seconds , 

R = ——^1- 5 -r-or ohms 

\ af / coulomb 


(14-2-9) 

(14-2-10) 
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By a similar process 


L - ^^^!^^henrys 




C = 




farads 


(14-2-11) 

(14-2-12) 


The applied force of 0.5 lb in this example indicates that Uf — 0.1 Ib/v is a suitable 
scale factor. From the mechanical value, — 1 radian/mech. sec, at = 10“^ is 
chosen so that for the circuit = 1000 radian/elec. sec. Finally, an arbitrary 
= 10® ft/coulomb is chosen. Substitution of the scale factors and mechanical 
parameters into Eqs. 14—2—10, 14—2—11, and 14—2—12 results in 


JR = 

L = 

C == 



(14-2-13) 

(lO-xasxio-) _ 5 

(14-2-14) 


(14-2-15) 

e is found from 


F 0.5 lb 

Of ~ 0.1 Ib/v ^ 

(14-2-16) 


The circuit of Fig. 14—2-la with the above parameter values and driving voltage 
provides a practical analogy to the mechanical system of this example. For example: 


q{x) - 10-®[1 + 1.09£-"°°^ sin (917 t - 113.6")] 
dq(r) 


dr 


- i{r) = 1.09 X 10“^ sin 917 t amp 
g^(t) = 4.36 sin 917 t v 


(14-2-17) 

(14-2-18) 

(14-2-19) 


The use of at, and Gf allows Eqs. 14—2—17, 14—2—18, and 14—2—19 to be converted 
to 


x{t) = 1 -h 1.09 e-°'U sin (0,917t - 113.6°) ft = a^q (r = Gtt) (14-2-20) 

= GxGt^ == 1.09 £~® sin 0.917i ft/mech. sec (14-2-21) 
dt dr 

= a^en = 0.436 sin 0.917f lb (14-2-22) 

The other forces, accelerations, voltages, etc, can also be related in a similar manner. 
Instead of measuring charge directly, the voltage across the capacitance can be 
measured and then multiplied by C. 

Example 14-2-2. In order to extend the force (torque)-voltage analogy to more 
complicated mechanical problems the system of Fig. 14-2-2 is considered. The 
mechanical equations are 
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7,^ + - 02) = T (14-2-23) 


cPdi d{6^ “ I f- n\ n 

It — + - e.) - 0 


(14-2-24) 


By direct application of the analogies of Table 14—2—1 the electrical equations are 

+ l(q, - 5,) = (14-2-25) 


- gi) = 0 (14-2-26) 


In constructing the circuit represented by the above equations it is convenient to 
think of each charge (or current) as circulating around a closed path or loop. A term 
such as (^2 — Qi)IC must represent a branch common to two loops. Loops are then 
blocked out so that all common branches are included. There should be a common 
circuit branch whenever two position variables are mechanically coupled by some 



means. Fig. 14—2—3a shows suitable loops for the system being considered. The 
circuit elements can now be determined from Eqs. 14—2—25 and 14—2—26 and Fig. 
14—2—3a. The result is shown in Fig. 14—2—3b. The directions for positive charge 
flow are arbitrary although it is convenient to have positive charge correspond to 
positive displacement. The circuit of Fig. 14—2-3b together with suitable changes 
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in magnitude and time scales as established in Eqs. 14-2-10, 14-2-11, and 14—2-12, 
can be used to study the behavior of the mechanical system of Fig. 14—2-2. It is 
interesting to note that the force (torque)-voltage analogy does not result in an 
inductance common to two loops for most systems. Such an occurrence requires 
the existence of mutual mass.^ 

14-3. The Force (Torque)-Current Mechanical-Electrical Anal¬ 
ogy. A second mechanical-electrical analog system is based on the 
circuit of Fig. 14-3—1 and the mechanical system of Fig. 14—2—lb. 



Fig. 14-3—1. 


Kirchhoff s current law results in the equation 


ti + 4 + 4 = + C ^ J edt = is (14—3—1) 

for the circuit of Fig. 14-3-1. In order to establish the required analogy 
J edt is replaced by a quantity called the magnetic flux linkage y). This 
relation follows from the law of Henry and Faraday which states that 
^(magnetic flux linkage) __ d\p 


e — 


dt 


dt 


The substitution of y> into Eq. 14—3—1 gives 


dt^ 


_L_rX_J-X = / 

^ Rdt^ L " 


(1^3-2) 


(14-3-3) 


from which the “equality of form"^ with Eq. 14-3-3 allows Table 14-3-1 
to be constructed. The extension of the force (torque)-current analogy 
to more complicated systems can be based on a circuit node to datum or 
“ground” voltage for each system velocity. Thus in blocking out an 
analogous circuit using this scheme, a node is established for each velocity 
and one more node is added as the reference node. The following ex¬ 
amples illustrate the application of the force (torque)-current analogy 
scheme. 

^ M. F. Gardner and J. L. Barnes, Transients in Linear Systems, John Wiley & Sons, 
New York, 1942, pp. 78-79. 
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M = 25 X I0"3 
fv = 25 X I0”2 

m. 

Kc = 2.5 X 10"' Ib/in 


ll ''il '’ij 
S xlj H 


(a) Fig, 14-3-2. (b) 

Example 14-3—1. Fig. 14-3—2a shows a mechanical system with mass, viscous 
friction, and a spring constant. The mass is initially pushed down 6 in. and then 
released. A practical circuit is to be constructed and scaled so as to accommodate 
easy electrical study of the system. This problem will involve the initial displacement 
of the mass which corresponds to initial flux linkage in the circuit. The initial 
position causes a spring restoring force which can be interpreted as an initial current 
in the inductance representing the spring. Initial flux linkages are then 
^(0) = The basic form for the circuit involves two nodes - a reference node 

and a node whose potential is analogous to the velocity dxjdt. Paths are provided 
for currents which are analogous to each force in the system. Fig. 14—3—2b shows 
the resulting circuit and the initial current in L. The mechanical system equation 
and the circuit equation can now be written as 


^+4 


K,x = 0 


(14-3-4) 


Direct correspondance of units would have displacement x in inches correspond to 
flux linkages in webers, force in pounds correspond to current in amperes, velocity 
in feet/second correspond to volts, and time in seconds in the mechanical system 
to time in seconds in the electrical circuit. Such a scheme gives C — 2500 juf, 
= 40 ohms, and L = 4 h which are rather unsatisfactory values. The method 
of Ex. 14-2—1 can be used to provide parameter and scale factor relations. For 
example 

. dx j r 1 dyjiry] pounds ^ ^ ^ 

/. ^ pounds = a,[- _J-_ X amperes (14-3-6) 


J amperes 


X amperes 


(14-3-6) 


Finally the process of scaling displacement to magnetic flux linkage (x ~ a^f) and 
mechanical time to electrical time (t = a^t) results in the following equations. 


G ^ 


af _ webers _ 

atajv amperes-electrical seconds 


or ohms 


(14-3-7) 


henrys 


(14-3-8) 


C == -farads 


(14-3-9) 
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It might be noted that conductance G in this case is the same as R in Eq. 14—2—10. 
Also, the force-voltage analogy roles of L and C are now interchanged. In fact the 
force-current analogy provides circuits that are the duals of those resulting from 
the force-voltage analogy. For the problem of this example the natural frequency 
con of the mechanical system is found to be 10 radians/sec. This is speeded up 
arbitrarily to 100 radians/sec in the electrical circuit by using at ~ 10"^ elect, 
sec/mech. sec. A choice of Qf and a^; can be based on the fact that the initial spring 
force is 1.5 lbs and the maximum mechanical velocity is :x:(0)ft>„ or 60 in./mech. sec. 
The velocity is important since it is related to electrical voltage. 

voltage = ^ ^ (14-3-10) 

^ dr atQx dt 

Since 60 would be a suitable voltage, <3^; is chosen as 100 in./weber. A quick check 

of Eqs. 14—3—7, 14—3—8, and 14—3—9 and the initial force, indicates Uf — 25 Ibs/amp 

as a choice that results in easily realized values of R, L, and C as well as easily 
measured currents. For the above scale factor values and mechanical parameter 
values, /? = 10^ ohms, L = Ih, C = 1 /^f. The final step requires the value of 
initial current in L, which can be found from 

= 4(0) = = 0.06 amp (14-3-11) 

Of L 

or from 

4(0) = £^(5^ = = 0.06 amp (14-3-12) 

It should also be mentioned before leaving this example that the current i^ can be 
measured instead of yj, since tp = Lfi,. This makes measurements of all required 
quantities an easy job. 


D( 


= 0.2 


ft~lb 

rad/sec 


J = 0,003 slug-ft2 


No. 2 Node 


No. I Node 


T = 0.3ftHb 

2 rod/scc 



Fig. 14-3-3. 
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Example 14-3—2. As a more complicated example of the force (torque)-current 
analogy system, the rotational system of Ex. 4-5—5 is considered. Fig. 1^3—3a 
repeats the mechanical schematic of Fig. 4—5-4a. The mechanical system equa¬ 
tions are 

+ i^i 5 + Ks.e, + KsXe^ - 02) = 0 (14-3-13) 


Ksi{02 — 0i) + 




(14-3-14) 


The equations can be changed to the required electrical equations by use of Table 
14-3-1. 

TABLE 14-3-1 





Mechanical 


Electrical 













Translational 

Rotational 


Current 

i 

Force 

F 

Torque 

T 

Magnetic flux 
linkage = ^edt 

W 

Displacement 

X 

Angular 

displacement 

e 

Voltage 

e 

Velocity 

dxjdt 

Angular 

velocity 

0} 

Reciprocal 

inductance 

11L 

Spring 

constant 

K, 

Spring 

constant 

Ks 

Capacitance 

C 

Mass 

M 

Mass moment 
of inertia 

J 

Conductance 

G ; 
IIR 

Viscous friction 
coefficient 

fv 

Viscous friction 
coefficient 

D 


c^ + 

dr^ ^ 

1 d^i , Vi , 
dr ^ L, 

4(vi - 

X>2 

- -^g) = 0 (14—3 

-15) 


(y»2 — y^i) + 4" 

Lj2 -^2 


dy}2 

dr 


(14-3-16) 


Since two velocity or position variables are needed, the analogous circuit must have 
three nodes as discussed earlier. Fig. 14-3~3b blocks out a nodal skeleton for such 
a circuit. Paths are provided for each current that represents a force or for each term 
in Eqs. 1^3-15 and 14-3-16. Fig. 14-3-3c shows the final circuit together with 
choices of voltages Bi and €2 that are analogous to velocities ddijdt and dd 2 ldt. If 
the use of flux linkage variables is confusing in constructing a circuit from Eqs. 
14-3-15, and 14-3-16, voltages may be used instead. 


n 4- fl. 

^ JRl 






-f 

L2 JO 


eidr 4 j 
Jo -^2 

(£2 — e))dT 4 


{ei — e2)dT = 0 


.fi. 

R 2 


(14-3-17) 

(14-3-18) 
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For the given mechanical parameters the scaling process of Ex. 14-3—1 can now be 
applied and a practical circuit constructed. 

14-4. Hydraulic-Electrical Analogs. The secondary hydraulic pa¬ 
rameters of resistance and capacitance of Art. 5-4 in reality form the basis 
of a system of hydraulic-electrical analogs. In this system hydraulic re¬ 
sistance and capacitance are directly analogous to electrical resistance and 
capacitance. Table 14 -4 —1 summarizes this complete system of analogies. 
The following examples illustrate the application and use of such analogies. 


TABLE 144-1 


Hydraulic 

Electrical 

Volume of flow 

Charge 

Volume rate of flow 

Current 

Head (pressure) 

Voltage 

Hydraulic resistance 

Electrical resistance 

Hydraulic capacitance 

Electrical capacitance 


^1 



L 


<^10 




^lA 



—] 

b|o 




hiA 



h | 

= h|o+ h|A 



_ ] 

ox—ji 


Rh 


(a) 


= normal operating head 


^2 "^20'*“^2A 


ho =0 



(b) 

Fig. 14-4-1. 


Example 14-4-1. The fluid-handling system of Ex. 5-4—2 serves as a first 
hydraulic-electrical analog example. Fig. 1 4 4 —la repeats the system diagram for 
this example in order to facilitate comparisons. The hydraulic system equations are 

^2A “ Ch (14—4—1) 


n I 


( 14 -^ 2 ) 


(14-4-3) 
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- C 


dei 


dx 

(^1 — 0 ) = Ri2 
^ dr ^ R ^ 


(14--1-4) 

( 14 -^ 5 ) 

(14-4-6) 


Fig. 14—4-lb shows the circuit represented by Eqs, 14—4—4, 1 4 4- 5, and 14—4—6. 
The one voltage and three currents represent the incremental variables in the hy¬ 
draulic system. Scale factors again play an important role, if an actual circuit is 
to be constructed and tested; otherwise only general theoretical concepts are aided 
by the analogy. When scale factors (feet®/second)/ampere, feet/volt, and at 
electrical seconds/hydraulic second are assumed, the electrical parameters are 
given by 


C = 


anCnat 


farads 


(14-4-7) 


R = - ohms 


(14-4-8) 




Example 14-4- 2 . The hydraulic system of Ex. 5-4—3 is shown again in Fig. 

1 4.4 - 2 a. An electrical circuit analog is to be constructed for this hydraulic system. 

The hydraulic relations are 


yiA — 

(14-4-9) 

— ^2A = 

(14-^10) 

^2A ^3A — U/lj - 

at 

(14-4-11) 

— 0 = RkiQQA 

(14-4-12) 
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The circuit can be constructed without writing the electrical equations by direct 
use of the analogous quantities. The presence of two head variables requires two 
voltages for which three nodes are needed. Current paths are provided for each 
volume flow rate as shown in the completed diagram of Fig. 1 4 4~2b. 

14-5. Electronic Analog Computers-Operational Amplifiers. 

As mentioned in Art. 14-1, electronic analog computers can be used to 
solve the differential equations of physical systems by actually carrying out 
certain required operations. These computers use voltages as analogs 
for all dependent system variables and time as the independent variable. 
The basic building block of such analog computers is a high-gain d-c 



amplifier with various feedback impedance elements. Fig. 14-5—1 shows 
a schematic representation of an operational amplifier. The equations 
which define the operation of this circuit are 


ei 




Co 


(14-5-1) 

(14-5-2) 


The first of these equations assumes that no current flows into the am¬ 
plifier A. If Cg is eliminated by substituting Eq. 14-5—2 into Eq. 14-5—1, 



(14-5-3) 


In general A is much greater than unity and Eq. 14-5—3 can be ap¬ 
proximated by 


Eo{s) ^ —Zfjs) 
E^{s) ~ Z^is) 


( 14 - 5 ^) 


which is of basic importance in analog computer work. Several useful 
operations are indicated in Fig. 14—5—2 together with standard symbols for 
the internal amplifier and for the over-all operational amplifier. These 
few units can be used to solve a great many problems. More complete 


69 



Fig. 14^5-2. 


tables of operations can be found in the literature of the subject. It 
might be mentioned at this point that interchanging the Zi and Zj net¬ 
works simply inverts the operation performed by the amplifier. 

Since no differentiator is listed in Fig. 14-S—2, it might appear that 
differential equations could not be solved; that such is not the case is 
shown in Art. 14—6. The operation of differentiation is not ordinarily 
used, since it amplifies noise because of its ever-increasing gain vs. fre¬ 
quency curve as obtained from Gijm) — jw. Normally, signal voltages 
must be kept large enough to mask inherent noise. There are also limita¬ 
tions to the operation of the unit shown in Fig. 14—5—2. The output of all 
amplifier units is limited to voltages between ±100 volts or ±50 volts 
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depending on the computer used. Thus the operations indicated are 
valid only when the voltages remain less than these limiting values. In¬ 
evitably, small error voltages are present that result in excessive error 
voltages at the outputs of integrator units unless the time of problem solu¬ 
tion is limited. Initial conditions must be added to the output of the 
integrators. In some cases the feedback capacitor is charged to the initial 
voltage. In other cases an adder is used following each integrator and 
the initial condition voltages are simply added to the output of the inte¬ 
grator. The bandwidth of the basic DC amplifiers poses another problem. 
Signal frequencies that are too high suffer excessive phase shift and lead 
to stability problems when used in closed computer loops. With the 
above limitations in mind it is time to consider methods of using the 
various operational units. 

14-6, Analog Computers-Problem Setup. An analog computer 
can be used for equation solution or for simulation of physical system 
behavior. The first of these applications is considered in the following 
example. 




= f(t)-aoX -a, 


(b) 


dt 




Fig. 14^1. 
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Example 14-6—1. A computer circuit for solving the classic equation 

g J = /W (14-^1) 

is to be drawn. At this point no attention is given to the limitations of an actual 
electronic analog computer. In fact a computer that would use the actual dependent 
variable x and independent variable t is used. This temporarily bypasses the scaling 
problem. A standard procedure commonly used to eliminate the need for dif¬ 
ferentiators is to solve the equations for the highest derivative. 

§ = fit) - J (14-6-2) 

The quantity (Pxjdt^ is assumed to be a known signal that can be integrated to give 
—dx/dt as shown in Fig, 14—6—la. Multiplication by a constant ai is also carried 
out in the first integrator as well as insertion of the proper initial value of dxjdt. 
The multiplication by ai could be done by a coefficient pot if is less than unity. 
Fig. 14—6—la also shows a second integrator that converts —aidxjdt to UqX, Another 
coefficient pot could be used here. According to Eq. 14-6-2, d^xjdf can be formed 
by adding/(t), —ai dxjdt, and —aQX. This operation is indicated in Fig. 14—6—lb 
in which the sign reversal of the operational amplifier must always be considered. 
The signal aQX is directly available from the diagram of Fig. 14—6-la from which 
ai dxjdt can also be obtained by use of a sign changing operational amplifier with 
unity gain. Presumably the function/(^) can be externally generated so that inter¬ 
connection of all units results in the computer diagram of Fig. 14—6-1 c for the solu¬ 
tion of Eq. 14—6—1. An alternate scheme is shown in Fig. 14—6—Id which assumes 
that ai and ao are less than unity and uses two coefficient pots. A rather significant 
point in both Figs. 14—6-1 c and d is that an odd number of operational units is 
present in tracing in the direction of signal flow around each closed loop. In some 
cases it may not be necessary to have d^xjdt^ actually available as a signal. A summing 
integrator can then be used to eliminate the adder unit. The result of using this 
simplification is shown in Fig. 14—6—2. The formation of —dxjdt as shown can 
be checked as follows 

-f - -l.y''" -I'h -»•«-«.§]* (>«-’) 

Again an odd number of operational amplifiers is included in each forward loop. 


dx(0) x(0) 



Fig. 14-6-2. 
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Example 14—6—2, A computer diagram is to be constructed to solve the equa¬ 
tions of the mechanical system of Ex. 14—2—2. Zero initial conditions are assumed. 
The system Eqs. 14-2-22 and 14-2-23 are solved for the highest derivatives as 
follows 


dr J J dt J dt J J 
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Both second derivatives are now assumed to be known signals; thus successive 
integrations can be used to obtain the first derivatives and then the dependent 
variables as shown in Fig. 14—6-3a. The second derivatives are formed by adding 
the terms indicated on the right side of Eqs. 14-6-^ and 14-6—5 as shown in Fig. 
14—6—3b. Interconnection of the di and $2 diagrams plus the use of several sign 
changes results in the final diagram of Fig. 14-6—3c. The coefficient pots and the 
adder gains can be adjusted as required in case a coefficient is greater than unity. 
In most cases the coefficients must be split up and distributed around the system 
in order to obtain suitable operating signal levels. Frequently the actual inter¬ 
connecting lines are omitted and some identifying designation is used to indicate 
connections. This makes the diagram appear simpler. 

The above two general examples illustrate the equation solving 
technique used in putting problems on an analog computer. A second 
approach is direct simulation which minimizes the number of components 
required but makes fewer signals available for study in some cases. 
The next two examples illustrate this second approach for some simple 
closed-loop control systems. 


R(s) V 

E(s) 

K/D 

C(s) 



s[(J/D)s+ l] 

r 



(a) 



Fig. 14-6-4. 

Example 14—6—3. The basic second-order unity feedback control system of 
Art. 6-8 is to be studied by using an analog computer. Again scaling of physical 
quantities to computer voltages is not considered at this point. Fig. 14-6-4a shows 
the servo block diagram. An analog computer block diagram can be constructed by 
breaking the transfer function G(s) into two blocks— one an integration, 1 /5, the other 
a lag operation, (KID)l[(JID)s -f- 1]. These two operations can.be easily performed 
by operational amplifiers. An adder can be used as the summing point. The 
results of putting the computer units together is shown in Fig. 14—6—4b. It should 
be noted that the summing point performs the operation. 

E(,) = + Cis)] 


(14-6-6) 
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Again, the gain terms can be redistributed to provide more suitable signal levels. 
The similarity of form between the servo block diagram and the computer diagram 
indicates that the computer more or less simulates the actual system. Considerably 
more involved transfer functions can be set up on an analog computer as is demon¬ 
strated by the fact that the whole system of Fig. 14—6—4a can be represented by the 
computer circuit of Fig. 14-6—5, if the initial conditions are zero. 


^3 



(b) 

Fig. 14-6-6. 


Example 14-6-4. A second example of the use of a computer circuit based on a 
physical system block diagram is the system of Fig. 14—6—6a which is studied in 
Art. 6-18. A computer diagram preserving all variables but having zero initial 
conditions is to be constructed. The form of the block diagram can be retained 
almost intact. However, in order to eliminate the need for differentiating the motor 
position variable to obtain the counter emf term KavsB^, the torque-to-position 
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transfer block is split into two parts as shown. The lag network unit no. 7 is slightly 
modified to give the transfer function l/iJmS + Dm)- Undoubtedly in any practical 
problem a number of the amplifiers could be eliminated by combining gains. 

The simple basic uses of electronic analog computers have been 
indicated with no discussion as to how to actually mechanize a problem. 
Inevitably a problem must have physical dependent and sometimes 
independent variables scaled to analogous machine voltages, and inde¬ 
pendent variables scaled to machine time in actual seconds. This process 
must take into account the limitations on computer equipment listed in 
Art. 14-5 as well as limitations on recording or display equipment. The 
following articles discuss the above problem. 

14-7. Analog Computers-Time Scaling. In most physical prob¬ 
lems of interest in control systems, the independent variable is time. Since 
a wide range of system response times is encountered, and since most 
computers have rather limited computing times a change in time scale 
must generally be made in putting a problem on an analog computer. In 
many analog computers the maximum signal frequency should not exceed 
10 cps especially when servo multiplying units are used. A time scale 
change is accomplished by substituting actual computer running time, 
T, into the system equations according to a relation such as 

X = att computer seconds (14-7-1) 

The scale factor at is the number of computer seconds equal to a second 
in the original problem. Thus if at is 10, then 1 second in the original 
problem now takes 10 seconds on the computer. If at is greater than 
unity, the problem is slowed down whereas if at is less than unity the 
problem is speeded up. From Eq. 14—7—1 it follows that 


d{ ) ^ _ _ d( ) 

dt ‘ dt 


(14-7-2) 


s{ ) = ) (14-7-3) 

Where s and are the Laplace variables for different time bases. It 
should be carefully noted that slowing a problem down decreases the value 
of derivatives when taken with respect to the new time variable. The 
following examples illustrate a change in the time base. 

Example 14-7—1. The simple mass-friction-spring mechanical system with 

3^ + 90^ + 900*: = 90 sin 62.8f lbs (14-7-^) 

at at 

is to be slowed down for analog computer study. A preliminary analysis indicates 
a natural undamped angular velocity a>n — 17.32 radians/sec. A slowdown by a 
factor of two might be suitable. Thus t = 2t is used to give 

iPx dx 

12^ + 180^ + 900x = 90 sin 31.4 t lbs 

dr dr 


(14-7-5) 
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In general the time scale change can be associated with the integrators 
of an analog computer system as considered in the next example. 

Example 14-7—2. The generalized form of the mechanical system equation of 
Ex. 14-~7“1 is reconsidered as follows: 


= f(r) 

^ (Ex _ /(t) ajv dx __ KsX 

dr^~ M M dr M 


(14-7-6) 

(14-7-7) 



The latter equation can be set up as indicated in Fig. 14-7-1. The time scale 
factor at appears only as a gain term for the integrators. Generally a change in at 
is accomplished by multiplying the integrator feedback capacitors by at. This also 
follows from the fact that only capacitance is associated with derivatives of voltage 
in the operational amplifiers. Since the 


gain around a computer loop can be redistributed, the time scale change factor can 
also be handled in other ways. 


Example 14—7—3. As a final time-scale change example, the control system of 
Ex. 14—6—3 is to have its time scale changed by at. This can be accomplished in 
Fig. 14-6-4 by replacing 5 by {ats') and by changing the integrator and lag unit 
capacitors from one microfarad to at microfarads. These steps can be checked as 
follows. The system differential equation is 


which can be changed to 


J (Pc ^ 
D de dt 



(Pc ^ 



The transform with respect to the t base is 

C(/) ^ KID 
E(s') (ats')^~(ats') -f ij 


(14-7-9) 


(14-7-10) 


(14-7-11) 
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which also results from the substitution indicated above. The change in the com¬ 
puter diagram follows from the equations for the integrator and lag unit. 


_J_ 

R%Cfs' 


Rf|R^ 

RfCfS + 1 


10\Cf = at X 
a^s 

= ^ V 10* 

(J/D)a,s' + 1 ’ D 

Ri = ~X 10* 

jf\. 

Cf = at X 10'® 


(14-7-12) 


(14-7-13) 


14—8. Analog Computers-Amplitude Scaling. Following suitable 
time scale changes in putting problems on an analog computer, attention 
must be devoted to scaling of amplitudes. The computer manipulates 
voltages and therefore scale factors such as pounds/(unit of computer 
voltage) must be chosen so that the voltages at each point in the computer 
do not exceed the amplifier limits. Also voltages must not be so small that 
stray pickup and noise is a problem. The first step in this procedure 
requires rough determination of the maximum expected amplitudes of 
the actual physical quantities. This information may come from a 
knowledge of the actual system, from a preliminary analysis of the system 
equations, or from a pure guess. In many cases estimates are made by 
neglecting the damping in a system. Thus if a system variable ymax is 
known, then [dyldt]max co^ymax and j^^ydt max ymax/con etc. These 
values are obtained from the undamped equation 

y = ymax sin (cOnt + q)) (14-8-1) 

and must be used with caution since in some cases an oscillation about a 
steady value exists. 

Example 14—8—1. Estimates are to be obtained from the system Eqs. 14—8—2 
and 14—8—3 for maximum expected values of all variables, derivatives, and integrals. 
Zero initial conditions are assumed. As a first step the coupling between the 
variables 

lOOt, + 0.1^ + 10’ f‘ hdt - 0.1^ = 10 (14-8-2) 

at J 0 dt 

-0.1^ + 0.3^ + 10’ = 0 (14-8-3) 

at at Jo 

ii and h are ignored in Eq. 14—8-2. The damping term lOOfi is also neglected. 
These steps allow natural undamped and uncoupled frequencies to be determined 
by analogy to the basic expression + (o^n or ^ + conis: 


I 0.1 

/W 


— 10^ radians/sec 
5.77 X 10® radians/sec 


(14-8^) 

(14-8-5) 
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In order to determine a rough value for timax the equation 

Ms) ^ - ( 1 ^ 8 - 6 ) 

S -f- 0)ni 

is used to obtain iimax ^ 0-01 amp. From this value and co , [diildt]rmix ^ 100 amp/ 
sec and [JqZi dt]^^^ ^ 10“® coulomb. The second equation is used now with the 
maximum value of diijdt to give 

[^1 ^ (100) = 33 amp/sec (1+-8-7) 

LaJf J max U. J 

[ <=« 10 ® coulomb (14-8-8) 

L Jo -• max 

The actual values for the desired quantities excluding damping but including 
coupling are 

2imax ^ 0.019 amp ; 4max ^ 0.0065 amp 

188 amp/sec ; ^ 66 amp/sec (14—8—9) 

max I max 

2.2 X 10“® coulomb ; ^ 3.8 x 10-® coulomb. 

The estimates check within reason of the above values and are easy to obtain. 

After initial estimates of magnitudes are obtained, suitable amplitude scale 
factors can be established between computer voltages and system variables. In 
order to minimize confusion at this point the time scale change is carried out by 
substitution of t = ad into the system equations before magnitudes are scaled. 
The following scheme of amplitude scaling attempts to retain an easily visualized 
correspondence between machine voltages and system variables.^ Fig. 14—8—1 


dii 

dt 



Physical 

variables 




Physicol units 
Computer units 


I 

I 


EjCs) 


Gtsicomp. 


Eo(s) 


Computer 

variables 


Fig. 14-^1. 


illustrates an operation in both a physical block diagram and the corresponding 
computer diagram. The factors ai and ao are the amplitude scale factors in physical 
units/computer volt or unit. For example, with a computer volt termed a computer 
unit ai might be (feet/sec)/computer unit while is feet/computer unit. The scale 
factors are generally chosen on the basis of the maximum values of the physical 

® L. Jubin Lane, “A Method of Scaling and Checking Computer Circuits,” Trans, AIEE 
77, Part II (May, 1958): 67-70. 
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variables and the fact that computer voltages should run between ±10 and ±90 
volts at the output of the amplifiers of most computers. For some computers the 
maximum voltage should not exceed ±50 volts. In order to determine the opera¬ 
tion Cr(^)comp given scale factors and ao and given G(s) actual the following steps 
are used. 

0(s) = G(s) actual J'(s) 


Bo(s) = 
aiF^(s) = /(s) 


(14-8-10) 


aoEo(s) == 0(jr) 



ft dx ft 


F{lbs) dr^ sec2 dr sec x(ft) 



(b) 

Rg. l4-e-2. 
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From Eq. 14“8-10 the relation 

G{s) comp ~ —G(s) actual (14-8-11) 

can be obtained. Such an equation should be set up for each block where scale 
factors change as is shown in the examples that follow. If operational amplifiers 
with fixed input and feedback impedances are used, some redistributions of gain and 
scale factors plus use of coefficient potentiometers may have to be accomplished. 

Example 14—8—2. The mechanical system of Ex. 14-7-1 is to be amplitude 
scaled for solution on an analog computer. Only gains of 1 , 4, and 10 are available 
on the operational amplifiers. The slow time scale of Eq. 14—7—5 is to be used, but 
a new step function driving force of 90 lbs is applied instead of the sinusoidal force. 
Zero initial conditions are assumed. The equation to scale is 

d}x F dx 

^ = ^ - 15^ -ISx ; F ==90 lbs (14-8-12) 

dr 12 dr 

Fig. 14—8—2a shows the correspondence between physical system diagram and com¬ 
puter diagram. In order to establish numerical values for the scale factors ai through 
estimates are made of Xmax, (Axjdr)^^^, and (ij 2 <iT)max* From Eq. 14—8—12 
(x)n^ is 8.67 radians/sec and C = 0.866. Also the final value of is 0.1 ft. Thus 


TABLE 14-8-1 


Quantity 

Estimated 

maximum 

value 

Scale factor 

.V 

0.1 ft 

~ 0.002 ft/comp, unit 

dxjdr 

0.867 ft/sec 

<33 — <35 = 0.02 (ft/sec)/comp, unit 

d\xldr^ 

7.5 ft/sec^ 

az ~ 0.2 (ft/sec^)/comp. unit 

F 

90 lbs 

< 3 i — 1.0 Ib/comp. unit 


reasonable estimates of the required quantities are as shown in Table 14-8-1 
together with scale factor values that give operational amplifier output voltages in 
the range of 50 v. The computer gains are found from Eq. 14-8-11 as follows. 



(14-8-13) 
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In order to use the standard amplifier gains, coefficient pots are included in the 
final system as shown in Fig. 14“8-2b. Several new scale factors could now be 
used following the coefficient pots but these are not of much importance. In reality, 
on a unit to unit basis the computer is generating multiplies such as Sd^xldr^ of the 
physical system quantities as shown in Fig. 14—8~2b. If initial conditions were 
present, they could be introduced by adders following each integrator or by charging 
integrator capacitors to the correct initial voltages. For example, voltages numeri¬ 
cally equal to —50dx(0)ldT and 5003£:(0) would be added to voltage and Ez 
respectively. There are several checks on the scaling process. Each equation in 
set of Eq. 14—8—13 should check dimensionally. For example, 


E, 


/^\ /Ks\/ ft/comp, unit U Ibs/ft \ 
\a 2 j\M /\(ft/sec^)/comp. unit/Ubs-sec^/ft/ 


^ Dimensionless 


(14-8-14) 


as required for a ratio of resistances in a coefficient pot and in an adder. A second 
check involves the product of loop gains in the actual system diagram and in the 
computer diagram. These loop gains must be identical as can be seen in Fig. 14—8—3. 



Physical 

system 


Computer 

system 


If an equation of the form of 14—8—11 is written with the whole loop G{s) values, 
the scale factor cancels and the physical system loop G(^) actual must equal the computer 
loop G{s)comp- The student should check the two loops in Fig. 14-8-2 using this 
scheme. If for some reason the computer voltages are too high and overload the 
amplifier for the scale factors used, the driving voltage and initial condition voltages 
can be decreased by the same factor until all overloads disappear (presuming that 
scaling is not too far off). All amplitude scale factors must then be multiplied by 
the ratio of the original driving voltage to the new driving voltage. The changes in 
scale factors cancel when setting up the scaling Eq. 14-8-11 so that no computer 
blocks change. For example, if Ei in Fig. 14—8—2 were changed to —45 v, Ai would 
become 2 Ibs/comp. unit, would be 0.004 ft/comp, unit, etc. On a unit to unit 
basis, Ez is now only 2.5 d^xjdr^, Ez is —25 dxjdr^ etc. This scheme is restricted 
to linear systems. 

Example 14-8-3. As an example of scaling a control system problem, the simple 
mechanical positioning system of Ex. 14—6—3 is reconsidered. Fig. 14—8-4a shows 
the system block diagram while Fig. 14—8-4b gives a physical variable computer 
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Fig. 14-8-^. 
TABLE 14-8-2 


Physical quantity 

Scale factor 

eit)max ^ 1 rad 

<22 = 0.02 rad/comp, unit 

c{t)Tnax ^ 1 rad 

«5 = 0.02 rad/comp, unit 

T{t)max 40 in.-lb 

fls = 1 (in.-lb)/comp. unit 

JoT(^)i^n^ax ^ 5 in.-lb-sec 

^4 =0.1 (in.-lb-sec)/comp. unit 

r(t) — 1 rad 

< 2 i = 0.02 rad/comp, unit 
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diagram. Preliminary estimates of the various physical quantities for a unit-step 
input are found from = '\/41.6/0.4 = 10.2 radians/sec, C = 0.735, and the 
final-value theorem. Table 14-8—2 presents the needed values plus a choice of 
scale factors that give reasonable voltages. Only the lag unit scaling is considered 
in detail. 


Rf|R^ _ (aA( 1/6 Y 5/6 
RfCfS -h 1 [aJ\(0AI6)s-^ ij (1/15) ^ + 1 


(14-8-15) 


For C/ = 0.1 juf, Rf — 0.667 megohm and Rt — 0.8 megohm. The checking 
techniques and rescaling scheme of Ex. 14-8—3 can also be applied here. 


Only simple linear computer problems have been considered thus far. 
In fact many of the specialized problems encountered in linear systems 
on various computers have not been discussed because of space limitations 
and the desire to deal with basic considerations. For more detailed 
analog computer study the student is referred to the literature.^It 
would be unfair, however, if at least a glimpse of some of the nonlinear 
operations performed on analog computers were not included. The final 
article of this chapter undertakes such a discussion. 

14—9. Nonlinear Operations and Characteristics. The operation 
of multiplication is generally termed a nonlinear operation although 
multiplication by the independent variable may be linear. In computer 
operation some scheme for multiplication must be available. One common 
device performing this operation is an actual instrument servomechanism 



as shown in Fig. 14—9—1. A voltage Ein into the multiplier causes the 
servomotor to drive until the error is zero at which time the voltage fed 
back, ^E, is equal to Ei^, Thus the fractional pickoff on the potentio¬ 
meters is = EinIE, The output voltage Eo is then pEi or 

Eo = (14-9-1) 

® Clarence L. Johnson, Analog Computer Techniques, McGraw-Hill Book Co., Inc., 
New York, 1956. 

^ G. A. Kom and T. M. Kom, Electronic Analog Computers, McGraw-Hill Book Co., 
Inc., New York, 1952. 
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and El has been multiplied by n - The operation of this type of multiplier 
is slow because of the servomotor and mechanical components. The time 
scale on a problem must be chosen so that the motor can follow the 
variations in with negligible error. All electronic multipliers are 

available which eliminate this speed restriction, but discussion of these 
units is beyond the scope of this text. 

Physical systems invariably possess some additional kinds of non- 
linearities that must be considered in precise studies. A saturation or 
limiting type of phenomenon is quite commonly encountered. Fig. 



Fig. 14-9-2. 

14-9-2 illustrates the input-output graphical relationship for this type 
of nonlinearity. This graph simply illustrates the fact that the output of 
a component in a system does not increase indefinitely as the input is 
increased. A typical example of this phenomenon is magnetic saturation. 

Analog computers can be made to include this nonlinearity by the use 
of vacuum or crystal diodes. Care must be exercised in setting up and 
scaling a computer circuit with this nonlinearity so that the limiting or 
saturation levels in the computer correspond correctly to those in physical 
problem. 

A second nonlinear type of behavior results in a so-called dead zone 
as shown in Fig. 14-9—3. In this case, no output appears until the input 



Ftg. 14-9-3. 
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exceeds Xi or Motors with static friction exhibit this type of phe¬ 
nomenon since the input voltage must reach a certain level before enough 
torque is developed to overcome the stiction torque. Simple diode 
circuits can be used with analog computer operational amplifiers to 
simulate the effect of a dead zone. 



The third common physical nonlinearity is backlash. The representa¬ 
tion for this phenomenon is shown in Fig. 14-9-4. Here the similarity 
to a magnetic hysteresis loop is apparent. A common device with this 
characteristic is the gear train. Various analog computer circuits have 
also been devised for simulating backlash. 

The final nonlinear characteristic is coulomb friction with the char¬ 
acteristic shown in Fig. 14-9-5. This characteristic illustrates the pres- 


Force 




Velocity 



Fig. 14-9-5. 

ence of a frictional drag force of constant value that always opposes 
motion. The analog computer representation of this nonlinear term plus 
static friction and the other phenomena mentioned above can be found in 
the literature of the subject. 

Inclusion of any of the nonlinearities mentioned above in the analysis 
or design of a system greatly complicates study by ordinary methods. 
However an analog computer can handle such problems with only a 
small amount of additional effort. 
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PROBLEMS 

14-1. Using the force-voltage analogy, construct an electrical circuit model 
for the mechanical system of Fig. 14-P—1. The weight is initially displaced x(0) 
inches. Include a suitable analog in your circuit for this initial condition. 



Fig. |4^P-|. Fig. l4~P-2. 

14-2. Repeat problem 14—1 except use the mechanical system of Fig, 14—P—2 
and ignore initial conditions. The velocity at Xi is the input. 



14—3. The rotational system of Fig. 14—P—3 is to be represented by an analogous 
electrical circuit based on the torque-voltage analogy. 

14-4. Check Eqs. 14—2—11 and 14—2—12 dimensionally. 

14—5. The mechanical system of Ex. 14—2—1 has the following parameters: 

Ks = 1000 Ib/in. 

/, - 175 lb/(in./sec) 

W = 2000 lbs 

F = [500 sin 0.6flw_i(0 

Choose amplitude and time scales for the study of this system using a force-voltage 
analog circuit. Electrical frequencies should be of the order of 1000 cps, voltages 
should be of the order of 10 volts and 1 /2 watt resistors must be suitable. 
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14-6. The mechanical system of Ex. 14—2-2 has the following parameters: 

Ji — 0.2 in.-oz-sec^ 

J 2 = 1.25 in.-oz-sec^ 

£>1 = 0.5 in.-oz-sec 
£>2 = 2.5 in.-oZ“Sec 
Ks — 5 in.-oz 
T = 30 in.-oz 

Scale the circuit of Fig. 14—2—3b for study of repetitive transients by using an 
oscilloscope and a square-wave generator. The transients should be completed in 
approximately 0.01 sec or less. Square-wave voltages of up to 50 volts peak-to-peak 
amplitude are available. Ri should be at least 1000 ohms. Make estimates based 
upon attainment of steady-state conditions during each half of the applied square 
wave and upon neglect of coupling in the system equations. 

14—7. Check Eqs. 14-3-8 and 14-3-9 dimensionally. 



14—8. What translational mechanical system is represented by the electrical 
circuit of Fig. 14—P-8 using the force-voltage analog. 

14-9. The force-current analog is to be used to construct a circuit analogous 
to the mechanical system of Fig. 14—P-1. 

14-10. Repeat Prob. 14—9 for Fig. 14—P—2. 

14-11. The mechanical system of Fig. 14—P—2 has 

Wi = 5 lbs 

IT 2 = 100 lbs 

Ks, = 210 Ibs/in. 

Ks, = 200 Ibs/in. 

and/,^ variable 

The point Xi is given a velocity of 40 in./sec for 0.1 sec and then stopped. Draw 
and scale an analogous electrical circuit for the study of damping in this system using 
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the force-current analogy. Inductances should be 1 henry or less and capacitances 
1 microfarad or less. Voltages should be of the order of 50 volts. 

14-12. Check Eqs. 14-4-7 and 14-4—8 dimensionally. 

14-13. The fluid-handling system of Ex. 1 4- 4 2 has the following parameters: 
= 6 ft^ = 30 sec/ft" 

= 4ft^ = 15 sec/ft^ 

Scale the circuit of Fig. 14—4—2b so that electrical capacitors are 1 microfarad or less 
and resistors are at least 1 kilohm. Increments in qi are of the order of (1 /60)ft^/sec 
and the corresponding current ii should not exceed 1 ampere. 

14—14. By library reading or otherwise, obtain values for the accuracy to be 
expected of commercial analog computers. Also, if available, obtain approximate 
cost of typical computers or components. 



(c) (d) 

Fig. I4-P-I5. 


14—15. Derive the operations performed by operational amplifiers using im¬ 
pedances Zi and Zf as shown in Fig. 14—P—15. 

14—16. Repeat Prob. 14—15 with Zf and Zf reversed. 

14—17. A slightly modified analysis must be used when paths to ground exist 
in the input and feedback impedances of operational amplifiers. In Fig. 14—P-17a 
the voltage eg is considered zero and Zti— Ei(s)IIi(s) is formed. Similarly with 
eg 0, Zt^ = Eo(s)ll 2 (s) is formed. Finally 

Eo(s) 

E^(s) Zu 

since 4 ^ ““4* Find the operations performed by the operational amplifiers of 
Fig. 14-P-17b. 
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Fig. I4^P-|7. 

14-18. Repeat Prob. 14--17 with Z/, and Z/, reversed. 

14—19. Construct an analog computer block diagram for study of the mechanical 
system of Fig. 14—P-2. Ignore scaling and use physical variables. Accelerations 
must be available for recording. Include possible initial positions and velocities. 

14—20. Repeat Prob. 4—19 for the mechanical system of Fig. 4—P—3. 

14—21. Construct an analog computer diagram for generating 50 cos (6.28^—60°) 
volts. Initial conditions are very important. 

14—22. Construct an analog computer diagram for study of the fluid-handling 
system of Ex. 1 4- 4--2. Neglect scaling. 

14—23. Construct an analog computer circuit to simulate the closed-loop control 
system of Fig. 6—7—6b. No differentiation is permitted. Neglect scaling. 

14—24. Construct an analog computer circuit to simulate the system shown in 
the block diagram of Fig. 14—P-24. Neglect scaling. 

14—25. Time and amplitude scale an analog computer diagram for study of the 
system of Prob. 14—5. Maximum voltages must be less than ±100 volts. The 
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Fig. l4^P-.24. 

response should reach steady-state in less than 10 seconds. The recorder has a 
maximum frequency response of 40 cps; however, only 5 cps or less can really be 
used with good readability of each cycle. (Try a speed-up of 6 times.®) 

14—26. Use the values of Prob. 14—11 to scale the computer circuit of Problem 
14—19. The computer voltages should not exceed ±100 volts. The optimum 
natural frequencies are in the neighborhood of 1 cps.® 

14-27. Program the control system of Problem 6-16 on an analog computer. 
The computer voltage limits are ± lOOv and natural frequencies should be of the 
order of 1 cps. Use the simulation method of putting the problem on the computer. ® 
14-28. Repeat Prob. 14—27 for the system of Ex. 6-16—1.® 

14—29. A galvanometer in a recorder has coupling between its electrical and 
mechanical circuits as defined by 

Ri + Lj^ + (BNlb) j^ = es 
+ K,e = {BNlb)i 

where eg is the voltage applied to the galvanometer, R and L are the galvanometer 
moving-coil resistance and inductance, B is the magnetic flux density, N is the 
number of turns on the galvanometer moving coil, and 6 is the position of galvano¬ 
meter needle or moving coil. For one galvanometer the following values are typical: 

R = \S ohms 

L = 3,5 mh 

7—10 gm-cm^ 

Kg = 2.4 X 10® dyne-cm/rad 

The effects on the transient step response of varying BNlb and D of this galvano¬ 
meter is to be studied on an analog computer. Set this problem up on an analog 
computer using the computer limitations of Prob. 14—28.® 


® Either a computer with plug-in impedance elements or one with fixed adder and inte¬ 
grator gains of 1,4, and 10 may be used. Excessive gams in the plug-m system should not be 
used (preferably not over 10). 
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SUMMARY 


15—1. Practicality. The majority of the theory considered in this 
text has been developed with highly simplified systems for illustration. 
Reasonably accurate solutions can be made for many actual systems using 
second- and third-order equations, but this is not always true. When 
modern airplane, missile, and processing control systems are considered, 
the order of the system differential equations may be more nearly fifty 
or one hundred, and in addition the system will probably be non-linear. 
Therefore modem computers must be used. Nevertheless the basic 
theory just studied is needed to provide insight and design information. 
It would be hopeless to study such large-scale problems without a good 
understanding of the basic concepts of simple closed-loop systems and 
the techniques for their analysis and design. 

While a certain number of practical limitations of the systems have 
been pointed out throughout the text, there are many more places in 
which practical engineering judgment must be used. For example, the 
synthesis procedure of Chapter 13 and, for that matter, the frequency 
response methods of Chapters 7, 8, and 9 ignore the physical limitations 
of thte system motor or actuator. Perhaps the compensation scheme 
would require the actuator to operate linearly with 100 times rated voltage. 
This solution would be absurd. Poles and zeros simply do not tell the 
whole story. In other cases a solely theoretical design might call for^ 
farad capacitors or 1000 megohm resistors, which are unrealistic because 
of size and price, not to mention the excessive noise introduced by such 
a resistor. The paractical side of system design, unfortunately, or perhaps 
fortunately, is often learned by experience. However, additional study 
can prevent many expensive mistakes. 

15—2. General Summary. While studying this text the student has 
asked himself, and probably his instructor, why so many techniques are 
needed and where they were leading. By now these questions may have 
been answered, but in any event a final detached look at both the forest 
and its trees seems in order, A control system course brings together for 
the first time the theory given in earlier courses in different areas. Elec- 
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trical machinery and electronics come face to face. Transient and steady- 
state analysis methods are applied to many different types of systems. 
There is a broadening of the concepts of the dynamics of mechanical and 
hydraulic systems. All of the foregoing is encompassed by one or two 
courses. This broadness of scope causes many students to grasp for text¬ 
books they thought were no longer needed, and to search out handbooks 
with various systems of units. Undoubtedly such a unifying course would 
be worth while even if it added no new approaches; but in reality one of 
the main objectives is to put some broad new tools for design and analysis 
into the engineer’s bag of tricks. Certainly the terms “steady state” and 
“transient” are given broader significance. These terms cut across the 
engineering fields and it is hoped that the reader now sees them in a far 
more general light. A closed-loop system—a system in which the output 
is compared with the input and the difference is used to actuate the system 
—is at least a fascinating phenomenon. The first laboratory contact with 
such a phenomenon is a memorable experience for many students. From 
the beginning of closed-loop analysis in Chapter 6, through Chapter 14, 
an attempt is made to add methods of transient and steady-state analysis 
that will not leave the student dependent on grinding out transforms to 
get answers to various linear problems. The more tools an engineer has at 
his disposal, the better is his ability to analyze and design systems that 
must meet diverse specifications. Chapters 7, 8, and 9 add the Nyquist 
criterion and the Bode steady-state frequency-response methods that 
facilitate designs for specified BW^ phase margin, etc. Contrasted 
with these are the pole-zero, root-locus, and direct-synthesis methods 
that strike at the problem of time (and to a certain extent frequency) 
response when specifications are in terms of overshoot, rise time, BW, etc. 
The methods presented thus supplement each other. The relations be¬ 
tween the system frequency characteristics and the time response are 
presented in more detail in advanced texts and in the literature. In some 
cases the previous chapters present only the mechanics of methods with 
general plausibility arguments. For example, the proofs of the Nyquist 
criterion and the Bode phase integral relating phase angle to the slope of 
gain curves are omitted. These items point to the more advanced areas 
lying beyond the material presented in this text. 

15"3. Extension of Control System Analysis. Various additional 
topics that need to be studied by the control system student are pointed 
out in this article in order to provide a broader picture of the students 
situation at this point. Probably of most immediate importance is work 
in the area of minor loops and non-unity feedback systems. The benefits 
of such schemes over series compensation must be considered. The 
effects of load disturbances, such as added torques, directly enter this 
picture. Multiple-input systems and systems with noise or stray signals 
also need study. This text considers only superficially systems that oper- 
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ate on carrier frequencies. These so-called a-c systems require special 
techniques for compensation and detailed study. Beyond these areas is 
the comparatively new field of statistical design. This area deals with 
design, using statistical properties of signals, and investigates such things 
as minimizing the rms error and various other error criteria. Obviously 
there is a wealth of linear material still to be studied, to say nothing of 
nonlinear items. 

Much research is being concentrated on the area of nonlinear controls. 
Studies include optimizing criteria, methods of design to utilize non- 
linearities, and systems that modify their own parameters to adapt to 
environmental changes in order to give optimum performance. In short, 
the goal is systems that possess certain capabilities far greater than those 
of their human operators. 

A slightly different approach is an area termed sampled-data control 
systems. Such systems work with signals that are discrete samples rather 
than continuous variables. The use of digital computers in closed-loop 
sampled-data systems poses problems in this field. Certainly there is no 
dearth of material to study and no limit to what the reader may someday 
encounter, or perhaps design, in the area of control systems. 




APPENDIX * 


* Reprinted from G. V. Lago and D. L. Waidelich, Transients in Electrical Circuits^ 
The Ronald Press Co., New York, 1958 . 
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a, loci of constant, 242-247 
Acceleration constants 
dynamic, 346 
static, 186 

Actuating signal, defined, 5 
Adaptive systems, 493 
Adder, operational amplifier, 469 
Admittance, 57, 65 
Amplifiers 

amplidyne, 107 
operational, 468 
vacuum tube, 78 
Amplitude scaling, 459, 463 
in analog computers, 477 
Analog computer, 468-485 
amplitude scaling, 477 
nonlinear operation, 486 
operational amplifier, 468 
problem set-up, 470 
time scaling, 475 
Analogs 

hydraulic-electric, 466 
mechanical-electrical, 457 
force-current, 462 
force-voltage, 457 
torque-current, 464 
torque-voltage, 461 
Analytic continuation, 39 
Analytic functions, 36 

Cauchy-Riemann conditions, 37 
Angelo, E. J., 79 , 81 
Aseltine, John A., 371, 377 
Asymptotes 

for Bode diagram, 288-310 
for root-locus, 357 

Attenuation diagram; see Bode diagram 

Band elimination filter, 267, 343 
Band pass filter, 343 
Bandwidth, 267, 387 
defined, 154 

used in direct synthesis, 437-454 
Block diagram 
defined, 69 

for electric circuit, 69-81 
for electromechanical system, 104-123 
for mechanical system, 94-104 
reduction of system to, 161-166 
transformations, 154-161 


Bode, H. W., 380 
Bode diagram, 282-310, 315 
attenuation plots, 283-293 
break frequencies, 289-293 
gain adjustment, 289, 298 
lag compensation, 301, 305 
lag-lead compensation, 308 
lead compensation, 302, 305 
phase curves, 293-295 
quadratic factor, 292, 295 
stability in terms of, 297 
Bower and Schultheiss, 301 
Break frequencies, 289-293 
Brune, Otto, 415 
Bruns and Saunders, 91 
Bulk modulus, 129 
Butterworth functions, 339 

Capacitor, 52, 57 
Capillary-bellows system, 146 
Carrier frequencies, 493 

envelope transfer function, 121 
Cauchy-Riemann conditions, 37 
Cauer, Wilhelm, 415 
Cauer’s forms 

first form, 402, 410 
second form, 404, 411 
Characteristic polynomial, 183, 205 
determining zeros of, 184, 205, 217 
Chu, Yaohan, 392 

Closed-loop control system introduced, 
3 , 7 

Coefficient potentiometer, 469 
Compensation, 254-272, 436-454 
discussion of, 271 
for system type number, 267 
parallel, 255, 269-271 
series, 256-276 

lag-lead network, 263-276 
lag network, 260-263 
lead network, 256-260 
more general networks, 436-454 
Complementary solution, 13 
Complete solution; see General solution • 
Computer; see also Analog computer 
units, 478 

Conformal mapping, 218-221 
Constant multipliers, 469 
Continued-fraction expansion, 403-411 
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Convergence, abscissa of, 24-26 
Convolution, 22, 318-341 

graphical interpretation, 321-324 
integral, 22, 318-321 
uses, 324-341 
Coulomb friction, 485 
“Cover-up” technique, 41-43 
Critical point, 220 
Curve follower, 9 
Cybernetics, 6 

D-c generator, 8, 10, 104 
D-c motor, 10 

armature controlled, 112 
field controlled, 117 
Damping, 90 
Damping ratio, 168 
Dead-time delay operator, 26 
Dead zone, 484 
Decibels, 282, 283-310 
per decade, 284-293 
per octave, 284-293 
Delay time, 153 
Descartes’ rule of signs, 206 
Differential equations, 11 
Differentiating circuit, 273 
Differentiation in generalized sense, 30- 

33,63,320-327 

Direct root-locus; see Root-locus 
Direct synthesis methods, 436-454 
Direct transform ; see Laplace transform; 

Fourier transform 
Discontinuity, 30-33, 63, 320-327 
Disturbance, 4, 7 
Dominant poles, 186, 194 
Driving point impedance 

LC, 397 

RCy 398, 412 
RL, 399 

Eckraan, Donald P., 130 
Electric machines, 8, 10, 112-117 
Electromech'^nical systems, 104-123 
Elgerd and Stephens, 387 
Energy relations, 90, 92, 130 
Envelope transfer function, 121 
Equality of form, 458, 462 
Error coefficients 

dynamic, K'p, K\, K'a, 346, 348 
static, Kp, Kx, Ka, 186, 345 
Error rate damping, 178 
Error series, 344 
Error signal, 5 
Evans, W. R., 352 
Even functions, 206, 399 
Expansion theorem, 43 
Exponential order, 16 


F{s), iS 

discussion of, 36 
partial fraction expansion, 40 
product of two, 22 
Factoring 

extended Horner’s method, 215 
Lin’s method, 184, 206 
Faraday’s law, 462 
Feedback 

from input shaft, 180 
from output shaft, 177 
Feedback compensation, 255, 269- 

271 

Feedback path, 5 
Final value theorem, 45 
Fluid flow laws 
laminar flow, 130 
nonlaminar flow, 129 
Force-current analog, 462 
Forced response, 13 
Force-voltage analog, 457 
Foster’s forms 

first, 399, 406, 416 
second, 401, 409 
Fourier series, 45 
Fourier transform 
direct, 315 
inverse, 318 
Free body diagram, 93 
Frequency response, 13, 63, 96, 154, 190, 

315 

from poles and zeros, 195 
Frequency scaling, 175 
Friction 

coulomb, 485 
viscous, 88, 458 

GW, 68, 156 

Gain, 233, 236, 237, 239, 241, 289 
Gain adjustment, 379 

in terms of Bode diagram, 298 
in terms of Nyquist diagram, 252 
in terms of root-locus, 378 
setting for Mm, 252, 254, 258, 262 
Gain constants 

dynamic, K'r, KU, 346, 348 
static, Kp, Kv, Ka, 186, 345 
Gain margin, 297, 300, 302, 305 
Gain of networks, 424, 426, 429 
adjusting, 430 
Gardner and Barnes, 462 
Gas constant, universal, 144 
Gear trains, 101-104 
Generalized curves, 169, 172, 173 
Generalized equation, 168 
General solution, 13 
Gibson and Tuteur, iii, 120, 138 
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H{s), 156 

Hausenbauer and Lago, 387, 437, 443- 
454 

Heaviside expansion theorem, 43 
High-pass filter, 267, 343 
Hurwitz polynomials, 207-218, 399 
Hydraulic capacitance, 130, 132 
Hydraulic-electric analogs, 466 
Hydraulic resistance, 130, 132 
Hydraulic systems, ii, 128-140, 164 
pump controlled motor, 138 
valves and actuator, 134 

Impedance, 57, 65 

Impulse family of functions, 28-33, 62-63, 
76-78, 397-398 

Impulse functions used for initial condi¬ 
tions, 76-78 

Incremental circuit, 80, 81 
Incremental plate resistance, 79 
Incremental technique for linearization, 
78, 131, 142, 145-147 
Incremental transconductance, 79 
Inductance, 13 
Inductor, 57, 65 
Initial conditions, 76, 95, 197 

added to operational approach, 76 
in examples, 53, 55 
in transform of derivatives, 18, 19 
Initial-value theorem, 45 
Input signals, 152 

sinusoidal, 13, 63, 96, 154, 190, 195, 

315 

unit-impulse, 166 
unit-ramp, 177 
unit-step, 170 
Integral compensation, 181 
Integrating circuit, 276 
Integrator, operational amplifier, 469 
Inverse complex-plane diagram, 246 
Inverse Fourier transform, 318 
Inverse Laplace transform, 17, 39, 317 
Inverse root-locus; see Root-locus 
Iron-core inductor, 14 

Johnson, Clarence, 483 

Ka, 186, 345 
Kp, 186, 345 

Kv, 186, 252-262, 345; 383-388, 438-454 
Kirchhoff’s current law, 55, 462 
Kirchhoff’s voltage law, 53, 458 
Kom and Korn, 483 

Lag compensation 
Bode diagram, 301 
NichoFs diagram, 301 


Nyquist diagram, 262 
root-locus, 384 
Lag-lead compensation 
Bode diagram, 305-310 
Nichol’s diagram, 305-310 
Nyquist diagram, 266 
Lag-lead network, 263-276 
poles and zeros of, 263 
Lag network, 260-263 

comparison of transient and frequency 
terminology, 275 
poles and zeros of, 261 
Lag unit, operational amplifier, 469 
Lane, L. Jubin, 478 
Laplace transform, 16, 316, 317 
derivative of, 23 
direct, 16 
inverse, 17, 39 
table, 496-500 
theorems 

dead-time delay, 21 
derivative, 17-19 
final-value, 45 
initial-value, 45-47 
integral, 19 
Lead compensation 
Bode diagram, 302 
Nichol’s diagram, 302 
Nyquist diagram, 257 
root-locus, 379 
Lead network, 256-260 

comparison of transient and frequency 
terminology, 272 
poles and zeros of, 257 
Linear differential equations, 11 
Lin’s method of factoring, 184, 206 
Liquid level control, 11 
Loading effect, 74 
Location of zeros, 206 
Low-pass filters, 267, 343 

79; 80 

Af-circles, 242-247 
Mm, 154; 19 O; 30 L 315 
Magnetic saturation, 484 
Mapping 

conformal, 218-221 

^-plane to [i 4-H(^) G(j)]-plane, 223- 
225 

x-plane to [H(j) G(j) ]-plane, 225-234 
Mass, 88, 91-93 
Maximally flat functions, 338 
Mechanical differential, 10, 104 
Mechanical systems, 88-105 
Mixing point, 5-8 
Moment of inertia, 88-91 
Motor, d-c, 10, 112, 117 
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Motor, hydraulic, 138 
Multiple-loop systems, 159 
Multiplication of two transforms, 22, 318- 

341 

N-circles, 244-247 
nth order differential equation, 12 
Natural frequency, 154, 167, 190 
Natural response, 13 
Networks 
lag, 260-263 
lag-lead, 263-276 
lead, 256-260 

Network synthesis, 397-432, 448, 452 
Newton’s second law, 93 
Nichol’s chart, 298-310 
Nonlinear operation, 483 
Nonlinear systems, 13 
Nonminimum phase, 341 
Normalized velocity constant, 439 
Normalizing, 257, 261, 265, 438 
Nyquist diagram, 221-278, 282, 315, 380 
from experimental data, 272 
relative stability, 230-232, 240-245 
type o system, 235 
t>pe I system, 227-234, 236, 240 
type 2 system, 237-239 
type 5 s>stem, 240 

ojm, 154, 190 
Wfi, 167 

Odd functions, 206, 399 
Open-loop control systems, 3, 7 
Operational amplifier, 468 
Operational impedance, 57, 65 
Overshoot, 153 

Parallel compensation, 255, 269-271 
Partial-fraction expansion, 40 
Particular solution, 12, 63 
Phase diagrams ; see Bode diagram 
Phase lag network; see Lag network 
Phase lead network; see Lead network 
Phase margin, 241, 297, 300^ 302, 305, 
309. 380 

Phasor impedance from operational im¬ 
pedance, 65 

Phasor transforms from operational trans¬ 
forms, 65 

Pick-off point, 156 
Pneumatic capacitance, 142, 144 
Pneumatic flow equations 
smooth flow through tubes and capil¬ 
laries, 140 
subsonic, 140 
supersonic, 141 
Pneumatic resistance, 142 


Pneumatic systems, 140-148 
Pole 

definition, 37 

geometric interpretation, 38 
Pole-zero 

determination of frequency response, 

195 

determination of transient response, 
192 

diagram, 38, 105, 106, 108, 114, 118, 
122, 170, 192, 195, 342, 397 , 398, 
399 , 415 
Position constant 
dynamic, 346 

in terms of poles and zeros, 347 
static, 186 

Potts and Thaler, 306 

Power relations, 90, 93, 130, 139 

Propeller milling machine, 10 

Quadratic form, 417 

RC networks, 396, 406-432; see also Lag 
network; Lag-lead network; Lead 
network 
Re, 64 

Reactance functions, 207 
Real time; see Time scaling 
Reference input; see Input signals 
Relative stability, 215, 240-247 
Residue, 40-42 

graphical interpretation of, 195 
Residue condition, 417 
Resistor, 14, 52, 57 
Reynolds number, 129 
Rise time, 153 
RL networks, 399 
Root-locus, 352-392 
basis for direct, 352 
basis for inverse, 353 
comments on direct, 369 
comments on inverse, 377 
examples for direct, 355-371 
examples for inverse, 371-378 
generalized compensation, 385 
lag compensation, 384 
lead compensation, 379 
non-unity feedback, 391 
rules for direct, 354-369 
rules for inverse, 371-377 
Roots; see Factoring 
Rotational mechanical systems, 99 
Routh criterion, 206-218 
Routh table, 206-218, 404 

s, complex variable, 16, 36 
Sampled-data systems, 493 
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Saturation or limiting, 484 
Scaling, 459, 463, 467 
Sectionally continuous, 16 
Series 

error, 344 
Fourier, 45 

Series compensation, see Compensation 
Servomotor, 112 
Settling time, 153 
Singular point, 37 

Sinusoidal steady-state response, 63-66, 
96, 154, 190, 195, 315-317 
from poles and zeros, 195 
Speed-torque curves, 115, 116 
Spirule, 369 
Spring constant, 88, 91 
Spring-mass-friction system, 88 
Stability 

Bode diagram, 283-310 
factoring, 205 
Nyquist diagram, 221-247 
root-locus diagram, 352-392 
Routh criterion, 221-247 
Static error coefficients, 186 
Statistical design, 493 
Steady-state solution, 13 
Summing integrator, 469 
Summing point, 155 
Synchro units 
generator, 109 
motor, 109 
transformer, 11 o 

Synthesis; see also Network synthesis 
direct, 436-454 

2 poles, no zeros, 437 

2 poles, one zero, 439 

3 poles, one zero, 439 

Tachometer, 177, 180 
Temperature control, 7 
Thaler and Stein, 112 
Thermostat, 7 
Time scaling, 459, 463, 475 
Transfer admittance, 70, 414 
Transfer functions, 67-76 


closed-loop systems, 157 
network in tandem, 72-74 
RC networks, 421-431 
vacuum tube circuits, 78 
Transfer impedance, 68-69, 413, 415 
Transform pairs, table of, 496-500 
Transient response, 13, 166, 183-189, 

328-337 

discussion of, 189 
from poles and zeros, 337 
higher-order systems, 183-186 
simple systems, 328 
Truxal, John G., no, 436 
Two-phase a-c servomotor, 120-123 
Two-terminal-pair network, 412 
Type number, 187-189, 234, 267, 344 
and Nyquist diagram, 234 

Unit-impulse function 
driving function, 62 
in convolution, 323 
transform of, 28 
Unit-step function 
driving function, 61 
in convolution, 318 
transform of, 24 

Universal curves, 169, 172, 173, 191 
Unstable systems; see Stability 

Vacuum tube circuits, 78-81 
Velocity constant 
dynamic, 346 

in terms of poles and zeros, 347 
static, 186 

Viscosity, absolute, 129 
Viscous friction, 88, 458 

effect due to back emf of motor, 162- 
163 

Voltage-force analog, 457 
Voltage regulation, 8 

Wiener, N. W., 6 

Zaborszky, John, 371, 387 
Zero, 37 

Zeros of polynomials j see Factoring 








